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Abstrakt

Néplni diserta¢ni prace je studium kvazilinedrnich parabolickych a eliptickych tloh
s p-Laplacidnem popisujicich difuzni proces. Text je rozdélen do dvou ¢asti. V prvni
casti se zabyvame Cauchyovou tlohou pro parabolicky p-Laplacian. Zaméiime se
na otdzku jednoznaé¢nosti/nejednoznacénosti feseni a platnosti principu maxima. V druhé
¢asti zkoumame eliptickou okrajovou ulohu v jedné dimenzi. Detailné se zajimame
o p-trigonometrické funkce, které se vyuzivaji v teoretickém i numerickém studiu parabol-
ickych i eliptickych tloh s p-Laplacidnem.

Kliéova slova p-Laplacian, kvasilinearni, parabolické PDR, reakéné difuzni rovnice,
existence, jednoznac¢nost, kompaktni nosi¢, silny princip maxima, dolni feSeni, horni
feSeni, p-trigonometrické funkce, p-hyperbolické funkce, aproximace, analytické funkce,

diferencidlni rovnice v komplexnim oboru, rozsifeni do komplexniho oboru



Abstract

The Thesis is devoted to the study of quasilinear parabolic and elliptic problems with
diffusion driven by the p-Laplacian. The Thesis is divided into two parts. The first
part concerns uniqueness/nonuniqueness and validity /nonvalidity of the strong maxi-
mum principle of the solution of the Cauchy problem for the parabolic p-Laplacian. The
second part concerns elliptic boundary value problems in one dimension. In particular,
we provide detailed study of p-trigonometric functions which are usefull in theoretical
and numerical treatment of parabolic and elliptic problems with the p-Laplacian.

Keywords p-Laplacian, Quasilinear, parabolic PDE, reaction-diffusion equation, ex-
istence, uniqueness, compact support, strong maximum principle, subsolution, superso-
lution, p-trigonometric functions, p-hyperbolic functions, approximation, analytic func-

tions, differential equation in complex domain, extension to complex domain



Zusammenfassung

Die Dissertation widmet sich der Untersuchung von quasilinearen parabolischen und el-
liptischen Problemen mit Diffusion durch den p-Laplace-Operator. Die Arbeit gliedert
sich in zwei Teile. Der erste Teil betrifft die Eindeutigkeit/Uneindeutigkeit und
Giltigkeit /Ungiiltigkeit des starken Maximumprinzips der Losung des Anfangswertprob-
lems fiir parabolische Probleme. Der zweite Teil betrifft elliptische Randwertprobleme in
einer Dimension. Insbesondere bieten wir detaillierte Studien von p-trigonometrischen
Funktionen, die in der theoretischen und numerischen Behandlung parabolischer und
elliptischer Probleme mit dem p-Laplace-Operator niitzlich sind.

Schliisselworter p-Laplacian, quasilinearen, parabolische PDG, Reaktionsdiffusion-
sgleichung, Existenz, Eindeutigkeit, kompaktem Trager, starke Maximumprinzip, Un-
terlésung, Oberlésung, p-trigonometrischen Funktionen, p-Hyperbelfunktionen, Approx-
imation, Analytische Funktionen, Differentialgleichung im Komplexen, Analytische Fort-

setzung
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CHAPTER 1

Introduction

The nonlinear operator A, u ©f div (|Vu\p_2Vu) with p > 1 and the related problems
have attracted a lot of attention over the last decades. The operator A, is a generaliza-
tion of the classical Laplacian (A2 = A) and hence it is usually called the p-Laplacian.
Let us first consider general problem

2b(u)—Apu = h in (0,7) x Q,
u = 0 on (0,T) x 05, (1.1)
u(0,x) = wup(x) in Q.

Here, ) is a bounded domain in RY, N € N, with C'*# (Hélder) boundary 99 (an
interval for N = 1), p € (0,1), T > 0, b: Ry — Ry, b€ CYRy), and V'(s) > 0 for
all s > 0. The functions h and ug as well as the definition of solution of (1.1) will be
specified later in the special cases.

In the context of Physics, problem (1.1) can be interpreted, among others, as a model of
fluid flow through porous media in turbulent regime (see LEIBENSON [39] or DIAZ and
DE THELIN [23]). This phenomenon arises in many different fields of human activity, e.g.
food industry (sugar processing, MISSBACH [46-49]), civil engineering (building of rock-
fill dams, WILKINS [56]), and/or extraction of natural resources (water SMREKER [55];
oil and natural gas, LEIBENSON [39]). In other context, problem (1.1) appears also in
mathematical models of sandpile growth (ARONSSON et al. [5] and EVANS et al. [26]),
image analysis (KUJPER [35]), and climatology (BERMEJO et al. [12]).

In Section 1.1.1, we derive (1.1) from the continuity equation for compressible fluid (gas)
using experimentally verified nonlinear generalization of Darcy constitutive law. Note
that we follow approach of Leibenson [39] who modelled motion of natural gas in a



1.1. Mathematical Models Involving p-Laplacian

porous medium. To the best of our knowledge, it is work [39] where the derivation of an
equation of the type (1.1) appears for the first time in the history in all three dimensions.

The rest of the thesis is devoted to the existence and the uniqueness results for (1.1).
Special attention is paid to generalized sine function denoted by sin,, which is the princi-
pal eigenfunction of the p-Laplacian in one dimension. More precisely, sin,, is absolutely
p—2

continuous function such that |¢'|[P~=¢’ is also absolutely continuous and it satisfies

following nonlinear eigenvalue problem

—(¢'P2) = (-1 e e, ze(0m) ae.

p(0) =p(m) = 0,

and it is normalized as ¢'(0) = 1. Here

def 2m

R (1.3)

Tp

1.1. Mathematical Models Involving p-Laplacian

1.1.1. Fluid Flow through Porous Medium

The aim of the Section 1.1.1 is to derive a problem of type (1.1). Leibenson [39, pp.
503 — 505] studied movement of natural gas in a porous medium in 1945. We will
follow his work and hence we will assume that the porous medium is nondeformable,
isotropic, and homogeneous at macroscopic scale and the gas is a homogeneous mixture.
The conditions on the porous medium cause that the porosity n is constant and the
condition on the gas ensures that its density depends on pressure only. We also suppose
that the examined thermodynamic process is polytropic, i.e. it obeys the relation:

P
Z

o g (1.4)
Here, o = o(t,x) is the density, P = P(t,x) is the pressure, v > 1 is the polytropic index
of the process, and 8 > 0 is a constant.

The flow of the gas (as of any fluid) in the porous medium is governed by continuity

equation in the form

do | .. B
v +div(0g) =0 (1.5)

and an appropriate constitutive law which relates specific discharge vector ¢ = nv and
pressure gradient VP. Specific discharge vector is volumetric flux per unit area and
the term og represents mass flux per unit area. Vector field v(t,x): (0,T) x @ — R3

2



1.1. Mathematical Models Involving p-Laplacian

describes velocity distribution. We refer to BEAR [6, Section 6.2] for derivation of (1.5)
for homogeneous mixture.

For real world case N = 3, the continuity equation (scalar equation) contains four
variables and hence it is necessary to add other three equations. These equations provide
relation between three components of the gradient of the state (scalar) variable p and
of the flux (vector) variable ¢. In most of real world problems, the constitutive law has
to be obtained experimentally. Initial experimental work was done by DARCY [20] who
studied filtration of water through pipe filled with sand (as one dimensional problem).
He observed that

- P = % = const. v. (1.6)

Here, H/L is pressure slope (loss) and v is velocity. The constant depends on the
physical properties of the porous medium and the fluid within (and does not depend on
the velocity). This constant is obtained experimentally. To the best of our knowledge
(see BENEDIKT et al. [11]), SMREKER [55] was the first one who questioned validity of
Darcy’s law (1.6) for large velocities. Based on observations on real water wells, he

proposed the following constitutive law for turbulent flow of water in a porous medium

H
— P'= — =const.v™, v>0, 1.7
L

with 1 < m < 2. Constitutive law (1.7) was verified experimentally, e.g. by Miss-
BACH [49]. In Missbach’s experiments, the porous medium was simulated by large pipe
filling with tiny uniform glass balls. The fluid was pure water free of air bubbles (water
was heated-up and subsequently cooled-down) and it flew through the porous medium
under constant pressure until the volume of passed water was 1000 cm®. Time was mea-
sured by stopwatch. Missbach studied how the fluid’s velocity depends on the size of
the glass balls, the height of the layer of glass balls, and, in particular, on the pressure
slope. He confirmed the validity of (1.7) and the linear dependence of the velocity on
the height of the layer of glass balls. He also found out that the exponent m in (1.7)
decreased as the diameter of the glass balls decreased.

Similar power law,
_c|op[ op
Ox ox’

1/2 < s < 1, holds also for compressible fluid. In isotropic homogeneous 3D porous

ov =

medium, the constitutive law has the following form:

ov=—C|VP|*'VP, (1.8)
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where P; = POH1/7 (see Leibenson [39]). Plugging (1.8) into (1.5), we obtain

1
g P
"ot \ B

— Cdiv (|[VPP7'VP) =0

1

by (1.4). Setting s = p — 1 we get (1.1) with h =0 and b(u) = C’iﬁuﬁ

1.1.2. Nonlinear Reaction-Diffusion

We interpret (1.1) as the problem of fluid flow through porous media only in [11], where
we study the origin of a problem of type (1.1). In the rest of our work, problem (1.1)
is a model of nonlinear (slow or fast) diffusion where wu is concentration. The diffusion

process is governed by continuity equation

du

o Tdivi=h, (1.9)

where j = j(t,z,u,Vu): (0,T) x Q x R x RN — R is the flux of diffusing material and
h = h(t,z,u,Vu): (0,7) x 2 x R x RV — R. The constitutive relation for diffusion
processes (Fick’s law) states

j=-DVu, (1.10)

where D = D(t,x) is the diffusion coefficient which depends on the diffusing material
(see DRABEK and HOLUBOVA [24] for more details). In some circumstances, the dif-
fusion coefficient depends also on u and/or Vu, see [5] and/or [26]. We suppose that
D(t,x,u,Vu) def |Vu[P~2. Combining (1.9) and (1.10), we get problem (1.1) for b(u) = w.
If 1 < p < 2, the diffusion coefficient is high for small |Vu| and, hence, diffusion is fast
in this case. On the contrary, the diffusion coefficient is low for small [Vu| and hence
diffusion is slow, see Figure 1.1. We will address this problem in Section 2.2 in detail.
Let us note that we considered stationary problem

—-Apu = h(z,u,Vu) in Q,
u = 0 on 0f2

in master thesis KOTRLA [33].

1.2. From Parabolic to Eigenvalue Problem

Problem (1.1) has attracted a lot of attention of mathematicians for many decades.
Let us mention the classical work of L1ONS [41] where (1.1) is introduced as a suitable

4



1.2. From Parabolic to Eigenvalue Problem

D(t,z,u,Vu) = |[VulP~?
6 |

0.0 0.2 0.4 0.6 0.8 1.0 |Vul

Figure 1.1: Diffusion coefficient D(t,x,u,Vu) = |[Vu|"~? restricted to the plain |Vu| x D for p = 30
(dashed line) and p = 32 (continuous line).

representative of a wider class of quasilinear parabolic problems. At first, assume that
b(u) = u, h(t,r,u) = h(t,z), and uy € L*(Q). Then, problem (1.1) possesses the unique

solution u € L? ((o,T) Wl (Q)) (oru e LP ((0.T) — V), V& Wl (Q) 0 L2 (Q) for

1 < p < 2) under the conditions h € L¥' ((O,T) — W‘LPI(Q)) (or h e LY ((0,T) — V)
for 1 < p < 2). We refer the reader to [41], Théoréeme 1.1, p. 156, Théoreme 1.2, p. 162
and Section 1.5.2, p. 166. Bochner spaces LP((0,7') — X) will be defined in Section 2.1.
PADIAL et al. [51] widely discuss the question of the existence and the uniqueness of weak
solution of problem (1.1) with b(u) = w and h(t,z,u) = A|u[P~2u+ f(z,t) in [51, Appendix
A]. Tt follows from the validity of weak comparison principle (see [57, Proposition 2.3.1,
p. 190] for appropriate version) that the solution is unique when the right hA(t,z,u) is
Lipschitz function in w.

Later the sufficient conditions for the existence and the uniqueness of (the certain type of)
a solution of (1.1) is studied by, e.g LADYZHENSKAYA at al. [36], ALT and LUCKHAUS [2],
and D1az and DE THELIN [23]. On the other hand, nonuniqueness results are obtained,
for instance employing reaction term h = h(u) which is not a Lipschitz function near
u = 0, in the following works: GUEDDA [30] in one-dimensional case, BOBKOV and
TAKAC [14], and MERCHAN et al. [44].



1.2. From Parabolic to Eigenvalue Problem

In Section 2.1, we provide a nonuniqueness result for the following special case of (1.1):

% —Apu = g(z)u® in (0,7) x Q,
u = 0 on (0,T) x 99, (1.11)
u(0,2) = 0 in 2,

where o € (0,1) and ¢ € C(R2), ¢ > 0, ¢ # 0. It is easy to see that problem (1.11) has at
least the trivial solution. We take advantage of method of monotone iterations to show
that problem (1.11) possesses (under some restriction on «) a nontrivial, nonnegative,

weak solution
ue C([0,1] — L*(Q)) N LP ((0,7) — WP (Q))

in both, singular case (1 < p < 2) and degenerate case (2 < p < +00). Moreover, we
are able to construct a nontrivial solution with compact support in the degenerate case.
In particular, problem (1.11) with p > 2 exhibits the finite speed of propagation.

By our assumption on ¢, there exists z¢p € Q such that g(xz¢o) > 0. Moreover, ¢ is
continuous and hence we are able to choose R > 0 such that ¢ > ¢go = const > 0 on
Bpg(zg) def {z € RN: |z — 9| < R} and Bg(zo) C Q. It appears that u = 0(t)<,5§(x)
with some 5 > 1 is a suitable subsolution for problem (1.11) (see BENEDIKT et al. [7]).
Function () is the unique solution of

§0) = Do) in (0,7,
0(0) = 0,
(t) > 0, fort >0
and
_ v1(x) for € Br(zo),
¢1(z) = B
0 for z € Q\ Br(xo) .

Here, ¢ € VVO1 P (Bg(w)) is the first eigenfunction of the following eigenvalue problem:

—A = \plP7? in Bg(zg),
p® [ r(z0) (1.12)

v =0 on OBg(xo) .

Note that ¢ is normalized by ¢1(z9) = 1. We say that A € R is an eigenvalue of
(1.12) if there exists a nontrivial solution of (1.12), which is called an eigenfunction.

6



1.2. From Parabolic to Eigenvalue Problem

The first eigenfunction ¢; is associated with the least eigenvalue ;. The structure of
the spectrum of (1.12) is still a challenging open problem unless N = 1. ANANE [3]
proved that the first eigevalue Ay is simple and isolated for the general domain €2, and
the corresponding eigenfunction  is positive on 2.

