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Abstract  

An analytical solution of stress wave propagation in a thin rectangular viscoelastic plate with special 
orthotropy under transverse impulse loading is presented. The solution is based on the approximate theory of 
thin plates using the Kirchhoff and the Rayleigh corrections. Constitutive equations for two dimensional linear 
viscoelastic Maxwell model of solid are derived using the superposition principle. Transverse impulse loading 
has been allowed to effect on an arbitrary point of the plate surface and it has general behaviour in time. Results 
in the form of displacement, velocities and stress components are obtained. 
© 2007 University of West Bohemia. All rights reserved.  
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1. Introduction  

Most of works concerning transient vibrations of thin plates focus above all on elastic iso
tropic problems while anisotropic (e.g. orthotropic) problems are solved sporadically, see [3].
A considerably less number of studies deals with the solution of transient vibration or, more 
precisely, with the solution of stress waves in viscoelastic isotropic plate. These few studies 
were carried out in the first half of the last century see [4] and [5]. The solution of transient 
vibration in viscoelastic anisotropic plate is at its beginning. The analysis of transient vibra
tion or, more precisely, wave propagation in an orthotropic viscoelastic thin plate has been 
presented sporadically and therefore it was an object of authors� investigation, e.g. [9], [10],
[6], [7], etc. 

This contribution represents a part of investigation of rectangular plate vibrations caused 
by a transverse impulse loading. Previous solutions of isotropic or orthotropic elastic and iso
tropic viscoelastic plate vibrations can be found in [1], [2], [11], [12]. The new solution of vi
brations (or more precisely wave propagation) in an orthotropic thin plate with viscoelastic 
behaviour described by several rheological models (Voigt Kelvin [8], Maxwell [7], Zener
standard model, etc.) will be compared.  

This study gives fundamentals and some improvements of the classical plate theory pro
posed by Kirchhoff. It is known that any plate theory is an approximation of the three
dimensional theory and this approximation always results in some loss of accuracy. There
fore, results obtained via approximate theories are compared with those obtained by three
dimensional finite element solution. In this research, four analytical models were used for the 
description of thin plate behaviour. In the first of them (known as the Kirchhoff model), the 
plate is assumed to be in the state of pure bending in which plane cross sections of the plate 
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remain plane and perpendicular to the midplane of the plate. Thus, shear deformation is not 
included in this model. A state of plane stress is also supposed and the effects of rotary inertia 
are neglected. In the second model (known as the Rayleigh model), the effects of rotary iner
tia are also included without any shear deformation. The third model (known as the Flügge 
model) incorporates shear deformation, but not rotary inertia effects. The fourth model 
(known as the Timoshenko Mindlin model) takes into account both rotary inertia effects and 
shear deformations [2]. 

The aim of the research is to analyse deformations of thin plate under transient, impulse, 
impact loading and to obtain the dependence of fundamental mechanical quantities (i.e. dis
placement, deflection angles, velocities, accelerations, forces, moments, etc.) on time. These 
quantities are obtained by analytical methods for two dimensional problem. 

Fig. 1. Schema of solved problem. Fig. 2. Geometry of deformed plate. 

The scheme of the problem solved is shown in fig. 1. The transverse pressure loading 
p(x; y; t) with the resulting force F0 is uniformly distributed over a small circle having diame
ter 2c and centre coordinates (xF, yF). This loading is applied to the upper face of a thin rec
tangular simply supported plate of dimensions a × b × h. The time and space dependence of 
applied loading is described by an arbitrary function. The plate material is supposed to be lin
ear, viscoelastic, homogenous and orthotropic and principal material and body axes are con
sidered identical (the plate with special orthotropy). Initial conditions of the problem are as
sumed zero, the plate is unloaded. Let u, v, w denote displacements in the directions of axes x,
y, z, respectively and ρ is the material density. 

2. Solution 

When we use linear theory, in which the displacement components are small compared 
with the plate thickness h, the displacement components 

 u = u(x, y, z, t),      v = v(x, y, z, t),      w = w(x, y, t) (1) 

can be expressed by relations (see fig. 2) 
 u = -zφx , v = -zφy.
Strain components can be then written in the form 
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where φx(x, y, t), φy(x, y, t) are slopes of the plate normal corresponding to x and y directions, 
respectively. 

