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Differential transform method to study free transverse vibration
of monoclinic rectangular plates resting on Winkler foundation
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Abstract

This paper analyses free transverse vibration of a monoclinic rectangular plate of uniform thickness resting on Win-
kler foundation using differential transform method (DTM). Two parallel edges of the plate are taken according
to Levy approach i.e., simply supported and other two edges may be either clamped-clamped or clamped-simply
supported. This semi-numerical-analytical technique converts the governing differential equation and boundary
conditions into a set of algebraic equations. Characteristic equations have been obtained for above two combina-
tions of boundary conditions in the form of infinite series and solved numerically by truncating these equations to
finite number of terms. Robustness and convergence of the method is confirmed through numerical results. Two
dimensional and three dimensional mode shapes have been plotted for both the cases.
c© 2013 University of West Bohemia. All rights reserved.
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1. Introduction

Recently, solutions of engineering problems have appeared in the literature using differential
transform method (DTM). In 1986, Zhou [14] developed it to solve initial value problems oc-
curring in electrical circuits. It works as an alternative approach for getting Taylor series solu-
tion. Using this method, the solution of the problem is obtained in the form of a polynomial.
So far, the eigenvalue problems have been solved using Frobenius method [3], finite difference
method [9], finite element method [11], differential quadrature method [12], Chebyshev collo-
cation technique [7], discrete singular convolution method [10] and Rayleigh-Ritz method [6],
etc. DTM seems quite easily applicable for getting the solution of eigenvalue problems. Very
few vibration problems have been solved using DTM [1, 2, 5, 8, 13]. In this paper, DTM has
been applied to fourth order boundary value problem that represents free transverse vibration
of monoclinic thin rectangular plate of uniform thickness resting on Winkler foundation. The
first three natural frequencies have been presented for two boundary configurations. This paper
has been organized as follows: In section 2, mathematical model of the problem under study is
presented. Section 3 presents the respective boundary conditions. Section 4 is concerned with
the solution and results of the problem. Conclusions are presented in section 5.

2. Mathematical model of the problem

A monoclinic rectangular plate of uniform thickness h with the domain 0 ≤ x ≤ a, 0 ≤ y ≤ b,
where a and b are the length and the breadth of the plate, respectively, is considered. The z-axis
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is taken in the perpendicular direction of xy-plane. Middle surface of the plate is denoted by
z = 0. One of the corners of the plate is designated as the origin of the plate. The plate is
resting on Winkler foundation having the foundation modulus Kf . Two opposite edges y = 0
and y = b are taken to be simply supported (see Fig. 1).

(i)

(ii)

Fig. 1. (i) Geometry of the plate with boundary conditions and (ii) plate resting on Winkler foundation

Following Kumar and Tomar [7], the differential equation describing the motion of a mono-
clinic rectangular plate of uniform thickness resting on Winkler foundation is given as follows:

a0
d4w̄

dX4
+ a1

d3w̄

dX3
+ a2

d2w̄

dX2
+ a3

dw̄

dX
+ a4w̄ = 0, (1)

where

a0 = 1, a1 = 0, a2 = −2λ2(c12 + c21 + 2c66)/c11,

a3 = 0, a4 = λ4 (c22/c11) + (12K/h3) − Ω2, X =
x

a
,

K =
aKf

c11
, λ2 =

m2π2a2

b2
, Ω2 =

12ρa4ω2

c11h2
.

Here c11, c12, c21, c22, c66 are elastic coefficients, ρ is density of the plate material, ω is the
circular frequency, K is the foundation parameter and Ω is the frequency parameter.
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3. Boundary conditions

Two boundary conditions, namely, C-C and C-S have been considered where first letter repre-
sents the boundary condition at the edge X = 0 and second one at the edge X = 1. Here, C is
used for clamped edge and S for simply supported edge. The edge X = 0 is clamped and the
edge X = 1 is either clamped or simply supported. The conditions that should be satisfied by
clamped and simply supported edges are

w̄ =
dw̄

dX
= 0 for clamped edge (2)

and

w̄ =
d2w̄

dX2
− (c12 + c21)

c11
λ2w̄ = 0 for simply supported edge. (3)

4. Solution and results of the problem

The Taylor’s series expansion of a function w̄(X) may be written as

w̄(X) =
∞∑
i=0

(X − X0)
iW̄i, (4)

where W̄i = 1
i!

[
diw̄
dXi

]
X=X0

is called i-th order differential transform of w̄(X) about a point

X = X0. The series is truncated to finite number of terms i.e., N while solving practical
problems.