We use method of monotone iterations in BENEDIKT at el. [7] and [9] as was mentioned

before. More precisely, we use iteration scheme

Do — Apup = qlz)ug_, in (0,7) x Q,
up = 0 on (0,T) x 09, (1.13)

for n € N with up = u = G(t)ng(x) The method is constructive and, hence, we may
use (1.13) also to find a numerical approximation of solution of (1.11). In one space
dimension, BOULTON and LORD [15] employ Galerkin method to solve

ou 0 P ou) _
ot o oz ) — 9

u(0,2) =0, z € (0,1)
u(t,0) = u(t,1) =0, t>0,

Jdu
Ox

(1.14)

where g € L2(0,1). Besides the usual sine basis, they also consider the basis
{sin, (kmp )}, in their experiments. BINDING et al. [13] established the existence
of pp > 1 such that, for p > pg, the system of functions {sin, (km, m)};:l’ forms a Riesz
basis of L?(0,1) and a Schauder basis of L"(0,1) for any 1 < r < +o0c. The procedure
how to find an appropriate number py was corrected and improved by BUSHELL and
EDMUNDS [18], where the value py was established as the solution of the transcendent

equation
27 272

posin(m/py) w2 —8
The results obtained for p = 10 in [15] are visualized for two special choices of g in [15,
Figure 9, p. 2708]. It is assumed there that

Lo we(i),

0, otherwise

g(z) =

and/or g(z) = 1 for z € (0,1). In both cases, the optimal basis for Galerkin method
is not the usual sine basis, but there exists p; such that the application of the ba-

sis {siny, (kmp, m)}z;“l’ provides the smallest spatial error under the assumption that

7



1.3. Organization of Thesis

the solution approaches steady state (¢ is sufficiently large). Nevertheless, we are
interested in a solution for small ¢, where the computation advantage of the basis
{sin,, (kmp, :c)}ﬁiol over the classical sine basis is not clear. Another disadvantage of
the basis {sin,, (kmp, )}, is a computational overhead in obtaining the basis. In [15],

the inverse function of sin,,

v 1
arcsiny(z) = / (17 ds xz € 10,1],
0

— Sp)l/p ’
is used to obtain sin,. Then, the function sin, on [0,m,/2] is evaluated using numerical
inverse of the function arcsin, which is a time consuming process. Hence, it is important
to find a new more efficient numerical implementation of sin,. We address the task in
Chapter 3, where we extend sin, into Maclaurin series convergent on (—m,/2,7,/2) under

the assumption p is an even integer.

1.3. Organization of Thesis

Chapter 2 is based on the joint articles of the author with JIRf BENEDIKT, PETR GIRG,
and PETER TAKAC [9], [10] and also the joint article by above stated authors with
VLADIMIR E. BoBKOV [7]. We study a quasilinear parabolic problem (1.1) involving the
p-Laplacian on space-time domain (0,7") x Q with  bounded in R¥. In the introduction
of Chapter 2, we formulate two model cases which exhibit strikingly different behaviour.
In Section 2.1, the existence of a nontrivial, nonnegative, weak solution is obtained for
a reaction function h(t,z,u) = q(z)u® which does not satisfy a local Lipschitz condition
(problem (1.11)). Section 2.2 is motivated by very classical property of the linear heat
equation (namely, the infinite speed of propagation). Let u(t,z) € C®([0,T) x Q) is
a positive solution of heat equation (p = 2) with an appropriate initial and boundary
conditions. Then, the solution admits an infinite speed of propagation, i.e. u(t,z) =0
on [0,T) x Q or there exists 7 € (0,7) such that u(t,z) > 0 for any (t,z) € (0,7) x €.
We will study such phenomenon for p # 2. At first, we show that there exists a solution
of (1.11) with compact support provided p > 2. Hence, the solution possesses a finite
speed of propagation (see Definition 2.8). Conversely, suppose that 1 < p < 2 and
there exists a continuous, nonnegative, weak solution of parabolic problem (1.1) with
h(t,x,u) = f(t,z). Then, the solution possesses an infinite speed of propagation (see
Definition 2.12).

Chapter 3 is based on the results on generalized sine (see (1.2)), which appears in article
by the author [34] and in the joint work with PETR GIRG [27], [28], and [29]. Beside the
Maclaurin series of sinp, it is also devoted to some other properties of p-trigonometric
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and p-hyperbolic functions in real and complex domain. In the introduction of Chap-
ter 3, we discuss the property of solution of prototypical initial value problem which is
used to define generalized sine and hyperbolic sine functions. Moreover, we explain how
generalized sine functions can be used in numerical methods to treat certain parabolic
problems of type (1.1) as well as certain boundary value problems in one dimension
steady states of (1.1) for N = 1). In Section 3.1, the main emphasis is laid on dif-
ferentiability of generalized sine since sin, possesses different order of differentiability
from sine in general. The most interesting result is that sin,(-) € C*°(—mp,/2,m,/2) for
p > 1 even. In Section 3.2, we obtain desired Maclaurin series and generalized Maclau-
rin series of sin, for p > 1 be an even integer and an odd integer, respectively. Then,
local convergence of Maclaurin series of sin, around x = 0 follows from PAREDES and
UcHIYAMA [52]. We prove that the (generalized) Maclaurin series converge toward sin,,
on (—m,/2,mp/2) for p > 1 be an integer. Finally, we use Maclaurin series to extend sin,
to complex domain in Section 3.3. We also study generalization of hyperbolic sine and
its properties in complex domain. In particular, we suppose p be an even integer and
provide a generalization of the well-known identity

sin(z) = —isinh(iz) .
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Quasilinear Parabolic Problem

Let us recall two special cases of problem (1.1) which are considered in Chapter 2. In
Section 2.1, we are interested in the existence nontrivial, nonnegative, weak solution (see
Definition 2.5) of problem

% —Apu = q(z)u® in (0,7) x Q,
u = 0 on (0,T) x 992, (2.1)
u(0,x) = 0 in Q.

Here a € (0,1) and potential ¢ satisfies

(Q) ¢ € C(Q), ¢ >0, and q(zg) > 0 for some xg € Q.

In Section 2.2, we show that (2.1) possesses a (possibly different) solution with compact
support in (0,7') x Q provided p > 2. Later, we consider problem

%b(u) - Ayu = f(tx) in (0,7) x Q,
u = 0 on (0,T) x 09, (2.2)
u(0,2) = wup(z) in Q,

where f = f(t,z): (0,7) x Q@ — R and ug: 2 — R are continuous and nonnegative. We
assume that there exists a continuous solution of (2.2) and prove that it exhibits infinite
speed of propagation (see Definition 2.12).

2.1. Nonuniqueness Results

We recall a concept of weak (or generalized) solution at first. Let X be Banach space
equipped with the norm | - |x. In PDE theory, we search for a solution w: [0,7] x
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2 — R. Hence, X will be a function space (Lebesgue or Sobolev space). A function
v(t): [0,7] — X assigns to any ¢t € [0,7] a function w(z) from appropriate Lebesgue
or Sobolev space. We need to introduce a Bochner integral which generalized Lebesgue
integral for functions with values in Banach space (see, e.g. Zeidler [58, Appendix, p.
1009])

Definition 2.1. A function vs: [0,7] — X is called a step function if there exists m € N,
v; € X and (Lebesgue) measurable disjoint sets M; C [0,T], |M;| < 400, 1 <4 < m such
that

Us(t) = Z XM; (t)vi .
=1

Function v: [0,T] — X is Bochner measurable if there exists a sequence {v,},>] of step
functions such that lim,,_, { v, (t) = v(t) for almost all ¢ € [0,T].

Any almost everywhere continuous function v is Bochner measurable provided X is

separable. Now we are able to define a Bochner integral.

Definition 2.2. Let vs: [0,7] — X be step function. Then

m

T
/ vs(t)dt = 3 [Mifu

0 i=1

A Bochner measurable function v: [0,7] — X is Bochner integrable if there exists a
sequence {vy,}1> of step functions such that

T
lim v —vyllxdt =0.
n—-+oo 0

Let v be Bochner integrable function and {vn}:{g be corresponding sequence of step
functions. Then

T def T
/ v(t)dt = lim v (t) dt .
0

n—-+o0o 0

Finally, we define function spaces L? ((0,7) — W7 (Q2)) and L? ((O,T) — Wb (Q))

Definition 2.3. Bochner space LP ((0,7) — WP (€2)) contains all Bochner measurable
functions v(t) : [0,7] — WP () such that

1

- 1
def P

vl o (0,1 w1r @) = </0 HU(t)H%/Lp(Q) dt> < F00.

Analogously, Bochner space LP ((O,T) — WL (Q)) contains all Bochner measurable
functions v(t) : [0,7] — W27 (Q) such that

) ,
def P
ol ooy = ([ 10081y ) < e

11



2.1. Nonuniqueness Results

Further, we also need to define space C ([0,T] — L* ()

Definition 2.4. Space of continuous functions C ([0,7] — L* ()) is set of all functions
v(t,) : [0,T] — L% () which satisfy

lim [ty —t]=0= Tim_[lo(tn) = 0(t)l| 20y = 0

n—-+o00

for any sequences {t,}1>9, t, € [0,T] and t € [0,T].

n=1>

We are ready to define a weak solution (following PADIAL et al. [51, Definition 2.1, p.
605]).

Definition 2.5. A function u(t,x) is called a weak solution of the problem (2.1) if
we C (107] - L2 (@) N L2 ((0.7) - W™ (@)

for every 7 € (0,7) and u(t,x) satisfies (2.1) in the weak sense, i.e.

/QU(T,:E)gb(T,:I;) dz — /OT <u(s,-),gf(s,-)> ds

+/ / \Vu(s,x) [P~ 2Vu(s,z) - Vo(s,z) d ds (2.3)
0 JQ
= / / q(z)u®(s,x)p(s,x) drds
0 JQ
for all 7 € (0,7 and all test functions

¢ € LP ((o,T) — W (Q)) nwiy ((O,T) WL (Q)) .

Here, (-,-) stands for duality paring between VVO1 P(Q) and W12 (Q).

Remark 2.6. A function u satisfying Definition 2.5 with “<” and “>” instead of “=" in
(2.3) is called a weak subsolution and supersolution, respectively.

Once we define the solution we are able to study the existence of nontrivial solution of
(2.1). Since ¢ is continuous and positive at least at some xg € Q by (Q), there exists
R > 0 such that ¢(x) > go = const > 0 for all x € Br(zg). Then we denote by ¢1 r
the normalized (¢1,r (o) = 1) eigenfunction corresponding to the first eigenvalue A of
—Ap: WP (Bg(wo)) — W (Bg(0)) and by

_ def | p1,r(x) for x € Bpr(xo),
o1,r(T) = _ (2.4)
0 fOT:L'EQ\BR(l‘o),

the natural zero extension of (1 g from Bpr(xo) to the whole of Q.

12



2.2. Speed of Propagation

Theorem 2.7 ( [7], Theorem 1.1, p. 2). Assume that 0 < o < min{1l,p — 1} and (Q)
are satisfied. Then there exists T > 0 small enough, such that problem (2.1) possesses
(besides the trivial solution uw = 0) a nontrivial, nonnegative weak solution which is
bounded below by a subsolution u : (0,T) x Q — R of type

u(z,t) = 0t)Z1r(x)® >0 in (0,T) x Q, (2.5)

where 0: [0,T] — Ry is a strictly increasing, continuously differentiable function with
0(0) =0, and 5 € (1,00) is a suitable number.

Sketch of proof: It was shown in [7] that (2.5) is a subsolution of problem (2.1) with
0 : [0,S] — Ry which is the positive solution of the Cauchy problem

do
Cy=DLpo)y forte (0,8); 0(0)=0,
dt 2

1
such that 0 < 0(t) < oo for every t € (0,5). We choose the supersolution @ = ||qH£;o°‘(Q)t
and show that v < @ for all x € Q and all ¢ > 0 small enough. Finally, the existence
of a weak solution is obtained via method of monotone iterations (see DERLET and

TAKAC [22]). [ |

2.2. Speed of Propagation

In Section 2.1, the existence of a nontrivial, nonnegative weak solution of problem (2.1)
was obtained via method of monotone iterations, where we used positive spatially con-

stant supersolution
1
u(t,r) = HQHEZf(Q)t- (2.6)

Now, our aim is to show that there exists a solution of (2.1) with a compact support in
(0,T) x Q2 provided p > 2. In other words, the solution admits finite speed of propagation
in the following sense.

Definition 2.8. Let a weak positive solution of (2.1) have a compact support at some
time 0 < tg < T. We say that u possesses a finite speed of propagation if there exists
0 <7 < T —tg such that u has compact support on [tg,tg + 7) x .

We prove the existence of the solution by the same method as in Section 2.1, but we use
Barenblatt-type supersolution

1

z -\ .
1-— =T ot , ¢ € Qis fixed, (2.7)
¢ +

atz) = (1+ ot)

13



2.2. Speed of Propagation

€

instead of (2.6). Here the symbol [v(t,x)], f nax {v(t,z),0} for any (t,z) € (0,T) x €.
Let K = ||q||z>(q) and 0 < T' < 1/(Ka). Then € > 0 is chosen such that B.(§) C Q
and 0 = o(K,T,a) and ¢ = o(T,a,p,0,¢) are chosen such that @ is a supersoluiton of the
problem (2.1) (see [9, Theorem 2.1, p. 996] for more details). Let us note that the choice
of supersolution (2.7) guarantees the existence of a solution with compact support only
for t € (0,7p) such that B.,(§) C Q. We may also construct a multi-bump solution
using (2.7) as a supersolution.

Definition 2.9. A function u(t,x) is an m-bump solution of the problem (2.1) if it is a
weak solution of the problem (2.1) and it satisfies following properties:

1. uw: [0,T] x © — R is continuous, u > 0 in [0,7] x Q, and u # 0;

2. u has a compact support

supp(u) & {(t,z) € [0,7] x Q: u(t,x) > 0} in [0,7] x RV,
supp(u) C [0,T] x Q;

3. there exist precisely m (m € N = {1,2,3,... }) pairwise disjoint, connected compact
subsets K (k= 1,2,...,m) of Q such that

supp(u) C [0,T] x (UEL, Ky) ;
4. for all t € (0,7] and k =1,2,...,m,
{z € K u(t,x) >0}
is a nonempty connected open subset of (.
We find a solution with one bump around some ¢ € €2 such that ¢(§) > 0. The existence

of point ¢ is ensured by hypothesis (Q).

Theorem 2.10 ( [9], Theorem 1.3, p. 995). Let 2 <p <oo, 1/(p—1) <a <1, and let
Q C RN be a bounded domain with Lipschitz boundary. Assume that q satisfies hypothesis
(Q), € € Q is such that q(&) > 0, r > 0 satisfies B,.(§) C Q, and 0 < Ty < oco. Then
there exists some T € (0,Tp] such that the initial-boundary value problem (2.1) possesses
a nontrivial, nonnegative solution u: (0,1) x Q — R such that

1. u(t,&) >0 for all t € (0,T);
2. u(tyx) =0 for allz € Q\ Br(§) and all t € (0,T).

In addition, if Q@ = Bg(&) is a ball with radius R centered at £, 0 < r < R < oo, and q is
radially symmetric about &, i.e. q(x) = q(|x —&|) for x € Q, then the nontrivial solution

u above can be constructed radially symmetric about £ in the space variable x € €1, i.e.
u(t,z) = u(t,|lx —&|).

14



2.2. Speed of Propagation

Sketch of proof: We choose e =r/4 >0 and 0 < T < min{1/(K«),Tp}. Then we obtain
that (2.7) is a supersolution of the problem (2.1) such that w(t,£) = 14 ot > 1 and
u(t,x) = 0 for all 2 € Q\ B,/5(§), both for all ¢t € [0,7], T" = min{r/(40),T}. The
supersolution is also positive on B, /4(§) for any time ¢ € [0,7'] and, moreover,

Uta) > (1+ot)2 Ta >2 T on By, (€).
8

Then we use a subsolution (2.5) with R = 7/2/8 < r. Since (t) is continuous and
6(0) =0 in (2.5), we may choose T such that

1

u(t,x) <27 T

for all x € B,(§) and t € [0,7]. In particular, we find the subsolution u and the
supersolution @ such that u < @ for all z € B,(§) and ¢t € [0,min{7".T}]. Let us
redefine ' = min{7",T} due to the statement of Theorem 2.10. Now it remains to apply
monotone iteration method to obtain desired solution with compact support in 2. B

We use Theorem 2.10 to prove an existence of an m-bump solution (see Figure 2.1).