For the Kirchhoff and the Rayleigh models, when shear strain γxz = 0 and γyz = 0, we can 
write  
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The constitutive equations for orthotropic linear viscoelastic Maxwell model are derived 
using the principle of superposition. The rheological equation of the orthotropic Maxwell 
solid can be expressed in tensor notation as 

mnijmnklijklklijkl dca εσσ && =+ , (4) 

where the vector σkl components of stress tensor is expressed in the form 

{ }T
yxxzxyzyxkl ,,;,, 231312332211 στστστσσσσσσσ ======= ,

the vector klσ& components of stress rate tensor is expressed in the form 

{ }T
yzxzxyzyxkl 231312332211 στστστσσσσσσσ &&&&&&&&&&&&& ======= ,,;,, , 

and the vector mnε& components of strain rate tensor is expressed in the form 

{ }T
yxxzxyzyxmn 231312332211 εγεγεγεεεεεεε &&&&&&&&&&&& ======= ;,,,, . 

Then for the case of orthotropic continuum, the general rheological equation (4) reduces to 
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For the derivation of equation, describing the vertical vibration of thin viscoelastic 
orthotropic rectangular plate for Maxwell model, it is useful to write constitutive equations in 
integral form [6] 
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stress strain relations can be written as [7] 
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where E and G represent the Young modulus of elasticity and the shear modulus, λ and η are 
coefficients of normal and tangential (shear) viscosity and µ, ν denote Poisson ratios corre
sponding to elastic and viscous part of the Maxwell model, respectively. 

Substituting relations (1) and (3) into equations (6) we obtain constitutive relations for the 
Kirchhoff and the Rayleigh model of thin plate  
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Fig. 3.  Differential element of plate subjected to external load with all internal effects 
(forces and moments per unit length). 

Internal effects arising in the plate due to external load can be expressed by following integral 
relations: 
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Introducing equations (7) into equations (8) we obtain internal moments as the functions of 
plate deflection w
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With respect to fig. 3, the equation of motion in vertical direction can be written for all 
models as  

 
2

2

t

w
htyxp

y

q

x

q yzxz

∂
∂

=+
∂

∂
+

∂
∂

ρ),,( (10) 

and the moment condition of dynamical equilibrium 

 x
xyx

xz y

m

x

m
q Φ=

∂

∂
−

∂

∂
− , y

yxy
yz x

m

y

m
q Φ=

∂

∂
−

∂

∂
− , (11) 

where right hand sides of (8)2 depend on model used: 
for the Kirchhoff model      ΦxK = 0,     ΦyK = 0,  

for the Rayleigh model       
2

3

tx

w
JxR ∂∂

∂
= ρΦ ,

2

3

ty

w
JyR ∂∂

∂
= ρΦ ,

12

3h
J

ρ
ρ = . (12) 

Substituting qxz and qyz from equations (8)2 into equation (8)1 we obtain 
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where xyyyxx DDD µµµ == and p(x,y,t) = F0 TF(t) X(xF) Y(yF). 

As an example, we outline the solution of rectangular Kirchhoff or Rayleigh thin plate 

from fig. 1 having simply supported edges. 

In this case we may assume the solution of equation (14) in the form 
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The function W(t) represents the time dependence of displacement w. Substituting solution 
(15) into equation (14) and after some lengthy rearrangements of equations for W(t) [7], we 
obtain 
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we find five roots of polynomial in the denominator of relation (18). Three different types of 
roots exist depending on coefficients b5 i which are functions of material parameters ρ, E, G,
λ, η, µ and plate dimensions a × b × h:

1. two complex conjugate roots 1121 ωβ is ±=, , 2243 ωβ is ±=, and one real root 35 β=s .
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2. one complex conjugate root ωβ is ±=21, and three real roots s3, s4, s5 .

3. five real roots. 

With respect to supposed physical behaviour of vibrating plate, we will deal with the first 
case. In this case, the equation (18) can be rewritten in the form 
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Stress components σx(x, y, z, t), σy(x, y, z, t), τxy(x, y, z, t), can be derived by substitution of eq. 
(22) into eq. (7) 
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3. Conclusion 

Results of this work, which lie in the solution of plate vibration for the case of the Max
well material model, will help us in finding the solution for the case of the Zener model of 
standard viscoelastic solid.  
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