Taking the differential transform of equation (1) at X0 = 0, we get

a0
(i + 4)!

i!
W̄i+4 + a2

(i + 2)!

i!
W̄i+2 + a4W̄i = 0, (5)

as differential transform of dkw̄
dXk is given by (i+k)!

i!
W̄i+k.

After taking the differential transform, the boundary conditions (2) and (3) may be written
as follows:

N∑
i=0

(X − X0)
iW̄i = 0,

N∑
i=0

i(X − X0)
i−1W̄i = 0 (6)

and
N∑

i=0

(X − X0)
iW̄i = 0,

N∑
i=0

i(i − 1)(X − X0)
i−2W̄i −

c12 + c21

c11
λ2

N∑
i=0

(X − X0)
iW̄i = 0. (7)

The equation (5) can be re-written in the following manner

W̄i+4 =
R

(i + 4)(i + 3)
W̄i+2 +

S

(i + 4)(i + 3)(i + 2)(i + 1)
W̄i, i = 0, 1, 2, 3, . . . , N, (8)
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where

R =
2(c12 + c21 + 2c66)λ

2

c11
, S = Ω2 − (c22/c11)λ

4 − (12K/h3).

Now, characteristic equations for both the cases can be obtained by adopting the following
mathematical procedure:

Case 1: Clamped at X = 0 and clamped at X = 1
Let X0 = 0. At X = 0, equations (6) become

W̄0 + 0W̄1 + 0W̄2 + 0W̄3 + 0W̄4 + 0W̄5 + . . . = 0,

0W̄0 + W̄1 + 0W̄2 + 0W̄3 + 0W̄4 + 0W̄5 + . . . = 0, (9)

i.e.,
W̄0 = W̄1 = 0.

Using equation (8), first few terms can be written as follows:

W̄4 =
R

12
W̄2, W̄6 =

R

30
W̄4 +

S

360
W̄2, W̄8 =

R

56
W̄6 +

S

1 680
W̄4, . . .

W̄5 =
R

20
W̄3, W̄7 =

R

42
W̄5 +

S

840
W̄3, W̄9 =

R

72
W̄7 +

S

3 024
W̄5, . . . (10)

It is evident from equations (10) that W̄2i and W̄2i+1 can be represented in terms of W̄2 and
W̄3, respectively.

At X = 1, equations (6) become

W̄0 + W̄1 + W̄2 + W̄3 + W̄4 + W̄5 + . . . = 0,

0W̄0 + W̄1 + 2W̄2 + 3W̄3 + 4W̄4 + 5W̄5 + . . . = 0. (11)

Using (10), equations (11) can be written as follows:

p11(Ω)W̄2 + p12(Ω)W̄3 = 0,

p21(Ω)W̄2 + p22(Ω)W̄3 = 0. (12)

The characteristic equation is obtained from the non-trivial condition of (12) i.e.,
∣∣∣∣ p11(Ω) p12(Ω)
p21(Ω) p22(Ω)

∣∣∣∣ = 0, (13)

where pij, i, j = 1, 2 are polynomials in Ω2.
In particular,

p11(Ω) = 1 +
R

12
+

R2 + S

360
+

R3 + 2RS

20 160
+ . . . ,

p12(Ω) = 1 +
R

20
+

R2 + S

840
+

R3 + 2RS

60 480
+ . . . ,

p21(Ω) = 2 +
4R

12
+

6(R2 + S)

360
+

8(R3 + 2RS)

20 160
+ . . . ,

p22(Ω) = 3 +
5R

20
+

7(R2 + S)

840
+

9(R3 + 2RS)

60 480
+ . . .
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Case 2: Clamped at X = 0 and simply supported at X = 1
Differential transform of equations (7) at X = 1 leads to

W̄2 + W̄3 + W̄4 + W̄5 + . . . = 0,

2W̄2 + 6W̄3 + 12W̄4 + 20W̄5 + . . . = 0. (14)

Hence, the non-trivial condition of (14) after incorporating (10) provides the following char-
acteristic equation ∣∣∣∣ p11(Ω) p12(Ω)

p21(Ω) p22(Ω)

∣∣∣∣ = 0, (15)

where

p11(Ω) = 1 +
R

12
+

R2 + S

360
+

R3 + 2RS

20 160
+ . . . ,

p12(Ω) = 1 +
R

20
+

R2 + S

840
+

R3 + 2RS

60 480
+ . . . ,

p21(Ω) = 2 +
12R

12
+

30(R2 + S)

360
+

56(R3 + 2RS)

20 160
+ . . . ,

p22(Ω) = 6 +
20R

20
+

42(R2 + S)

840
+

72(R3 + 2RS)

60 480
+ . . .