Theorem 2.11 ( [9], Theorem 3.1, p. 1003). Let 2 < p < oo, 1/(p—1) < a < 1,
and let Qp C Q, kK = 1,2,3,...,m, be a family of pairwise disjoint subdomains of the
domain Q C RN, and let 0 < Ty < oo. Furthermore, let 0 < ¢ € C(Q) and & € Qp
be such that q(&) > 0, k = 1,2.3,...,m. Then there exists some T € (0,Tp] such
that the initial-boundary value problem (2.1) possesses a nontrivial, nonnegative solution
u: (0,7) x Q — Ry such that

1. u(t,&g) >0 for allk =1,2,....,m and all t € (0,T);

2. u(t,w) =0 for all x € Q\ U, Q. and all t € [0,T].

Finite speed of propagation of a solution of (2.1) appears for p > 2 since the diffusion is
slow (weak or degenerate) in the case. In the case 1 < p < 2, the diffusion is fast (strong,
singular), see Figure 1.1. Hence there is a chance that a solution of (2.2) possesses infinite
speed of propagation in the sense of following Definition 2.12.

Definition 2.12. A weak positive solution of (2.2) possesses an infinite speed of prop-
agation if, for any fixed ¢ty € (0,7"), the solution wu(tg,-) is either positive on Q or else
identically zero on Q.

Indeed this phenomenon was confirmed for any continuous, nonnegative solution of (2.2)
in KHIN and Su [32] for unbounded domain €2 and in [10] for bounded domain 2. The
continuity assumption is meaningful at least in the two special situations b(s) = s for all
s € Ry and b(s) = s7 for all s € Ry with 0 € R is a constant p — 1 < 0 < +00. Then

15



2.2. Speed of Propagation

a pair of sub-
and supersolutions

a solution inbetween

NP

Figure 2.1: A multi-bump solution.

any solution is continuous due to the regularity result by CHEN and DIBENEDETTO [19,
Theorem 1, p. 320] or IvaANOV [31, Proposition 3.1 and 3.2, p. 28] in the first case
and [31, Eq. (1.7), p. 23] combined with [31, Proposition 3.1 and 3.2, p. 28] in the
latter case. Let us formulate Theorem 2.13 following up infinite speed of propagation of
solution of (2.2) where Q C RY is not necessary bounded for a moment. We also assume
that both, f and ug, are continuous and nonnegative for simplicity.

Theorem 2.13 ( [10], Theorem 1.1, p. 96). Let 1 < p < 2, N > 1 and assume that
b: Ry — Ry is a continuously differentiable function in (0, + oo) with b' > 0, b(0) =0,
and such that

s27P B/ (s)

= 2.8
50 |log s|P—1 (28)

Finally assume that u: [0,T) x Q — Ry is a continuous, nonnegative, weak solution of
(2.2). Then, for any fized ty € (0,T), the solution u(ty,) is either positive everywhere
on Q or else identically zero on Q.

In particular, if uw(0,£) = ug(§) > 0 for some & € Q, then there exists T € (0,T] such
that u(t,z) > 0 for all (t,x) € (0,7) x Q, i.e. the strong mazimum principle is valid in
the (N + 1)-dimensional space-time cylinder (0,7) x . The number 7 € (0,T) can be
estimated from below by

7 =sup{T" € (0,T]: u(t,&) >0 for all t € [0,7")} > 0.

16



2.2. Speed of Propagation

Sketch of proof: Let ¢ty € (0,T) be fixed and denote Z = Z(tg) = {z € Q: u(tg,z) = 0}.
Our aim is to show that Z is both, open and closed in ). The latter one easily follows

from the continuity of w on connected set 2. The proof is trivial if Z is empty set. Let
x1 € Z and we prove that also Ba (x1) C Z where d = dist (1,092). We assume by
contradiction that there exists xo 26 Ba (1) and z2 ¢ Z. Due to the continuity of wu,
there exists R € (0,|z1 — x2|) and 7 € (6,150) such that

n def inf u(t,z) > 0.
(t,CE)E[t()—T,tU] XBR(xQ)

By triangle inequality, |z1 — z2| < dist (z2,002) and hence there exists R* such that
0 < R < |z1 — z2] < R* < dist (z2,00?). We will construct a subsolution v: [ty — T,tg] X
(Bg+(x2) \ Br(z2)) — R4 of problem (2.2) satisfying

1. v(to — 7,2) = 0 for all z € Br«(x2) \ Br(xa);
2. v(tg,z1) > 0;
3. v(t,x) =0 for all z € 9Br+(x2) and for all ¢t € [ty — T,to];
4. v(t,x) <nfor all x € OBr(x2) and all ¢ € [ty — T,to].
Properties 1, 3, and 4 guarantee that 0 < v(¢,z) < u(z,t) also on
((to — T,to] X (BR* (x2) \ER(I’Q)))

by the weak comparison principle. Property 4 provide a contradiction with xy € Z. It
follows that Z(tg) = €2 since x1 € Z by assumption. Assume that

v(tr) = 2(R+w(t —to+7) — |z — x2),

*—R
where w = and
T
exp [—(eQ)7/¢] if ¢ € (0, + 00)
2(¢) =
0 if ¢ € (—00,0]
with ¢ > 0 sufficiently small. Then v satisfies the conditions 1. - 4. (see [10]). [ |

Let us note that the method of construction of the subsolution v is taken from [32].
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2.3. Related Articles of the Author

2015 Nonuniqueness of solutions of initial-value problems for parabolic p-
Laplacian; Benedikt, J., Bobkov, V. E., Girg, P., Kotrla, L., Takac, P.; Electron.
J. Differential Equations; [7].

Abstract:

We construct a positive solution to a quasilinear parabolic problem in a bounded
spatial domain with the p-Laplacian and a nonsmooth reaction function. We obtain
nonuniqueness for zero initial data. Our method is based on sub- and supersolu-
tions and the weak comparison principle.

Using the method of sub- and supersolutions we construct a positive solution to a
quasilinear parabolic problem with the p-Laplacian and a reaction function that is
non-Lipschitz on a part of the spatial domain. Thereby we obtain nonuniqueness
for zero initial data.

Reviewed by Haifeng Shang (MR3335768):
“In this paper, the authors study the problem

up — div (|Vul[P72Vu) = g(z)|u[* v in Q x (0,1),
u(z,t) =0 on 99 x (0,1, (1)
u(z,0) =0 in Q,
where 1 <p <00, 0 < a<1,0<T < oo and the potential ¢ satisfies
qeC (), q>0,and g(xp) > 0 for some zy € Q. (2)

Moreover Q C RY is bounded domain with C'**-boundary 62, where 0 < p < 1.

Using the method of sub- and supersolution and a weak comparison principle,
the authors prove the following nonuniqueness result:

Theorem 1. Assume that 0 < o < min{1l,p — 1} and condition (2) is satisfied.
Then there exists 7' > 0 small enough, such that problem (1) possesses (besides

the trivial solution u = 0) a nontrivial, nonnegative weak solution
u € C([0.71,L%(2)) N L*((0.7),WP(Q)),

which is bounded below by a subsolution u : Q2 x (0,7') — Ry of form
w(z,t) = 0(t)@) p(x) >0 in Qx (0,7),

18



2.3. Related Articles of the Author
where 6 : [0,7] — R4 is a strictly increasing, continuously differentiable function
with #(0) = 0, and (3 € (1,00) is a suitable number.”
Cited by:
1. Laister, R., Robinson, J. C., Sierzega, M. A necessary and sufficient condition
for uniqueness of the trivial solution in semilinear parabolic equations. J.
Differential Equations 262, 10 (2017), 4979-4987.
2016 Nonuniqueness and multi-bump solutions in parabolic problems with

the p-Laplacian; Benedikt, J., Girg, P., Kotrla, L., Takac¢, P.; J. Differential
FEquations; [9]

Abstract:

The validity of the weak and strong comparison principles for degenerate parabolic
partial differential equations with the p-Laplace operator A, is investigated for
p > 2. This problem is reduced to the comparison of the trivial solution (= 0, by
hypothesis) with a nontrivial nonnegative solution u(x,t). This problem is closely
related also to the question of uniqueness of a nonnegative solution via the weak
comparison principle. In this article, realistic counterexamples to the uniqueness of
a nonnegative solution, the weak comparison principle, and the strong maximum
principle are constructed with a nonsmooth reaction function that satisfies neither
a Lipschitz nor an Osgood standard “uniqueness” condition. Nonnegative multi-
bump solutions with spatially disconnected compact supports and zero initial data
are constructed between sub- and supersolutions with supports of the same type.

Reviewed by Juha K. Kinnunen (MR3419719):
“Assume that Q C RY is a bounded domain with C'*#-boundary 62, where
O<pu<l Letp>2 ac(0,1),and 0 < T < o0.

This paper considers the nonlinear parabolic problem

up — div (|VulP~2Vu) = g(z)u® in Q x (0,7,
u(z,t) =0 for (x,t) € 092 x (0,1), (1)
u(z,0) =0 for z € Q,
where potential ¢ is assumed to satisfy ¢ € C (Q), g > 0 and g(xg) > 0 for some
xo € Q.

The main goal of the paper is to construct nontrivial nonnegative solution to (1)
with multiple positive bumps that have pairwise disjoint supports with respect

19



2.3.

Related Articles of the Author

to the space variable. This is closely related to the question of uniqueness of
a nonnegative solution. In particular, this paper gives counterexamples to the
uniqueness of a nonnegative solution, a weak comparison principle and a strong
maximum principle with a nonsmooth reaction function f(z,u) = ¢(z)u® that
satisfies neither a Lipschitz nor an Osgood type uniqueness condition.

By the strong maximum principle for linear parabolic equations, this phenomenon
is impossible for semilinear parabolic problems of the form (1) when p = 2. Each
single bump solution is obtained by constructing a Barenblatt type supersolution
and using it as an upper bound for a monotone iteration procedure, starting from
a nontrivial nonnegative subsolution.”

Cited by:

1. Zhan, H. On a parabolic equation related to the p-Laplacian. Bound. Value
Probl., 78 (2016), 1-8.

2. Zhan, H. The stability of the solutions of an equation related to the p-
Laplacian with degeneracy on the boundary. Bound. Value Probl., 178 (2016),
1-13.

3. Laister, R., Robinson, J. C., Sierzega, M. A necessary and sufficient condi-
tion for uniqueness of the trivial solution in semilinear parabolic equations.
J. Differential Equations 262, 10 (2017), 4979-4987.

4. Zhan, H. The nonlinear diffusion equation of the ideal barotropic gas through
a porous medium. Open Math., 15 (2017), 895-906.

5. Zhan, H., Feng, Z. Existence of solutions to an evolution p-laplacian equation
with a nonlinear gradient term. FElectron. J. Differential Equations 2017, 311
(2017), 1-15.

6. Zhan, H. The uniqueness of a nonlinear diffusion equation related to the p-
laplacian. Journal of Inequalities and Applications 2018, 7 (2018), 1-14.

7. Zhan, H., Feng, Z. Degenerate non-newtonian fluid equation on the half space.
Dynamics of Partial Differential Equations 15, 3 (2018), 215-233.

8. Zhan, H., Feng, 7. Stability of hyperbolic-parabolic mixed type equations
with partial boundary condition. J. Differential Equations 264, 12 (2018),
7384-7411.

2017 The strong maximum principle in parabolic problems with the p-

Laplacian in a domain; Benedikt, J., Girg, P., Kotrla, L., Takac, P. ; Appl.
Math. Lett.; [10]
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2018

Abstract:

We establish a strong maximum principle for a nonnegative continuous solution
u : Q x [0,T7) — Ry of a doubly nonlinear parabolic problem in a space-time
cylinder Q x (0,7) with a domain Q@ C RY and a sufficiently short time interval
(0,7) € (0,7). Our method takes advantage of a nonnegative subsolution derived

from an expanding spherical wave.

Origin of the p-Laplacian and A. Missbach; Benedikt, J., Girg, P., Kotrla,
L., Takac, P.; Electron. J. Differential Equations; [11]

Abstract:

We describe the historical process of derivation of the p-Laplace operator from a
nonlinear Darcy law and the continuity equation. The story begins with nonlinear
flows in channels and ditches. As the nonlinear Darcy law we use the power law
discovered by O. Smreker and verified in experiments by A. Missbach for flows
through porous media in one space dimension. These results were generalized
by S. A. Christianovitch and L. S. Leibenson to porous media in higher space
dimensions. We provide a brief description of Missbach’s experiments.

Reviewed by Philip Broadbridge (MR3762803):

“ When immersed in the spectral properties of exotic nonlinear elliptic operators,
it is too easy to lose sight of their origins in practical mathematical modelling,
and the mathematical insight that they provide. To this end, the authors make a
valuable contribution in providing an objective historical account, to answer the
question "How did the p-Laplacian A, originate?” Here,

Apu= V- (|Vuf V).

This relatively short, mathematically relevant historical article draws on a wealth
of background material. I learnt that the porous media models of the mid-19th
century were grounded in channel flow and pipe flow models of 18th-century French
engineers. Thereafter, a number of theoretical and experimental studies in both
Western and Eastern Europe (with some groups ignorant of concurrent and an-
tecedent work) questioned how the Darcy law should be modified to account for
nonlinear dependence of hydraulic head gradient |[V®| on fluid speed v. The refer-
enced literature from the early to mid-20th century makes it apparent that there
remains some controversy on whether that relationship must reduce to the linear
Darcy law at low Reynolds numbers. The simplest representatives of the opposing
views are the Forchheimer equation (with a # 0) and the Missbach equation (with
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a=0)in |V®| = a+bv™; m > 0. In relation to conventional groundwater flow the-
ory, the classic 20th-century texts of Polubarinova-Kochina and of Bear are given
here. I would also mention [E. C. Childs, An introduction to the physical basis
of soil water phenomena, Wiley-Interscience, London, 1969]. Childs indicated how
the Darcy law can be derived from the Navier-Stokes equations.”
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cHAPTER 111

Generalized Trigonometric and Hyperbolic Functions

Chapter 3 is mainly devoted to generalized sine and hyperbolic sine functions. These
functions are closely related to initial value problem

— (a2 = Xara,
a(0) = o, (3.1)
a'(0) = a,

where A € R and @ > 0. Problem (3.1) was studied in ELBERT [25]! in the particular
case A = p— 1 and @ = 1 and/or in DEL PINO, ELGUETA and MANASEVICH [21] for
A > 0. Multiplying the equation in (3.1) by @’ and integrating from 0 to x, we obtain

r

~ P2 _ ~

u'(s; )\,a)‘ ' (s;X,Q)0" (s; A,Q) ds

Hence we get

p N o o~
1 u(;v;)\,a)‘ =aP, reR. (3.2)
p_

1 T would like to thank to Prof. LOMTATIDZE for pointing out that it was J. D. Mirzov [45] who
treated the eigenvalue problem (1.2) already in 1979 (i.e. 2 years before ELBERT’S work was published).
More precisely, he studied oscillatory properties of solutions of the Emden-Fowler type systems. The
eigenvalue problem (1.2) is covered as a special case of his results. Unfortunately, I received this infor-
mation in July 2018 when the Thesis was almost completed. Therefore, I do not include these interesting
results into the Thesis in detail.



It follows that

X - R py
u? <a? forA>0, and aP —
p—1 p—

1ﬂp>0 for A < 0.

Since @ > 0, there is 6 > 0 such that @’ > 0 on (0,d). Therefore

n (0,9). Integrating (3.3) from 0 to x again, we have

s; N0
/f/ . X)ds:x

— 2-uP(

n (0,0). Substitute o = u(s; X,a), we obtain

/ﬂ(r) 1

0 a P _ iap
i/ p—1

Remark 3.1. Already in 1879, Lundberg [42] studied the properties of a solution y(z) of

the integral equation
y(z) ds
%= / b
0o (I—s")n

where m,n € N, n > m and — is either irreducible fraction or 1.
n

do=z. (3.4)

Let A < 0. Since flo) =1/{/aP — —lap is continuous for any o > 0, u is continuous
whenever u’ is positive. Consequently, 7’ is continuous on the same interval. Hence
from u(0) =0, @'(0) = @, and (3.2) we obtain @’(x) > 0 for any = > 0. It is easy to see
that odd extension of @ satisfies (3.1) for any € R. We denote by sinh,, the solution
of (3.1) with A= —p+ 1 and a = 1. In Section 3.3, we will study extension of sinh,, to

complex domain.

Henceforth let A > 0. Since flo)=1/{/ar— —101” is continuous provided &P —ﬁcrp >

0, u(z; X,a) is continuous on [O,Trp()\,a)/2) and consequently u’(x; )\,a) is continuous on
the same interval by (3.3). Here
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ie. %,,(X,a)/z is the point, where u(x; X,a) achieves its maximum. Hence, § = 7,/2. Let
us show that the value 7,(\,@) is finite. Indeed,

p—1
~ Lap -1 A ’ 1
7 (a) :2/ alp—1b (_ (1—1) > dt
0 apA ar(p—1)t
-1 Loty 1
_ (P )Aplap / trN 1 —t) v de
PAP 0
1
—1)» 11
_olp )flap B (,1 - > ,
p)\g b

where B stands for Beta function. The value %p(/)\\,@) < 400 since B(a,b) is convergent
for any a > 0 and any b > 0. Moreover,

1 19 1.1 4
—1 1 1 —1
7 (0a) = 22— D08 g (1 - ) r <) _olpbrar | w (3.5)
AP p p par  sin(@/p)
by ANDREWS et al. [4, Theorem 1.1.4, p. 5, and Theorem 1.2.1, p. 9]. Gamma function
I’ and Beta function B are defined as usual (see, e.g. Chapter 1 of the handbook [4]).

Integral (3.4) defines the unique solution a(x;/)\\,&) on [0,@,@,&)/2} such that
u'(m(\,@)/2; \,@) = 0 by (3.2). Moreover, u(7,(\,a) — z; \,a) = u(x; A\,@) also satisfies
(3.1) with u’(0; A\,a) = —a and, hence, the function

(2; 1,8) z € [0,7(Aa)/2),

= T~ def -~ ~ ~ ~

Sp(zsA,a) = ¢ A(7,(\,Q) — z; \,Q) z e (F,(Na)/2,7,(\a)], (3.6)
(-2 \Q) z € [-7,(X,d),0)

extended on R as 2@(X,a)-periodic function is the unique continuous solution of (3.1)
by (3.2).

Let us assume the particular case X = p—1and @ = 1. We defined m, by (1.3) in
Chapter 1. It follows from (3.5) that

mp =Tp(p— 1,1).

It is easy to see that §p(w; p — 1,1) is a solution of eigenvalue problem (1.2). Hence we
may equivalently define the function sin, as the unique solution of initial value problem

— (W Pu) = (=) [,
uw(0) = 0, (3.7)
u'(0) = 1.
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Definition 3.2. Let p > 1. Function sin, is defined as the solution of (3.7) and cos), is
its first derivative.

Remark 3.3 (Different definition of siny,). The notation sin, was used originally for

-~ ~

Sp(z;1,1) in [21]. Denote S,(x) = Sp(x;1,1) for simplicity. Then

/ Sp(z)
wg%@+5tT_1 (3.8)

by (3.2). LINDQVIST [40] equivalently define function S, via the integral

/Sp(r) 1
0 Q/l — p%lo-p

p/
Sp Cp’ _
p—1 p -1
Here p’ > 1 is a conjugate exponent to p, i.e. 1/p+ 1/p’ = 1, and function C, :
[O,@} — [O,(p - 1)1/p] is defined by

do ==z

and obtain the relation

(p—1)'/P ds
/ _ P _ 1/10 =T
Cpx)  (L=sP/(p—1))
Let us note that function C), is not the first derivative of S),, but it satisfies the relation

Tp

Sp(z) = C) (? — :1:)

(see [40, Eq. (3.5), p. 277]). It is easy to verify that

hSA

sing(2) = (p— 1) »Sy((p — 1)

by (3.2). Definition 3.2 is used, e.g. in BINDING at al. [13], BouLTON and LORD [15],
BusHELL and EDMUNDS [18] and/or LANG and EDMUNDS [38].

sing () 1
L amamen=e

Yy . . .
on [0,{]. Hence there exists inverse function

By (3.4), sin, satisfies

of [ 1
aI'CSinp(SU) d:f /O m do for z S [0,1] . (39)

Let us note that arcsin, can be extended to [—1,1] as an odd function. Then we obtain
siny, (arcsiny(z)) = = for x € [-1,1].
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We also introduce Gauss’ hypergeometric function 2Fi(a,b,c,z), where a,b,c € C are
parameters and z € C is variable. The inquiring reader can found a general definition
of oFy and its properties, e.g. in ABRAMOWITZ and STEGUN [1, Chap. 15] and/or
in [4, Chap. 2]. Let = € [0,1). Then the real integral

x 1 11 1
—  do = F ,,,,14_,; P
/0 (1 —oP)l/p 7T 1<pp px>

by [4, Theorem 2.2.1, p. 65] and

e T(k+))
T ok (1a1,1+1;x7’> = F kP
= (kp+1)kIT (%)

by the definition of 9. The series converge absolutely for |z| < 1 by [4, Theorem 2.1.1,
p. 62]. Hence

+o0 P(IH—I%)

= (kp+ DEIT (;})

arcsin,(z) = gkt for z € [0,1). (3.10)

We apply the well-known procedure of inverting series (see, e.g. MORSE and FESH-
BACH [50, §4.5]) to the series (3.10) and we formally obtain

1 (»* —2p—1)
S — - 2P 3.11
p(p+1) 2p%(p+1)(2p+ 1) (3.11)

siny(z) = —

The main goal of Chapter 3 is to find Maclaurin series of functions sin,. Let us provide
two applications of sin,, which motivate our work. In Section 1.2, we mentioned the work
of BouLTON and LORD [15] in order to provide an application of the functions sin,, in
solving parabolic problems involving the p-Laplace operator (eq. (1.11)). In [15], the
basis {sin, (km, )} is used in numerical implementation of Galerkin method to find
an approximate solution of the boundary-initial value problem

ou 8 [|oulP~? du _
at—ax<ax a) S O,
u(t70) = u(tal) = 0, for ¢ > 0, (312)
u(0,z) = 0, in (0,1),

\

where g € L(0,1). The choice of basis {sin,, (k,z)} > leads to a very good approxi-
mation of solution of (3.12) with only few terms of the basis in use provided ¢ is sufficient
large.
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3.1. Basic Properties of p-Trigonometric Functions

The other application is generalized Priifer transformation where sin, and cos, are used
instead of classical sine and cosine functions, respectively. Generalized Priifer transfor-
mation is a very powerful theoretical tool in studying various initial and/or boundary
value problems for the quasilinear equation of the type (or some of its generalization)

= (ju'P~*u) = g(@) " u = f(x)

(under various conditions on ¢ and f), see, e.g. ELBERT [25], REICHEL and WALTER [53],
and/or BENEDIKT and GIRG [8]. The numerical algorithm based on shooting method
and generalized Priifer transformation is introduced in BROWN and REICHEL [16] and
it is used to determine the eigenvalues and the corresponding eigenfunctions of the
radially symmetric p-Laplace operator. The usage of Priifer transformation includes
the evaluation of S}, (see Remark 3.3 for relation between S, and sin,) and hence the
efficiency of the algorithm relies also on the ability to find the values of S, or sin, fast.
In [16], it is done by solving (3.8) numerically with S,(0) = 0 and S,(0) = 1

An explicit formula for coefficients of Maclaurin series of sin, could help speed up the
above stated methods. However it is very difficult to determine the coefficients in general
and we are not able to deal with this problem for all p > 1. As a starting point for
further research in this direction, we provide such formulas for any p being an integer
greater than 2. Let us note that even this partial result can already be used in practical
applications, since (3.12) with p — 400 is considered as a model for sandpile growth
(see [5] and [26] for more details).

3.1. Basic Properties of p-Trigonometric Functions

Function sin, possesses many properties as classical sine has. Some of the most basic
properties are listed in the following proposition.

Proposition 3.4 ( [29], Lemma 4.1, p. 106). Let p > 1. Functions sin, and cos, have
the following basic properties.

1. siny(z) > 0 for & € (0,mp), siny(0) = 0, siny(z) = siny(mp — z) for x € (F,mp),

and sin,(x) = —siny(—x) for x € (—mp,0). The function sin, extends to R as
2m,-periodic function.

2. siny, is strictly increasing on (—73¢,%F).

3. cosp(x) > 07{07“ x i (=2, 7F), cosp(—7F) = cosp(F) = 0 and cosy(z) < 0 for
€ [-mp, = F) U (Fmp)-

4. For all n € N, if sinl(,Qn_l)(-) exists on (—%,%”), then it is even function on
(_%7%)'
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3.1. Basic Properties of p-Trigonometric Functions

15
1+
0.5¢
Ok
-0.5}
sinl,l(m_lx)
-1r sing (mox)
sing(m3z)
sin60 (71'6033')
_15 1 1 1 J
-1 -0.5 0 0.5 1

Figure 3.1: Comparison of sin, functions.

5. Foralln e N, if sin,(,zn)(-) exists on (—%£, %), then it is odd function on (—%£,%).

Let as note that superscript (n) denotes n-th derivative. The comparison of functions
siny, p = 1.1, 3, 60 and classical sine function is visualized in Figure 3.1. Solution of
(3.7) has to satisfy an analogy to the well-known Pythagorean identity (see (3.2) and/or
ELBERT [25]).

Proposition 3.5. Functions sin, and cos, satisfy
[cosy (@) + [sing ()P =1, z €, (3.13)
for any p > 1.

Remark 3.6. The curves which satisfy

n n
Z—nJrZ—n:l a,bn >0
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3.1. Basic Properties of p-Trigonometric Functions

were studied by G. LAME already in 1818 (see LAME [37]). Their modern form

n

=1 (3.14)

ol 15

n
+ |2

a

is also known as superellipse. Obviously p trigonometric identity (3.13) is special case
of (3.14) with a = b = 1. Hence sin, and cos, provide possible parametrization of some
Lamé curves.

Following formulas for second derivative of sin, ensue directly from (3.13).

Proposition 3.7 ( [27], Lemma 4.2, p. 106). For allp > 1

sing, (¢) = — Sing_l(x) cosg_p(:n) forx € <0,%) , (3.15)

and

sin) () = sin? ' (—x) cos, P(x) forw € (—%70) :

Relation (3.15) plays key role in our work since it enables us to express n-th derivative
of siny(z) for z € (0,m,/2) in the form

=21

Z ak n sing™" () coszl,_qk’" (x), (3.16)
k=0

for any n € N, n > 2. We assume for the rest of Section 3.1 that n denotes the
order of derivative and it satisfies above stated restriction. The method, how to find
an appropriate real numbers ay , and gy, will be shown later. We are able to prove
following theorems concerning differentiability of sin, using (3.16) and Propositions 3.4
and 3.7.

Proposition 3.8 ( [27], Lemma 4.3, p. 107). Let p € R\ {2} such that p > 1.
1. If p > 2, then the function sin,(-) € C*(R) and siny(-) € C*(R).
2. If p € (1,2), then the function sin,(-) € C*(R) and siny,(-) € C3(R).

Theorem 3.9 ( [27], Theorem 3.1, p. 105). Let p=2(m + 1), m € N. Then

T2(m+1) 7T2(m+1))
2 72 )

Theorem 3.10 ( [27], Theorem 3.2, p. 105). Let p € R\ {2m}, m € N, p > 1. Then

siy(m41)(-) € C°( —

sing(-) € o] (=mp/2,mp/2),

but
sing, (-) & CP1IH (=7, /2,m,/2) .
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3.1. Basic Properties of p-Trigonometric Functions

Theorem 3.11. Let p € (1,2).
1. If p' ¢ N, then siny(-) € CP'1=1(0,m,) , but sin,(-) ¢ CTP'1(0,7,) .
2. If ' is odd, then sin,(-) € CP~1(0,m,), but sin,(-) & CP (0,7,) .
3. If p is even, then sin,(-) € C*°(0,mp) .

Let us recall that 1/p + 1/p’ = 1. Above stated results are summarized in Table 3.1.
All theorems are proved in [27] except Theorem 3.11. Nevertheless, the proof proceeds
in the same steps as the proofs of Theorem 3.9 and Theorem 3.10. Let us provide a

main ideas of the proof. At first, it is necessary to introduce some notions from formal

languages.
P xin || (07F) | (=3.F) | R | (0,m)
p= c> Cc> c>® | O
p=2k keN\{1} | ©C> e c! c!
p=2k+1 keN| C*® o c! o
peR\N p>2| € lolld ct ct
pe(1,2) pPeEN| C® 2 c? | ofP1-1
pe(1,2) podd || C® C? c? | cr-t
p € (1,2) p’ even Cc> C? C? Cc>

Table 3.1: The order of differentiability of sin,.

Definition 3.12. (SALOMAA AND SOITTOLA [54], 1.2, p. 4, and/or MANNA [43], p.
2-3, p. 47, and p. 78) An alphabet (denoted by V') is a finite nonempty set of letters. A
word (denoted by w) over an alphabet V' is a finite string of zero or more letters from
the alphabet V. The word consisting of zero letters is called the empty word. The set
of all words over an alphabet V' is denoted by V* and the set of all nonempty words
over an alphabet V is denoted by V*. For strings w1 and ws over V', their juxtaposition
wiwsy is called catenation of w1 and wse, in operator notation cat : V* x V* — V* and
cat(wi,we) = wiwge. We also define the length of the word w, in operator notation
len : V* — N U {0}, which for a given word w yields the number of letters in w when
each letter is counted as many times as it occurs in w. We also use reverse function

rev : V* — V* which reverses the order of the letters in any word w (see [43, p. 47, p.
78]).
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3.1. Basic Properties of p-Trigonometric Functions

We consider the alphabet V' = {0,1} and the set of all nonempty words V. Thus words
in V* are, e.g.
“077 , “177 , “0177 , 641077 , “1 1’7 .

For instance, cat(“lllO”,“Oll”) = “1110011”, and

rev(“010011000”) = “000110010”,
len(“010011000”) = 9.

Symbol (lf)Qm_2 denotes the string of the length n — 2 which represents binary expansion
of any k € NU {0} (it means, e.g. for k =5 and n =6 (5)24 =“0101"). We also define
a set

T {asini(-) cos}fq(') : a,q € R}

of functions defined on (0,7,/2). One can easy see that T' C C'*°(0,m,/2) since sin,(z) > 0
and cosp(z) > 0 for any « € (0,m,/2) by Proposition 3.4. It remains to introduce symbolic
operators (rewriting rules) Dg: T'— T and D.: T'— T, as follows:

g 1—(g—1)
Ceostagy = § 0T On D g A Qand a0,

D asind D
0, otherwise,

P

and

_ - —a(l—gq) sing+p_1(‘) Cos;_(ﬁp_l)(-) , ¢#1landa#0,
Dcasinl(+) cos, () =
0, otherwise .