Displacements of the plates are obtained using the following function:

W̄ (X) =
N∑

i=0

(X − X0)
iW̄i, (16)

W̄ (X) = X2W̄2 + X4W̄4 + X6W̄6 + X8W̄8 + X10W̄10 + . . . +

X3W̄3 + X5W̄5 + X7W̄7 + X9W̄9 + X11W̄11 + . . .

=

[
X2 +

R

12
X4 +

(R2 + S)

360
X6 +

(R3 + 2RS)

20 160
X8 + . . .

]
W̄2 +

[
X3 +

R

20
X5 +

(R2 + S)

840
X7 +

(R3 + 2RS)

60 480
X9 + . . .

]
W̄3

=

[
X2 +

R

12
X4 +

(R2 + S)

360
X6 +

(R3 + 2RS)

20 160
X8 + . . .

]
W̄2 −

p11(Ω)

p12(Ω)

[
X3 +

R

20
X5 +

(R2 + S)

840
X7 +

(R3 + 2RS)

60 480
X9 + . . .

]
W̄2. (17)

For numerical simulation, rock gypsum has been taken as an example of monoclinic material
and the values of elastic constants for the same have been taken from Haussuhl [4] as

c11 = 7.859 × 106 erg/cm3, c12 = c21 = 4.1 × 106 erg/cm3,
c22 = 6.287 × 106 erg/cm3, c66 = 1.044 × 106 erg/cm3.

Apart from it, the values of other parameters considered are

K = 0.01, 0.02, 0.03, 0.04, 0.05, a/b = 0.5, 1.0.

To obtain the values of frequency parameter Ω, the characteristic equations (13) and (15)
have been solved using bisection method with the help of a computer program developed in
C++ for different values of aspect ratio λ(= a/b) and foundation parameter K for both the
boundary configurations. This program was run for different values of N until we get first
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three values of frequency parameter Ω correct to four decimal places and the value of N has
been taken as 36. The value of m has been fixed as 1. The convergence of first three values
of frequency parameter Ω for monoclinic square C-C and C-S plates with increasing number
of terms N is shown in Table 1. The desired accuracy of first mode can be achieved by using
26 terms in both the cases and higher modes can be obtained by increasing the number of
terms. First three values of frequency parameter Ω for different combinations of aspect ratio
and foundation parameter are presented in Tables 2 and 3 for monoclinic and isotropic plates,
respectively. It is concluded that the value of frequency parameter Ω for C-C plate is greater
than that for C-S plate.

Table 1. Convergence of first three values of frequency parameter Ω for monoclinic square plates for
K = 0.05

C-C C-S
mode

N I II III I II III
5 21.7242 – – 19.1580 – –

10 29.264 1 – – 26.6908 – –
15 37.744 2 290.275 0 – 33.977 0 293.468 0 –
20 38.603 9 360.043 0 – 34.736 3 360.591 0 –
25 38.625 7 75.375 4 112.750 0 34.754 4 65.481 2 102.881 0
30 38.625 7 75.286 5 130.181 0 34.754 4 65.427 2 116.418 0
35 38.625 7 75.267 2 133.587 0 34.754 4 65.426 7 118.209 0
36 38.625 7 75.267 2 133.587 0 34.754 4 65.426 7 118.209 0

Table 2. First three values of frequency parameter Ω for monoclinic plates

C-C C-S
a/b

K mode 0.5 1.0 0.5 1.0
I 24.178 6 29.865 5 17.792 5 24.654 9

0.00 II 64.074 0 71.169 9 52.710 1 60.668 4
III 123.536 0 131.322 0 107.144 0 115.643 0

I 26.544 4 31.811 1 20.894 3 26.979 0
0.01 II 65.003 7 72.008 0 53.836 4 61.649 4

III 124.021 0 131.778 0 107.703 0 116.161 0
I 28.715 9 33.644 4 23.591 8 29.118 2

0.02 II 65.920 3 72.836 5 54.939 5 62.615 1
III 124.504 0 132.233 0 108.258 0 116.676 0

I 30.734 4 35.382 9 26.011 0 31.110 6
0.03 II 66.824 3 73.655 6 56.021 0 63.566 1

III 124.985 0 132.686 0 108.811 0 117.189 0
I 32.628 3 37.039 8 28.223 6 32.982 8

0.04 II 67.716 2 74.465 8 57.082 0 64.503 1
III 125.464 0 133.137 0 109.361 0 117.700 0

I 34.418 1 38.625 7 30.275 0 34.754 4
0.05 II 68.596 5 75.267 2 58.123 6 65.426 7

III 125.941 0 133.587 0 109.908 0 118.209 0
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Table 3. First three values of frequency parameter Ω for isotropic
(