(3.18)
Obviously

%f(gj) =D, f(z) + D¢ f(z)

for any f € T. The application with f = singo(-)cos};_qo(-) + sing°+p(-)coszl;_q°_p (),
qo € R\ {0,1}, is visualized on Figure 3.2. The special cases ¢y = 1 and g9 = 0 are shown
on Figures 3.3 and 3.4, respectively. Now we are ready to define a composition Dy, ,,,
EEN,0<k<2"2_1, of n — 2 symbolic operators (rewriting rules) Dg and D.. The

procedure takes two steps:

Step 1 We create an ordered n — 2-tuple dj, ,—2 € {Ds ,Dc}"~2 (cartesian product of sets
{Ds,D¢} of length n — 2) from rev ((k)2,—2) such that for 1 < i <n —2, dj 2
contains Dg on the i-th position if rev ((k)2,,—2) contains “0” on the i-th position,
and dj, , contains D, on the i-th position if rev ((k)2,,—2) contains “1” on the i-th
position (e.g. we obtain ds 4 = (D¢, Ds, D¢, Ds) for £ =5 and n = 6).
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3.1. Basic Properties of p-Trigonometric Functions

Step 2 We define Dy, ,, as the composition of operators Dy, D in the order they appear in
the ordered n — 2-tuple dj ,,—2 (e.g. we obtain D5 = (D¢ o Dgo D¢ oDs) for k=5
and n = 6).

Let us point out that it is possible to recover the index k£ from the positions of D, in
Dg,n. We will denote by j(k) > 0 the number of D, in Dy, and, if j(k) # 0, we denote
by i1,i2,...,i;() its positions counted from back (i.e. in the order of application of Ds
and/or D). Then

k — 2n—2—(i1—1) + 2n—2—(i2—1) + L. + 2n—2—(ij(k>—1) . (319)

If j(k) =0, k = 0. We can prove by induction that

2n—2-1 n—2-1

,n 1- n T
sm Z Dknsm" Z aknsmg’“ (x) cosp Tn (), T € <0,?p) ,
and it follows from (3.17) and (3.18) that
Gk =J(k)(p—1) + (n—=2—j(k))(-1) +p—1. (3.20)
Coefficient ay,,, corresponding to Dy, is obtained by recursion with base case ag = —1
and inductive clause
g - a; if Dy is applied,
aj+1 = (3.21)

—(1 —q)a; if D, is applied,

1 €N, 0<1i<n—2. The exponent g; can be obtained from (3.20) with j equals to the
number of D, occurred on the last ¢ positions in Dy, ;. The alternative way to obtain ¢;

is to use recursive formula with base case ¢y = p — 1 and inductive clause

g —1 if Dy is applied,
di+1 = (3.22)
g +p-—1 if D, is applied.

For D56, we obtain g1 =p —2, g2 = 2p — 3, g3 = 2p — 4, and g4 = 3p — 5 and hence

as = (—1)(p—1)(-1)(1 = (p—2))(2p = 3)(-1)(1 — (2p — 4))
= (—1/®* (p—1)(3 = p)(2p — 3)(5— 2p).
Finally we get to the problem of differentiability. It easily follows from (3.16) that

siny(z) € C*(0,m,/2) since sin,(xz) > 0 and cosp(z) > 0 for any =z € (0,m,/2) by
Proposition 3.4. Due to Proposition 3.4, Part 1, the same statement holds for any
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3.1. Basic Properties of p-Trigonometric Functions

interval I C R, which has empty intersection with the set {km,/2, k € Z}. Continuity

in the points z = 0 and = = 7,/2 depends only on terms in (3.16), where g, < 0 and
1 — grn <0, respectively. Otherwise

. : Gk.n 1—q n
xlg& e SiNE"" () cosp " (x) =0 (3.23)
and
lim  ay,, sing™" (z) cos,lfq’“’" (x)=0. (3.24)
T—7p/2—

Continuity at 2 = 0: Let p > 1 be an integer. Than it can be proved (see [27, Lemma
4.6, p. 113]) that g, € NU{0} or ag,, = 0 for any 0 < k < 2"~2—1. Hence the possible

issue may occurs for

n=(j(k)+1)p+1 (3.25)

by the condition g, = 0. Otherwise

i ) =0

by (3.23),

. . (n) —0— T . (n)
xl_l}%l_ sin,” (z) =0 xl_1)1})1+smp (x)

by the oddness or evenness of sinz(,n)(), and

sing?) (0) = lim sinf®” (x)

by the definition of the first derivative and L’Hdspital’s rule.

Let n = p+ 1 for a moment. Then g p4+1 = 0 by (3.20). Moreover it is the first order
of derivative of sin, where the discontinuity may occur by (3.25). If p is odd, function
sinﬁ,p Jrl)(:ﬁ) has jump discontinuity at = 0, since it is odd function and

Jim ag 4 sing™ () cosp 7 (@) = agpe1 = —(p—1)! > 0.
It is the only nonzero limit by (3.20). Otherwise, sin]()p +1)<_) is even function for p even.
Hence sinép Jrl)(') is continuous since the only nonzero limit
. : 1-
Jim agpy sing™™ () cosp, T (1) = aop41 = —(p— 1) < +00

and

sin?’"(0) = lim sinf?) (x)
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3.1. Basic Properties of p-Trigonometric Functions

by the definition of the first derivative and L’Héspital’s rule again. Let p be even and
(ip+1)

n=1ip+1,ie€ N\ {1}. Then n is odd and hence sin," ' ’(-) is even function. Moreover
2ip—1_1
. . (i . . ; 1—qr,ip+1
lim sin{?*Y(z) = E Apipp1 lim sing®?™ (z) cos, P (x
oGy P ( ) k,ip+1 o0t P ( ) D ( )
k=0
2ip—1_1
= E Ak, ip+1 < +00.
k=0
qk,ip+1=0

Hence it can be prove by induction that sin;n)(-) is continuous for any n € N provided p

is an even integer.

Let us assume now that p is not an integer. Then the first possibly discontinuous
([p1+1)

derivative is siny, (+) by the condition g, < 0. Actually,
. . . . 1-
lim Slnngl)(x) = lim ag )41 sing” "1 (z) cos, TP () = —o0

z—0+ z—04
since qo,[p14+1 < 0 and gy, ;141 > 0 for k # 0 by (3.20).

Continuity at « = m,/2: For p > 2,

. N o . op—1 2— _
x_}l}é%_ sin,, (v) = —x_}g}% sinh ™" () cos, P(z) = —o0
and, hence, it remains to deal with the case p € (1,2). It follows from (3.24) that
sinz(,n)(-) is continuous provided g, < 1 for all 0 < k < 2"~2 — 1. We reformulate (3.20)

for s(k) = n — 2 — j(k) which denotes the number of occurrences of Dg in Dy, ,,. Then
Gen = (p—1)(n—2—s(k)) +(=Ds(k) +p -1 (3.26)
which follows that

1
=1

Qkn (n—1-—s(k)) —s(k). (3.27)

Then, the condition g, > 1 is equivalent to

Hence, sin,(-) € CIP'1=1(0,7,). It is easy to see that

[P -1

>1
p=1

ol 1-2—1,7p] =
for p > 1 such that p’ ¢ N and, hence, sinzgp/])(.) ¢ C(0,mp). We recall that Dy i
is composition of D, only which implies that s (2“’,1_2 — 1) =0.
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3.2. Macluarin Series

Let p be such that p’ > 2 is an integer and n = p’. It follows that
1
Qo' —21 0 = ]ﬁ(p/ -h=1
by (3.27). Due to the reflection sin,(x) = sin, (7, — ) for € (0,7,/2), we obtain that

sin]()p /)(-) is continuous for p’ even and it has jump at z = m,/2 for p’ odd.

We prove that g, <1 or ag, =0 forany n € Nand any 0 < k < 2n=2 _ 1. At first, let
us show that

l
Qi € {p/—l,l S Z,l <n-— 1} (328)
for all n € Nand all 0 < k < 272 — 1. Indeed, let I, = n — 1 — s(k)p’. Then I}, € Z for
all 0 < k<272 _1 and

L1 - s(hy) — s(h) = LB

k. p—1 :p/_l

g p/ — 1
by (3.27). The proof continues by induction on n. The first exponent gpo =p —1 < 1.
Let gryn, < 1 and apply Dg and D, to obtain goryno+1 and gogg+1,n0+1, respectively.
Then, gornt1 < 0 by (3.17). The application of D, should be divided into two cases.
Let gryn, = 1 at first. Then, asky11n+1 = 0 by (3.18). If qryn, < 1, then ggyn, <
(p' —2)/(p) — 1) by (3.28). Hence,
1
2ko+1,m0+1 = Ghono TP — 1 = Qkgng + J—1 <1

It follows from (3.27) that gx, = 1 if and only if n = ip/, ¢ € N. Henceforth, the proof
takes similar steps as in the previous case. Let us emphasise that p and p’ are even
integers simultaneously only if p = 2.

3.2. Macluarin Series
PAREDES and UCHIYAMA [52] proved that there exists analytic function F'(y) such that

+o0o
sing(z) = 2F (Ja]P) = ) _ analz|™ (3.29)
n=0

on some neighbourhood of the origin, say on (—¢,). We will assume that p > 2 is an
integer. The goal of this section is to derive an explicit formula for the coefficients «,
and the radius of convergence of generalized Maclaurin series (3.29). It follows from

(3.29) that there exist Maclaurin series
+oo A
My(z) = Z a;z’
=0
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3.2. Macluarin Series

with a; = 0 for i # np+1 for any n € NU{0}, which is convergent on some neighbourhood
of origin such that
siny () = My(x)
on [0,e). Hence
limg o4 Sinz(?npﬂ) (x)
(np+1)!

and, in particular, a,, = Qpy1 due to the uniqueness of the coefficients of Maclaurin

O7np—l—1 =

series and oddness of sin,. Maclaurin series of inverse function

+00 )
arcsing(z) = Zﬁjxj
j=0

with
r(i+2) .. .
———24— if j =ip+1 for some i € NU {0},
Bj _ (zp-&-l)F(;)z!
0 otherwise,
converge on [0,1). Hence
400 )
sin, (arcsing(z)) = Z Gz, (3.30)
i=0

on [0,0) for some § > 0. Here

G = E: ok - By - Bz - Bjs -+ -+ By -
keN,j1,j2,53:--,.Jk EN
Jitj2+izt+.. =t

Moreover,
1, 1=1,
C; =
0, otherwise,

since sin,(arcsin,(x)) = = and the series on right hand side of (3.30) converges for some

x # 0. It follows that the series in (3.30) converges for any x € R and, in particular,

400 +00
1=ZCi:Z Z ak‘ﬁjl'ﬁh'ﬁh"“'ﬁjk?
=0

1=0 k€N, j1,j2,53,-.-,Jk EN
Ji+i2+j3+.Ajp=t
where 3; > 0, j € N, a1 = lim,_,04 cosp(z) = 1, and oy, < 0, k > 2. The latter inequality
follows from

sing")(x) <0 on <0,%>
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3.2. Macluarin Series

which is proved in [27, Lemma 4.7, p. 114] for any n € N, n > 2. Hence, all positive
terms in

+o00

Z Z k- Bjy - B Bjs -+ Bi.» (3.31)

1=0 kEN,j1,j2,53,.-,Jk EN
J1t+g2+13+...+I=1

satisfy k = 1 and j; = 4. In particular
Tp

+o0
Zalﬁi = arcsing (1) = —

. 2
=0
and

400
Z Z ak.ﬁjl'ﬂj2'5j3'--~'5jk:1—%_

1=0 k>2,j1,52,73;--,Jk EN
Jitj2+j3+...+j=1

It follows that (3.31) converges absolutely and also any rearrangement of any subseries

has to converge absolutely. It means that

+o00 M
Z an(z B)"
n=0  j=0

converges absolutely for any M € N because it is rearranged subseries of (3.31). Since
limps 400 Zj]\/io pj = mp/2 and b; is positive for any j € N, series Mp(z) converges
absolutely on (—m,/2,m,/2). That series converges toward sin, by (3.29) provided p is
even, but it does not converge toward sin, for p odd. These results are summarized in

following two theorems:

Theorem 3.13 ( [27], Theorem 3.3, p. 106). Let p = 2(m + 1) for m € N. Then the
Maclaurin series M,(-) of siny(-) converges on (—mp/2,m,/2).

Theorem 3.14 ( [27], Theorem 3.4, p. 106). Let p =2m + 1, m € N. Then the formal
Maclaurin series Mpy(-) converges on (—mp/2,mp/2). Moreover, the formal Maclaurin
series My(-) converges towards sin,(-) on [0,m,/2), but does not converge towards siny(-)
on (—m,/2,0).

We are also able to provide the explicit formula for the coefficient «,,. We omit terms
with zero coefficients «;, in Theorem 3.15 and change the notation such that «; is the

first nonzero coeflicient, as is the second nonzero coefficient, etc.

Theorem 3.15. Let p > 2 be an integer and

Tp Tp

—+00
siny(z) = nzoana:\xynp, e (—7,?> . (3.32)
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3.3. Extension to Complex Domain

Then ag =1, a3 = — and forn > 2,

pp+1)’
Qpy = ——2 ..
|
(np+1)! i1=1 dg=i1+1 in—1=in—2+1

i#Fp—1i27#2p—1 4, _1#(n—1)p—1
i1—1

H(p—l—(ml—l))] (I-(p—-1-(i1—-1))

mi1=1
io—1
IT eco-1)-(m- 2))] (1-QCp-1)-(>2-2) ... (3.33)
Lmo=11+1
i in—1—1
I[I (-1 (n-1)
_mn_lzin_2+l

(1= ((r=Dp=1) = (in-1 = (n=1)))) [n(p = 1) = (fn—1 —n+ D]
The proof of Theorem 3.15 is very technical and we refer the curious reader to [34]. We
only sketch the proof here. Since

onp—1_1
: i (np+1 _
Il_l)%l_k sml(, p )(x) = E Al np+1 5
k=0
Qk,np+1:0

it is important to characterize k, 0 < k < 2"P~! —1 such that gy np+1 = 0. We use (3.19),
i.e.

k= 2np—1—(i1—1) + 2np—1—(i2—1) 4.+ 2np—1—(in71—1).
The number of application of D. in Dy )41 is exactly n — 1 which follows from the
condition g np+1 = 0 (see (3.20)). Then we find all allowable composed operators
D np+1 with exactly n — 1 operators D (we exclude the composed operators when we
should apply D, on the term with ¢ = 1, see (3.18)). Then we used recursive formulas

(3.21) and (3.22) to obtain desired ay yp+1 for any k such that i pp1 = 0.

Let us note that above stated procedure is not the only way how to get the coefficients
for series (3.29). One can use inverse of Maclaurin series of arcsin,(-) as was shown at
the beginning of Chapter 3. In our approach, the evaluation of the coefficients does not
involve a numerical inversion which is usually expensive operation in terms of computa-

tional effort.

3.3. Extension to Complex Domain

This section is devoted to extension of sin, to complex domain. The only attempt (even
formal) known by us was done by LINDQVIST [40] who proposed a definition of sin, as
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3.3. Extension to Complex Domain

the solution of

d
W) T =0 w(0) =0, Ww/(0)=1

in complex domain for p > 1. But Lindqvist himself conjectured that real function
sin,(z) and complex function w(z) of real variable could be different. Let us note that
we use x for real variable and z for complex variable in this section. We define complex
function sin,(z) on B, e {z € C: |z| < mp/2} naturally by its Maclaurin series provided
peN, p>2

Definition 3.16. Let p € N, p > 2, and z € B;,. Then

+o0
sin,(z) = Z 2P (3.34)
n=0
where (np 1)
. n
o — lim S P ()

We also define

Then the following question arises: “Do above defined functions satisfy initial value
problem (3.7) in the sense of differential equations in complex domain?” It was O. DOSLY

who motivated our work by asking the question. Let us consider initial value problem

_(u/)p—QuN _ up—l — 07
u(0) = 0, (3.35)
W (0) = 1

in complex domain.

Theorem 3.17 ( [28],Theorem 2.1, p. 226). Let p =2(m + 1), m € N, then the unique
solution of the initial value problem (3.35) on By, is the function sin,(z).

Theorem 3.18 ( [28], Theorem 3.1, p. 229). Let p=2m + 1, m € N. Then the unique
solution u(z) of the complex initial value problem (3.35) differs from the solution siny(x)
of the Cauchy problem (3.7) for z =z € (—m,/2,0).

The proofs of Theorems 3.17 and 3.18 are based on the fact that (3.35) possesses the
unique analytic solution at least on some small disk centered at the origin. The solution
can be written as a power series which coincides with the series on the right hand side
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3.3. Extension to Complex Domain

of (3.34) since, in real domain, (3.35) is equivalent to (3.7) for > 0. Nevertheless, the
real restriction of the series on the right hand side of (3.34) to real axis,

400

n=0
does not converge toward sin,(z) even in real domain by Theorem 3.14 provided p is
odd.

There are some interesting results concerning sin,(z) in complex domain. At first let us
mention that there is no hope for siny(z) to be entire function for p € N, p > 2, since it
satisfies an analogy of p-trigonometric identity (3.13), i.e.

cosh(z) +sinp(z) =1

on some disc D,, r > 0, in complex domain centered at the origin (see [29, Lemma 13,
p. 4]). Then we can use Proposition 3.19 which confirms our statement.

Proposition 3.19 ( [17], Theorem 12.20 on p. 433). Let f and g be entire functions
and for some positive integer n satisfy identity

ff+gt=1.
1. If n = 2, then there is an entire function h such that f = cosoh, g = sinoh.
2. If n > 2, then f and g are each constant.

Further, let us consider following initial value problem

(u/)p—2u// o up—l — 07
u(0) = 0, (3.36)
W(0) = 1

Then there exists 7 > 0 such that (3.36) has the unique solution on complex disc D o

{z € C: |z] <r} by [29, Lemma 16, p. 6] and the following definition makes sense.

Definition 3.20. Let p € N,p > 2. The complex function sinhy(z) is defined on D,, as

the unique solution of the initial-value problem (3.36) and cosh,(z) o sinh,(z) for all

z € Dy

Then we are able to prove an analogy to well known formula sin(z) = —isin(iz).
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Theorem 3.21 ( [29], Theorem 20, p. 6). Let p =41+ 2,1 € N. Then

siny(z) = —isinhy(iz), (3.37)
cosp(z) = coshy(iz) (3.38)
for all z € By,. Moreover,
sinhy(2) = > (—1)Faz" (3.39)
k=0

Let us note that the coefficients of Maclaurin series of sinh,, alternates sign whereas the
coefficients of Maclaurin series of sin, are negative except the first provided p = 4l + 2,
[ € N. It follows from (3.39) and the fact that oy =1 and oy, <0 for k& > 2.

Theorem 3.22 ( [29], Theorem 21, p. 6). Let p =41, | € N. Then

sing(z) = —isiny(iz), (3.40)
cosp(z) = cosp(iz) (3.41)

for all z € By.

The statements of previous Theorems 3.21 and 3.22 are visualized on Figure 3.1.

Theorem 3.23 ( [29], Theorem 22, p. 6). Let p =41, | € N. Then

sinh,(z) = —isinhy(iz), (3.42)
coshy(z) = coshy(iz) (3.43)

for all z € D,.

3.4. Related Articles of the Author

2014 Differentiability properties of p-trigonometric functions; Girg, P., Kotrla,
L.; Electron. J. Differ. Equ. Conf.; [27]

Abstract:

p-trigonometric functions are generalizations of the trigonometric functions. They
appear in context of nonlinear differential equations and also in analytical geometry
of the p-circle in the plain. The most important p-trigonometric function is sin,(z).
For p > 1, this function is defined as the unique solution of the initial-value problem

([ (@)% (2))" = (p = Du(@)P*u(z), u(0) =0, u'(0) =1,
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2015

for any € R. We prove that the n-th derivative of sin,(x) can be expressed in

the form
2n—2-1

Z oy SiNG™ () cos;_q""" (z),
k=0

on (0,m,/2), where m, = fol(l — sP)"U/P ds, and cosy(z) = sing,(z). Using this
formula, we proved the order of differentiability of the function sin,(x). The most
surprising (least expected) result is that sin,(z) € C*° (—m,/2,m,/2) if p is an even
integer. This result was essentially used in the proof of theorem, which says that
the Maclaurin series of sinp(x) converges on (—m,/2,7,/2) if p is an even integer.
This completes previous results that were known e.g. by Lindqvist and Peetre

where this convergence was conjectured.

Generalized trigonometric functions in complex domain; Girg, P., Kotrla,
L.; Mathematica Bohemica; [28]

Abstract:

In this paper we study extension of p-trigonometric functions sin, and cos, to
complex domain. For p =4,6,8, ..., the function sin, satisfies initial value problem
which is equivalent to

B (u/)p—2 W — Pl = 0 7
u(0) = 0, (*)
u'(0) = 1

in R. In our recent paper [27], we showed that sin,(x) is a real analytic function
for p = 4,6,8,... on (—mp/2,m,/2), where m,/2 = fol(l — sP)~1/P. This allows
us to extend sin, to complex domain by its Maclaurin series convergent on disc
{#z € C: |z] < mp/2}. The question is whether this extensions sin,(z) satisfies
(*) in the sense of differential equations in complex domain. This interesting
question was posed by DOSLY and we show that the answer is affirmative. We also
discuss difficulties concerning extension of sin, to complex domain for p = 3,5,7.. ..
Moreover, we show that the structure of the complex valued initial value problem
(*) does not allow entire solutions for any p € N, p > 2. Finally, we provide some
graphs of real and imaginary parts of siny(z) and suggest some new conjectures.

2016 p-trigonometric and p-hyperbolic functions in complex domain; Girg, P.,

Kotrla, L.; Abstr. Appl. Anal.; [29]
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2018

Abstract:

In this paper we study extension of p-trigonometric functions sin, and cos, and of p-
hyperbolic functions sinh,, and cosh,, to complex domain. Our aim is to answer the
question under what conditions on p these functions satisfy well known relations for
usual trigonometric and hyperbolic functions, such as e.g. sin(z) = —i - sinh(i - 2).
In particular, we prove in the paper that for p = 6,10,14, ... the p-trigonometric
and p-hyperbolic functions satisfy very analogous relations as their classical coun-
terparts. Our methods are based on the theory of differential equations in the
complex domain using the Maclaurin series for p-trigonometric and p-hyperbolic

functions.

Reviewed by Mehdi Hassani (MR3498048):

“The authors generalize the properties of hyperbolic functions such as the well-
known relations sinz = —isinh(iz), cosz = cosh(iz), cosz = sin’z, coshz =
sinh’ z, cos? z +sin? z = 1, and cosh? z —sinh? z = 1 with z € C to have their coun-
terparts for generalized p-trigonometric and p-hyperbolic functions. Also, they
provide visualizations of the results obtained by introducing several graphs, in-

cluding Lamécurves. ”

Maclaurin series for sin, with p > 2 be an integer; Kotrla, L.; Electron. J.
Differential Equations; [34]

Abstract: We find an explicit formula for the coefficients «a;,, n € N, of the gener-

alized Maclaurin series for sin,, provided p > 2 is an integer. Our method is based
on an expression of the n-th derivative of sin, in the form

=21
e _ T
kzo g, Sind) L(x) COSI% Plz), xe€ (0,?:0),

where cos,, stands for the first derivative of sin,. The formula allows us to compute
the nonzero coefficients

. . (np+1)
_limg 04 sing ()

n = (np+ 1)!
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ABSTRACT. We construct a positive solution to a quasilinear parabolic problem
in a bounded spatial domain with the p-Laplacian and a nonsmooth reaction
function. We obtain nonuniqueness for zero initial data. Our method is based
on sub- and supersolutions and the weak comparison principle.

Using the method of sub- and supersolutions we construct a positive solu-
tion to a quasilinear parabolic problem with the p-Laplacian and a reaction
function that is non-Lipschitz on a part of the spatial domain. Thereby we
obtain nonuniqueness for zero initial data.

1. INTRODUCTION

The problem of uniqueness and nonuniqueness of solutions to various types of
initial (and boundary) value problems for quasilinear parabolic equations has been
an interesting research topic for several decades (see, e.g., Fujita and Watanabe
[3] and the references therein, Guedda [4], Ladyzhenskaya and Ural’tseva [6], and
Oleinik and Kruzhkov [10]).

In this work we focus on the following problem with the p-Laplacian and a
(partly) nonsmooth reaction function:

0
8—1; — Apu = q(z)|ul*tu for (z,t) € Q x (0,T);
u(z,t) =0 for (x,t) € 9Q x (0,T), (1.1)
u(z,0) =0 forzeQ.

Here, Apu := div (|Vu|p*2Vu) denotes the p-Laplacian for 1 < p < oo, a € (0,1)
is a given number, 0 < T < 0o, and the potential g satisfies

(Q) ¢€C(Q), ¢ >0, and q(x() > 0 for some zy € Q.
We assume that 2 € RY is a bounded domain with a C'*#-boundary 9 where
we (0,1).

In particular, we deal with degenerate (singular) diffusion if 2 < p < o0 (1 <
p < 2, respectively) and the reaction function f(z,u) := g(z)|u|* tu. Notice that
if ¢(xo) > 0 then the function u — f(xo,u) satisfies neither a local Lipschitz nor

2000 Mathematics Subject Classification. 35B05, 35B30, 35K15, 35K55, 35K65.
Key words and phrases. Quasilinear parabolic equations with p-Laplacian; nonuniqueness for
initial-boundary value problem; sub- and supersolutions; comparison principle.
(©2015 Texas State University - San Marcos.
Submitted January 29, 2015. Published February 10, 2015.
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an Osgood (see [II]) condition near u = 0 provided a € (0,1). The case p = 2
(the Laplace operator) was treated in Fujita and Watanabe [3] by entirely different
methods based on the Green’s function for the heat equation. An important special
case, N =1, 1 < p < oo, and ¢(z) = A > 0 (a constant), was treated in Guedda
[] also by different methods. The main purpose of the present article is to fill
in the gap left open for 1 < p < oo, p # 2, and ¢ € C(Q), ¢ > 0, where ¢ is not
necessarily positive everywhere in 2. Because of this possibly nonuniform positivity
of q over €2, the method used in [4] cannot be applied here. We use a different
approach based on sub- and supersolutions and the weak comparison principle.
As a trivial consequence of the fact that problem possesses a nontrivial non-
negative solution (see our main result, Theorem 1), we conlude that the weak
comparison principle does not hold for problem considered with nontrivial
initial conditions, say, in W, (Q).

Observe that our assumption (Q) implies that there exists R > 0 such that
q(x) > qo = const > 0 for all x € Br(xp) where

Br(zo) :={z e RN : |z — x| < R} C Q.
Let (A1, 1) denote the first eigenpair for the operator —A,: Wy (Bg(zo)) —
W=LP (Bg(x0)); that is,

—App1,rR = ALR @If,_Rl in Br(wo);

(1.2)
w1, =0 on 0Bg(zo),

and o1 g € Wy P(Bg(x)) is normalized by ¢1 r(zo) = 1. Note that this normal-
ization yields 0 < @1 g(x) < 1 for all x € Br(xo). Moreover, we denote by

_ ) e1r(z) for z € Br(xo);
¢1.r(2) == {0 for x € Q\ Bgr(zo), (1.3)

the natural zero extension of (1 g from Bgr(zo) to the whole of Q. Our main
theorem is the following nonuniqueness result.

Theorem 1.1. Assume that 0 < o < min{l,p — 1} and (Q) are satisfied. Then
there exists T > 0 small enough, such that problem (1.1) possesses (besides the
trivial solution u = 0) a nontrivial, nonnegative weak solution

ue C([0,T] — L*(Q)) N LP((0,T) — W'*(Q))

which is bounded below by a subsolution u: Q x (0,T) — Ry of type
u(e,t) = 0(t)@1r(2)” 20 in Q% (0,7),

where 0: [0,T] — Ry is a strictly increasing, continuously differentiable function
with 0(0) =0, and B € (1,00) is a suitable number.

In contrast with this nonuniqueness result, several uniqueness results have been
established in [2].

Remark 1.2. Assume that ¢ € L>°(Q) satisfies 0 < g(z) < A\j a.e. in Q, where A\;
stands for the principal eigenvalue of —A, with zero Dirichlet boundary conditions
on ). Then the condition o < p — 1 is essential for obtaining our nonuniqueness
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result. Namely, if @« = p — 1 then u = 0 is the unique weak solution of (1.1). The
uniqueness follows directly from the following standard energy estimate:

2dt/ |u(z,t) \Qda:Jr/ |Vu|pdxf/ (a:)|u|pdw§)\1/ |ulP da .
Q

By the variational characterization of A; (Poincaré’s inequality in Lindqvist [8]),

we get
2dt/|uar;t|2da:< /\Vu|pdx+/\1/|u|pdx<0

which implies u(z,t) =0 in Q x (0,T), thanks to u(z,0) =0 in Q.

A weaker result than our Theorem has recently been published in Merchén,
Montoro, and Peral [9, Theorem 2.2, p. 248]. There, a very strong uniform posi-
tivity condition on the potential ¢ is assumed, gy = infg ¢ > 0. This means that it
suffices to treat the constant case ¢(z) = g9 = const > 0 and then use the resulting
solution as a subsolution for the general case q(z) > go = const > 0. In contrast,
our Theorem above does not assume gg > 0; we assume only ¢ > 0 and ¢ # 0 in
Q. Nevertheless, our proof of this result, especially our construction of a nonzero
subsolution, is simpler than in [9].

2. PROOF oF THEOREM [L.1]

Note that @1, g defined in is continuous on € and @f g is continuously dif-
ferentiable for any constant 3 > 1. We need to establish a few additional properties
of v1,r(z) = ¢v1,r(Jx — z0]) = ¢1,r(7), With 7 = |z — 20| and the usual harmless
abuse of notation.

Lemma 2.1. If 3 € (0,00) then

~ 2, (5) =B AT el g — (= DB DIVeLal]  (21)
holds pointwise a.e. in BR(xo). In particular, for 8 > 1 we have

A (P
M < C = const < oo pointwise a.e. in Br(zo) . (2.2)
$1,R

Proof. Any function u: Br(xzg) — R that is radially symmetric around zy can be
written as u(x) = u(r) where r = |z —xo|. Using this notation we obtain, by formal
differentiation,

Apu(lz — zg|) = div (|U/(T)|p72u’(r)@>
— (|U/(7”)|P—2u/(r)>/ + EWI(TNP_QUI(T) .