c12+c21+2c66
c11

= υ , c22
c11

= 1,

c11 = E
1−υ2

)
plates

C-C C-S
a/b

K mode 0.5 1.0 0.5 1.0
I 23.815 6 28.950 9 17.331 8 23.646 3

0.00 II 63.534 5 69.327 0 52.097 9 58.646 4
III 122.929 0 129.090 0 106.479 0 113.226 0

I 26.214 2 30.954 0 20.503 4 26.060 5
0.01 II 64.472 0 70.187 2 53.237 2 59.660 7

III 123.417 0 129.554 0 107.041 0 113.755 0
I 28.411 0 32.835 2 23.246 3 28.269 2

0.02 II 65.396 0 71.036 9 54.352 5 60.658 1
III 123.902 0 130.017 0 107.600 0 114.281 0

I 30.449 7 34.614 3 25.698 1 30.317 5
0.03 II 66.307 1 71.876 5 55.445 4 61.639 3

III 124.385 0 130.477 0 108.156 0 114.805 0
I 32.360 2 36.306 4 27.935 5 32.235 8

0.04 II 67.205 9 72.706 5 56.517 2 62.605 1
III 124.866 0 130.936 0 108.709 0 115.327 0

I 34.164 1 37.923 0 30.006 5 34.046 3
0.05 II 68.092 8 73.527 1 57.569 1 63.556 2

III 125.346 0 131.394 0 109.260 0 115.846 0

Also, frequencies of monoclinic plates are greater than those for isotropic plates for same
values of parameters. Further, it increases with the increasing values of foundation parameter
K and aspect ratio a/b. More importantly, the difference in the values of frequency param-
eter Ω for first mode of vibration for monoclinic C-C (a/b = 0.5, K = 0, 0.01, 0.02, 0.03,
0.04, 0.05) and C-S (a/b = 1.0, K = 0, 0.01, 0.02, 0.03, 0.04, 0.05) plates is not consid-
erable. Same conclusion is true for isotropic plate. The percentage variations in the value of
frequency parameter are more for C-S plates than those for C-C plates and these percentage
variations decrease with the increasing value of K when material changes from isotropic to
monoclinic.

The percentage variations in the value of frequency parameter are 1.5, 1.3, 1.1, 0.9, 0.8,
0.7 when K changes from 0.0 to 0.05 for first mode of vibration (a/b = 0.5 and C-C plate).
These percentage variations are 0.8 and 0.5 for second and third modes, respectively, for all
K. These variations increase with increasing value of a/b. Displacements have been calculated
using equation (17).

Two dimensional and three dimensional mode shapes of C-C and C-S plates for K = 0.01,
a/b = 1 have been depicted in Figs. 2–4. Three dimensional mode shapes have been plotted
using MATLAB software.
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Fig. 2. Normalized displacements of C-C monoclinic plate for K = 0.01, a/b = 1. First mode (�),
second mode (�) and third mode (×)

Fig. 3. Normalized displacements of C-S monoclinic plate for K = 0.01, a/b = 1. First mode (�),
second mode (�) and third mode (×)
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(i)

(ii)

Fig. 4. First three mode shapes of (i) C-C and (ii) C-S monoclinic plates for K = 0.01, a/b = 1 using
w(x, y) = w̄(x/a) sin(mπy/b)

5. Conclusions

Differential transform method is successfully applied to analyze free transverse vibration of
monoclinic rectangular plates of uniform thickness resting on Winkler foundation. The two
opposite edges of the plate are assumed to be simply supported. Two boundary conditions
namely, clamped and simply supported have been taken on one of the other two parallel edges,
keeping the other edge clamped. Characteristic equations have been obtained in the form of
infinite series. The series have been truncated to finite number of terms and solved numerically
to obtain first three natural frequencies using a computer program developed by the author in
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C++ language. Displacements have been calculated and demonstrated in two dimensions as well
as three dimensions. Analysis shows that present method performed really well for monoclinic
plates in terms of simplicity and efficiency.
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