It is well-known that the first eigenfunction ¢; g is radially symmetric around xg,
positive, and C? in Bgr(xo) \ {70}, see e.g. [1]. Therefore, we get a.e. in Bgr(x),

Ay (90'?,3(7"))

_ —1)(8-1 _ !
o Gas PR W

N-1___ —1)(8—1 _
+fﬂp 1805{)1% @ )|80/1,R|p 280/11%

)

(2.3)
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A (R R i P

~1)(B-1 _ TN =1 po1)s-1 _
—&-@%R I )(|80/1,R|p 2%0/1,R) T‘P%)R ) )|<P/1,RP 290/1,12}
_ —1)(8—-1)—1
=0 o (B = DIeLal — Mongh g}
1 (- 1Rl
= el - 1B - 1) TEEE AR}
$1,R
Hence,
—Ap (7 ) < B A relR
for 8 > 1. For p > 2 this yields
A (P
ipg@uﬁ < BN RO Y < BT g,
$1,R
thanks to our normalization 0 < @1 g < 1. On the other hand, for 1 < p < 2,
_Ap(‘p?R) - —2)3 -
T’ =pr 1‘P¥?R ) {)‘LR —(p-1(B~- 1)901,1172‘90,1,R|p}' (2.4)
LR

Since ¢, g is radially decreasing and satisfies the Hopf maximum principle on the
boundary of Br(zg), we can choose ¢ > 0 such that ¢} z(r) < ¢} g(R)/2 < 0 for
all € (R—¢,R).

Hence, implies for R—e < r < R provided ¢ > 0 is small enough,
such that

Mr—(p—1)(B- 1)90i%|cp'1’R|p <0 for R—e<r<R.

At the same time, the ratio —A, (gaiR) /@fﬂ is bounded for 0 < r < R — . Thus,
estimate (2.2 holds a.e. in Bgr(zg). O

Proposition 2.2. Assume that 0 < a < min{1,p—1} and (Q) are satisfied. Given
any fized number S € (0,00), we define

H($7t) = a(t)QZI,R(x)ﬁ fO’I" (l’,t) €0 x [075] )

where 8> 1, ¢1 g is given by (L.3), and 0 : [0,S] — Ry is the positive solution of
the Cauchy problem

do 90 o . -
(O ="T26°(0) forte(0.9); 6(0)=0, (2.5)

such that 0 < 0(t) < oo for every t € (0,5). Then u : Q2 x (0,5) — Ry is a

subsolution of problem (1.1)) in a smaller domain Q x (0, 0), i.e., fort € (0,0) only,
where g € (0,5) is small enough.

Proof. We will show that the following inequality holds

ou _
5r A< g(@)lyl® lu.

Using 0 < < min{1,p — 1}, equation (2.5)), and the continuity of 8: [0,5) — Ry,
we get
de

< COt)P™ + qof(t)™ for all t € [0,0], (2.6)
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where ¢ € (0,S) is small enough, such that 6(¢)P~1=% < ¢/(2C) holds for all
te[0,a].
Inserting the inequality

@i%A])(@f’R) > —C' = const

in Q from Lemma inequality (2.2)), into (2.6), we obtain

dé _ _ o
T S PRl RO + qob (1)

— — a—1 a
< wl,?{AP(@iR)a(t)p ! +QO‘P(1,R )Ba(t) )
thanks to the normalization 0 < 1,z < 1 in Bg(zo) combined with (o —1)5 < 0.
Finally, multiplying by <pf7 R» We arrive at

do - o, a
7‘/716,1% < Ap(‘ﬂf,R)e(t)p ' q00(t) P1,R

dt
< Ay )0 + q(2)0(t) 9 g -

This inequality, combined with our definition of the function ¢; g, guarantees that
w(x,t) = 0(t)p1, r(z) is a subsolution to problem (L.1)). O

1
Proof of Theorem[I.1. First, let us observe that u(z,t) = ||¢||& * t is a supersolution
of (1.1) for 0 < t < 1. Indeed, a straightforward calculation shows that

ou
ot
holds for 0 < ¢ < 1, since ¢ € C(Q), ¢ > 0, and ||¢q]|cc = sup,cq q(x).

Second, we show now that u < @ for all z € Q and all ¢ > 0 sufficiently small,
say, 0 <t < 7. Evidently,

1 1 N«
= 8,1 = [alE7 = @) (Il &7)" = g 'a

ula,t) = 051 (2)° = it TG () < et s <l 1) = g B
for 0 < t <&, where 7 satisfies
7 < lglloo/c1™
Now it remains to show the existence of weak solution u for , such that
wu<u<u inQx(0,T), whereT :=min{c,5} > 0.

Let us define a sequence of functions u,: Q x (0,7) — R recursively for n =
1,2,3,..., such that u, is the unique weak solution of

ouy,

o Apuy, = q(az)|un,1|"‘_1un,17 (z,t) € Q x (0,7),

un(x,0) =0, z€q, (2.7)
Up(z,t) =0, (z,t) € 0Q x (0,T),

with ug = u. By a weak solution of , we mean a Lebesgue-measurable function
un: Q2 x (0,T) — R that satisfies

w, € C([0,T) — L*(Q) N LP((0,T) — Wi *(2)
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and the equation

n(z, )z, t) dz — t un(2,5) 22 (2, 5) d ds
i [ [0

"’/t/ |V (2, 8) [P~ (Vu, (2, 5), Vé(z, s)) de ds (2.8)
/ / )| un_1(z, 8)|*  up_1(z, s)d(x, s) dr ds

for every t € (0,T) and every test function
¢ € C([0,T] — L2(Q)) N LP ((o,T) o Wg’p(sz)) AW’ ((o,T) - W*LP’(Q)) .

The questions of existence and uniqueness of weak solutions of problems of type
obtained by monotone iterations have been discussed in [[2, Appendix A,
§A.1]. Let us deduce from the fact that up = u is a subsolution of the
inequalities u,—1 < u, in Q x (0,7) for every n = 1,2,3,.... The proof is by
induction on n. The first inequality, ug < uy in © x (0,7T), holds by the Weak
Comparison Principle (see [I2, Lemma 4.9, p. 618]) and the fact that ug = u is a
subsolution of . Now assume that u,—1 < u, in Q x (0,T) for some n € N.
Then we have

8un 8Un+1

ot — Aptin = un—1|*” Y1 < Jun|* " up = ot — Aplnt1
in Q© x (0,7) and consequently u,, < u,41 in Q x (0,7) again, by [12, Lemma
4.9, p. 618]. Therefore, monotonicity holds: v = ug < u3 < ug < -+ < W in

Q x (0,7). The comparison with the supersolution u is deduced again from the
Weak Comparison Principle. Hence, w, is uniformly bounded in © x (0,7") by
u < u < u A global regularity result from [ Theorem 0.1, p. 552] (cf. [12)
Lemma 4.6, p. 617]) guarantees u, € C*+7"2*(Q x [0, T]) uniformly for n € N,
where v € (0,1) is independent of n. We follow the notations and definitions of
Hélder spaces of functions on Q x [0,7] from [5, Chpt. 1, p. 7]. Thus, by the
Arzela-Ascoli theorem, {u,,} is relatively compact in C*%(Q x [0,7]). Hence, the
sequence {u,} possesses a subsequence which converges to u € C*%(Q x [0,7]).
Therefore, in the weak formulation of we may pass to the limit as n — oo,
thus verifying that the limit function u is a weak solution of in Q x (0,7),
such that u < u <. O
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Abstract
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1. Introduction

The main purpose of this article is to investigate the validity of the weak and strong compari-
son principles for degenerate parabolic partial differential equations with the p-Laplace operator
A, for p > 2. In its simplest form, this problem is reduced to the comparison of the trivial solu-
tion (= 0, by hypothesis) with a nontrivial nonnegative solution u(x, ¢). In this special setting, the
problem is closely related also to the question of uniqueness of a nonnegative solution. Typically,
the validity of the weak comparison principle implies the uniqueness of a solution. Conditions
on existence, uniqueness, and regularity have been studied, e.g., in Ladyzhenskaya et al. [12],
Ladyzhenskaya and Ural’tseva [13], and Oleinik and Kruzkov [16]. On the other hand, impor-
tant examples of nonuniqueness for standard parabolic problems, even with the regular Laplace
operator A (i.e., p = 2) and a nonsmooth reaction function, have been constructed first in Fu-
jita and Watanabe [10], then in Redheffer and Walter [18], and for the p-Laplace operator in
DiBenedetto et al. [8] and Guedda [11], and more recently in Bobkov and Takac [4], Merchén et
al. [15], and Benedikt et al. [2]. Most of these nonuniqueness examples show the nonuniqueness
of the trivial solution (= 0) to a given parabolic initial-boundary value problem with the trivial
initial and boundary conditions. More specifically, the following parabolic problem,

ou
g—Apu:q(x)u“ for (x,1) e 2 x (0, T);
u(x, 1) =0 for (x,7) € 92 x (0, T),
u(x,0) =0 for x € Q, (1.1)

is considered in these examples. Here, A ,u & div (|Vu|1”2Vu) denotes the p-Laplacian for
1 < p<oo,ae(0,1)isagiven number, 0 < T < 0o, and the potential g satisfies the following
condition:

Q qu(S_Z),qEO, and ¢q(xg) >0 for some xg € Q2.

We extend ¢ to the whole of RN by ¢ = 0in RV \ Q if needed. Although we assume that @ ¢ RY
is a bounded domain with a C!*#-boundary 32 where 1 € (0, 1), the validity of our parabolic
problems extends from the bounded domain 2 x (0, T') to all of RN x (0, T); i.e., to the case of
the whole space R" in place of Q. This is a trivial consequence of the fact that all our weak solu-
tions to a problem of type (1.1), and sub- and supersolutions as well, will be spatially supported
in a compact subset of 2. Hence, when working with such a (weak) solution u: 2 x (0, T) — R,
we extend it automatically to an “entire” solution 7: RN x (0, T) — R defined by

~ tdﬁf u(x,t) for(x,t)eQ2x(0,T);
weD=1" for (x, 1) € (RN \ @) x (0, T).

A nontrivial nonnegative solution to (1.1) is often constructed by nondecreasing monotone it-
erations starting from a nontrivial nonnegative subsolution, cf. Bobkov and Takac [4], Merchan et
al. [15], and Benedikt et al. [2]. In this approach, originating in Sattinger [20], which we use also
in our present work, a suitable supersolution has to be constructed that provides an upper bound
for the monotone iterations. Besides a spatially constant function, a simple example of such a
supersolution is the well-known Barenblatt solution (and its modifications), cf. DiBenedetto et
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u(z,t)
A
a pair of sub-

and supersolutions

a solution inbetween

& /

Fig. 1. A multi-bump solution.

al. [8] and Samarskii et al. [19]. An important advantage of a Barenblatt-type supersolution is
its compact support with respect to the space variable x € €. This property allows us to use
also linear combinations of several supersolutions that have pairwise disjoint supports in order
to construct more complicated and, perhaps, also more surprising examples.

Our main results are formulated for problem (1.1) and can be outlined as follows. Of
course, the zero function u = 0 is a solution. In particular, we focus on the degenerate diffu-

. . . def
sion 2 < p < oo and the nonsmooth reaction function f(x, u) = qg(x)u® for (x,u) € Q x R4,

0 <a < 1, where R, & [0, +00). Notice that if ¢(xg) > 0 then the function u > f(xo, u)
satisfies neither a local Lipschitz nor an Osgood condition near ¥ = 0 provided « € (0, 1),
see Osgood [17]. The case p =2 was treated in Fujita and Watanabe [10] by different meth-
ods based on the Green’s function for the heat equation. An important special case, N = 1,
1 < p <o00,and g(x) =X > 0 (a constant), was treated in Guedda [11] also by different meth-
ods. The main purpose of the present article is to obtain nontrivial nonnegative solutions with
multiple positive “bumps” that have pairwise disjoint compact supports with respect to the space
variable x € Q2. The bump supports, contained in €2, do not overlap during a given time inter-
val [0, T']; this is impossible if p =2, by the strong maximum principle (Hopf’s lemma) for
linear parabolic problems (Friedman [9]), cf. Aguirre and Escobedo [1, Cor. 2.6, p. 190]. Each
single bump solution is obtained by constructing a Barenblatt-type supersolution and using it as
an upper bound for nondecreasing monotone iterations, starting from a nontrivial nonnegative
subsolution (cf. [2]), that converge to the desired single bump solution described in Theorem 1.3.
(See Fig. 1.)

Definition 1.1. A weak subsolution (supersolution, and solution, respectively) to problem (1.1)
has been defined in DiBenedetto et al. [8, §3.1, p. 23]. We say that a weak subsolution (superso-
lution, or solution)

uec (10,71 L3 @)L (0.7) > Wl (@)

loc
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to problem (1.1) is an m-bump subsolution (supersolution, or solution) if it has the following
properties:

(@) u:Q x [0, T] — Ris continuous, u > 0in Q x [0, T'], and u # 0;
(b) u has a compact support

supp(u) défclosulre{(x, HeQx[0,Tl:ulx,t) >0} in RN x[0,7T],

supp(u) C 2 x [0, T];
(c) there exist precisely m (m € N={1,2, 3, ...}) pairwise disjoint, connected compact subsets

Ky (k=1,2,...,m) of Q such that

supp(u) C (U,V(”ZIKk) x [0,T1];
(d) forallte (0, T]and k=1,2,...,m,
{x e Kp:u(x,t) >0}

is a nonempty connected open subset of 2.

Notice that an m-bump subsolution (supersolution, or solution) may have identically zero
initial values (for ¢+ = 0). We use an analogous definition if the interval [0, T'] is replaced by
[to, T]withO <ty <T.

Theorem 1.2. Let 2 < p <oo, 1/(p—1) <a <1, and let Iy = [ax,br]; k=1,2,3,...,m,

be a family of pairwise disjoint compact intervals in R, —oo <a) <b; <ay <by <--- <
aym < by < 400, and let 0 < Ty < oo. Furthermore, let & € (ak, by) be an arbitrary point;

k=1,2,3,...,m. Then there exists some T € (0, To] such that the initial-boundary value prob-
lem
ou o
E—A,,u:u(x,t) forx € (ay,by),0<t<T,
w(ar, 1) =ulbm,1)=0 forO<t <T; (1.2)
u(-xao) :O forxe(alvbm)v

possesses a nontrivial nonnegative solution u: (ay, by,) x (0, T) — Ry such that

(1) ug,t) >0forallk=1,2,...,mandallt € (0,T);
(i) u(x,t)=0forall x e R\ U}"_,(ax, by) and all t € (0, T).

Hence, u is a multi-bump solution with at least m bumps. This theorem is derived from the
special case of a one-bump solution that we formulate below in a domain Q c RV, A careful
inspection of our proof of Theorem 1.3 below reveals that the solution u: (ay, by,) x (0, T) — Ry
from Theorem 1.2 has precisely m bumps. This claim follows from the fact that each iterate u,, 4|
defined in Eq. (2.17) has precisely one bump, by the uniqueness of the weak solution u, 4] to
problem (2.17) in our proof of Theorem 1.3. (See Fig. 2.)
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a pair of sub-
and supersolutions

sﬁpport expands with increasing time

Fig. 2. Our choice of sub- and supersolutions; the graphs grow in time in the direction of the arrows.

Theorem 1.3. Let 2 < p < oo, 1/(p — 1) <a < 1, and let @ C RN be a bounded domain with
Lipschitz boundary. Assume that q satisfies hypothesis (Q), & € Q is such that q(§) > 0, and

B,(&) ¥ (xeRV:|x —£| <) CQ

and 0 < Ty < 0o. Then there exists some T € (0, Ty] such that the initial-boundary value prob-
lem (1.1) possesses a nontrivial nonnegative solution u: Q2 x (0, T) — R such that

(1) u,t)>0forallt€(0,T);
@) u(x,t)=0forallx € Q\ B, (§) and allt € (0, T).

In addition, if Q = Bg(&) is a ball with radius R centered at &, 0 <r < R < 00, and q is
radially symmetric about &, i.e., q(x) = q(|x — &|) for x € 2, then the nontrivial solution u
above can be constructed radially symmetric about & in the space variable x € Q, i.e., u(x,t) =

u(lx —&J,1).

Both theorems will be derived from more general results in Section 3 that are too “technical”
to state at this point.

As remarked above, Theorem 1.2 (Theorem 1.3, respectively) may be reformulated for so-
Iutions u(x,t) extended by zero values for all x € R (x € RV, respectively). Such extended
solutions are typical for the slow diffusion case (p > 2) and provide a new type of solutions, in
addition to the spatially constant solutions obtained in Aguirre and Escobedo [1, Cor. 2.6, p. 190]
for the regular diffusion (p = 2).

This article is organized as follows. In Section 2 we construct Barenblatt-type supersolutions
which are nonnegative, nontrivial, and compactly supported in the spatial domain. We apply
these supersolutions to prove Theorem 1.3 which provides the most important tool for proving
more interesting results stated in Section 3. These supersolutions play also a decisive role in
obtaining the solutions in Theorem 1.2. We employ Theorem 1.3 to establish our main results
with multiple bumps in Section 3, Theorem 3.1 with m-bumps, and Theorem 3.2 with a variable
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number of bumps increasing in time. Alternatively, we use Barenblatt-type supersolutions to
prove analogous results for radially symmetric solutions in Theorem 3.4.

2. A Barenblatt-type supersolution

Recall that a subsolution, supersolution, and solution

ueC ([o, T]— L%OC(Q)) nLP ((0, T)— WIL’C”(Q))
to problem (1.1) in the weak sense are formally defined in the same way as in [8, §3.1, p. 23].

We look for a supersolution with compact support and properties similar to solutions in The-
orems 1.2 and 1.3 (Properties (i) and (ii)), cf. Definition 1.1. The form of this supersolution
is motivated by the well-known Barenblatt solution (see [8], eq. (3.3) on p. 63). As usual, the
symbol a; = max{a, 0} stands for the nonnegative part of a € R.

Theorem 2.1. Let p > 2, 1/(p— 1) <a <1, 0 < g € L®(Q) where Q C RY is an arbitrary
domain, K = ||g|lL~@) > 0,0 < T < 1/(Ka), and let ¢ > 0 be such that B;(0) C 2. Define

207 Y1+ o TP la(p — 1)

def def 1
o = m and o= EO’&'(]-O{)-F (1—a)l7_lgl’_l (21)
Then the radially symmetric, nonnegative nontrivial function
1
de HRY
ux,y=u(x|,t) =1 +4+ot)|1— < ) 2.2)
&+ ot
+
is a supersolution of problem (1.1) in RN x (0, T). Furthermore, we have
ou Ju
— —, A ieC’"®RN x[0,T 2.3
o o Lrt R™ x[0,T]) (2.3)

with some y € (0, 1) depending only on p and «.

Proof. We abbreviate r = |x| for x € RV Since we are interested in a radially symmetric su-
persolution u(x,t) = u(r,t) only in the interior of its support, the following calculations are
performed only for 0 < r < & + ot where 0 <t < T. The boundary points »r =0 and r = ¢ + ot
are treated separately, thanks to the regularity in (2.3). If we wish that supp (u (-, ¢)) C €2 for all
t € [0, T], then we need to take 7 > 0 small enough, such that, in addition to T < 1/(K«), also
B¢y o7 (0) C Q2 holds. However, as we consider problem (1.1) in RY x (0, T) below, it will not
be necessary to require that Be,7(0) C Q.
Abbreviating

, 2
[...]:|:1—<8+Qt> :|e(0,1) forO<r <e+ot,

we calculate
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l+at[ ]% 20r?
l—a 7 (e + o1)3

( 29—08(1—0{)—{—0@(1—1—0{))

o oy =ol.. ™ +
— 7, =0 |...|l7a
ot

1 —a)(e+o1)?

2Q —oe(l—a) )
(l —a)(e+o1)3

then
ou 1 t @ -2
My = o0 e
ar l—« (e +01)?%’

—p=2 o~ p—1 p—1 .
T A R @4
ar or l—«o (¢ +ot)?

and finally
d (laa|P2oa\ (2 \T'( 1401 \P7
ar \|or ar] \l—«a (& + ot)?
- a(p=1) _pa(p—1) -1 =2r
— P e T e e ———
x{(P )L B +r | —a (e + 01)?

2 N\l 1401 \P! ~
2(1—a> ((8+Qt)2> (p=Drr

a1 { ( r )2 2rlq
L “\etot)  (e+002(-0w)

2 V7 4o P 2rlq
—_ _ p—2__ =%
- (1 —Ol> ((8+Qt)2> (p=Dr (e +002(1—a)
X [.. ]all:x]
- e r2 2°(1 +0t)P la(p — ) a(p—)-1
2 -1 _
>—[..]7% r 2°P(A+oT)P a(p—1) 0s)

(I —a)(e+on)? (1 —a)yp—ler-!

forO <r <e+pt.Recallthat[...] € (0,1) and x(p — 1) > 1.
We apply these estimates to the p-Laplacian of a radially symmetric function with r = |x|,

p—2

A D) 3 8ﬁ( y P—Zaﬁ( y +N—1 8ﬁ( y 8ﬁ( y
X, = — —(r, —(r, — | —(r, —(r,
rh ar ar g ar 4 r ar 4 ar g
3 [|ou P2 3
<—||—(@t —(rt), 2.6
_ar<ar(r ) ar(r )) (2.6)

thanks to 3“ (r,t) <0, by our choice of u(r, t) in (2.2) combined with (2.4).
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These inequalities yield the following lower bound for the left-hand side of the equation in

(1.1):

L.H.S. = 8_12 — Ayt
at
o r2 20(1+oT)P la(p—1)
= [0 - wE o’ (ZQ —oe ) T T e >]
—o[... ],

thanks to our choice of g in (2.1). Now we estimate from above the right-hand side of the equation
in (1.1):

o

RHS. =gx)u®* <Ku*(r,t)=K( +o0r)*[...]T=
<K(+4ota)[...]7% .

Comparing the last two estimates and using (2.1), we arrive at
L.HS.>R.H.S,,

ie.,
9 _ — —o
Eu(x,t)—Apu(x,t)zq(x)u (x,t) for O<|x|<e+opot,0<t<T. 2.7

From the formulas above for du/dt, 0u/dr, and A ,u we deduce that all partial derivatives di/dt,
du/0x;, and Apu exist in the classical sense and belong to CY (RN x [0, T]) with some y €
(0, 1). Consequently, ineq. (2.7) holds pointwise in the entire space~time domain R" x (0, T). It
is now easy to conclude that our function i(x, ¢) is a supersolution to problem (1.1) in the sense
of [8,83.1,p.23]. O

The Barenblatt-type supersolution provided by formula (2.2) in Theorem 2.1 will now be used
to construct the one-bump solution in the proof of Theorem 1.3 below. A suitable subsolution has
been constructed in [2, Prop. 2.2, p. 4] as follows:

Assuming g(x) > go = const. > 0 on an open ball Bg(xg) C €2, we construct a nontrivial
nonnegative subsolution u(x, t) to the auxiliary problem

0
o~ Apu =g’ RV x (0.7) 28)

that is supported in a compact subset of Br(xg) x [0, T]. Consequently, u is also a subsolution
to the original problem (1.1).
Let (A1,r, ¢1,r) denote the first eigenpair for the operator

—Ap: Wy (Br(x0)) = W7 (Br(x0)) ,

that is,
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-1
—App1R=MRP g inBr(x0); @1,k =0 ondBgr(xo). (2.9)

Here ¢ r € Wol’p(BR(xo)) is normalized by ¢ r(x9) = 1; this normalization yields 0 <
¢1,r(x) <1 for all x € Bgr(xp). Moreover, we denote by

@1,r(x) forx € Br(xo);

2.1
0 for x e RN\ Bgr(x0), 2.10)

P1,R(x) 1= {

the natural zero extension of ¢ g from Br(xo) to the whole of RN, Clearly, @1 r € W‘)P(RN).
The following lemma is a version of [2, Lemma 2.1] with complete hypotheses and a correct
proof.

Lemma 2.2. If 8 € (0, 00) then

— -DH(-DH-1
~8p (0l o) =870 VT Brel = (P = DB - DIVeLRIP] @1D)

holds pointwise a.e. in Bg(xo). In particular, if p>2and B> 1, 0relse | <p <2and g > 1,
then we have

_Ap(‘Pllg,R)

B
1R

< C =const <00 pointwise a.e. in Bg(xy) . (2.12)

Proof. Any function u: Bg(xg) — R that is radially symmetric around x¢ can be written as
u(x) =u(r) where r = |x — xg|, by harmless abuse of notation. Using this notation we obtain,
by formal differentiation,

A pu(l = xo]) = div (|u' ()]’ (r) =)
N —1

- (|u/(r)|1’*2u’(r))/ + [ (P72 (r). (2.13)

It is well-known that the first eigenfunction ¢, g is radially symmetric around xo, positive, and
C? in Br(xo) \ {xo}, see e.g. [3]. Therefore, we get a.e. in Br(xp),

Ap(f o)

—1_(p—1)(B-1 - !
=</3p 1‘/’&UR @ )|¢1,R|‘" 2‘»"1,R> +
_ -H(B-1-1
=" {(p = DB = Do "I gl

—1)(B—1 ) / N -1 -DH(B-1 -2
‘HPH)R @ )(|§0i,R|p (pi,R) + , ‘P}f’R " )|¢1,R|p (P;,R}

N -1
r

—1 -1(p—-1 -2
B? ‘/’EI,DR e )|‘P1,R|p ¢l R

— -DH(p-H—-1
=" PP (o = DB = Digh I = 21kl )

=87 P (o= (B - D =L k.
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Hence,

B -1 (p—DB
—Ap(e1 r) =B MreR

for g > 1. For p > 2, the last inequality yields

—Ap(¢f )

p\P1 R _ 2 _
—5 <P’ 1)»1,R</)§f’R P <P g,
1R

thanks to our normalization 0 < ¢; g < 1. On the other hand, for 1 < p <2,

_Ap(§0ﬁR)

e = o PP hk — (0 = DB — Doy Rl &I7)- (2.14)
PR
Since ¢ g is radially decreasing and satisfies the Hopf maximum principle on the boundary of
Bpr(xp), we can choose ¢ > 0 such that <pi’R(r) < (pi’R(R)/Z <Oforallr €[R —¢, R).
Hence, assuming 8 > 1, (2.14) implies (2.12) for R — ¢ <r < R provided ¢ > 0 is small
enough, such that

MR —(p—1D(B =D ¢lo) gl” <0 forR—e<r<R.

At the same time, the ratio —Ap(<p’13’R)/<p’f’R is bounded for 0 < r < R — ¢. Thus, estimate (2.12)
holds a.e. in Br(xg). O

The following proposition is a special case of [2, Prop. 2.2, p. 4]. Recall that g(x) > go =
const. > 0 on an open ball Bg(xg) C 2 specified before Lemma 2.2.

Proposition 2.3. Assume that 2 < p < o0, 0 < a < 1, and (Q) are satisfied. Given a ball
BRr(x0) C Q2 and a fixed number Ty € (0, 00), we define

u(x, 1) =001 r(x)?  for (x,1) eRY x [0, To],

where B > 1, ¢\ r is given by (2.10), and 0 : [0, Ty] — R is the nonnegative solution of the
Cauchy problem

?j—f(t) = q—zoé"‘(t) fort e (0, Tp); 6(0)=0, (2.15)

such that 0 < 6(t) < oo for every t € (0, To). Then u : RN x (0, To) — R is a subsolution
of problem (1.1) in a smaller domain Q x (0,T), i.e., for x € Q and t € (0, T) only, where
T € (0, Ty) is small enough.

Proof. Since the proof of [2, Prop. 2.2, p. 4] contains minor misprints, we provide the corrected
proof below, under the more general hypotheses 1 < p < oo and 0 < @ < min{1, p — 1} used in
[2, Prop. 2.2, p. 4].
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We will show that the following inequality holds

ou
E_A u <qx)u®.

Using 0 < a < min{l, p — 1}, equation (2.15), and the continuity of 8: [0, Tp) — R, we get

do
=" COMNP~" +qof(1)® forallte(0,T], (2.16)

where T € (0, Tp) is small enough, such that 6(t)P~1=% < g¢/(2C) holds for all ¢ € [0, T], and
the constant C > 0 has been specified in Ineq. (2.12).
Inserting the inequality

¢;£AP(¢5R) > —C = const

in Q from Lemma 2.2, inequality (2.12), into (2.16), we obtain

0 _ _ - 1
3 SORBp @l PO+ g8 (0 < R AL OO +q0p) O,

thanks to the normalization 0 < ¢1 g <1 in Bg(xo) combined with (¢ — 1) < 0. Finally, mul-
tiplying by gof r»> We arrive at

de
dt (pllsR P(‘/’l RO 1+409(t)“<ﬂ1 R

<A@} ROOP ™+ (00 9.

This inequality, combined with our definition of the function @] g, guarantees that u(x,?) =
9(t)<Zl,R(x)/3 is a subsolution to problem (1.1). O

Proof of Theorem 1.3. We apply the well-known monotone iteration method from Sattinger
[20] as adapted to parabolic problems with the p-Laplacian in Derlet and Takac¢ [7]. In fact,
for ordinary differential equations, the method of monotone iterations dates back to the work of
Osgood [17].

An ordered pair of sub- and supersolutions in Proposition 2.3 and Theorem 2.1, respectively,
is chosen as follows. Let £ € Q and 0 < r < oo be such that B, (§) C ©, g(£) > 0, and let K =
gl and 0 < Ty < co. We choose ¢ = 7 > 0 and 0 < T < min{ Kla,
This choice of T determines the positive constants o and g in eq. (2.1). Let us denote T’ =

min{é, T}. Hence,

r lx —&| 2 r ,
£+t < - and 1— =0 whenever |x —&|> —andr [0, T'].
2 &+ ot N 2

Let u# denote the (radially symmetric) supersolution constructed in Theorem 2.1 centered at a
given point £ € Q instead of & =0 € RY. We will not need the radial symmetry of i# about
& in the remaining part of the proof. Our choice of the constants ¢ and T’ above guarantees
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uE,t)=1+ot>1andu(x,t)=0forall x € RN \ B;/2(), both for all 7 € [0, T']. We choose
the radius R = r\/§/8 in Proposition 2.3; hence,

2
1—(|x 5') =5 forall xeBg() and 1e[0.T'].

Consequently, we have
A(x.)>(1+o02 ™ >27 7% .

We may choose T € (0, 0o) in Proposition 2.3 small enough such that

1

u(x,t) <2 T« holdsforall xe€B,(§) and te€[0,T],

thanks to 0 < R < r. Setting 7" = min{7’, T} > 0 and recalling our extensions of u and & to all
of Q x [0, T"], we observe that the inequality u < u is valid in all of  x [0, T"”]. In addition,
we recall that i and « is a pair of sub- and supersolutions to problem (1.1) in € x (0, T”). Since
the constant T' from Theorem 2.1 does not appear explicitly any more, we relabel 7”7 (< T') by
T in order to keep our notation compatible with the statement of Theorem 1.3.

We start our monotone iteration procedure from the subsolution u(x, ) = u(x, t) described
in Proposition 2.3. For each n = 1,2,3, ... we define u,(x, t) recursively to be the unique
weak solution to following initial-boundary value problem:

9
“a"t“ — Apttngy =q()u®  for (x.1) € 2 x (0, T);
Unt1(x,1) =0 for (x,1) € 9Q x (0, T); 2.17)
Up+1(x,0) =0 forx € Q.

Since u(x,t) =uy(x,t) <u(x,t) for (x,7) € 2 x (0, T), it follows from (2.17) that u = u; <
uy <--- <u, <u implies also u,, < u,4+1 < u, by induction on n =1, 2,3, .... Thus, we have
constructed a monotone increasing sequence of subsolutions u =u| <wup <--- <wu, <---to
problem (1.1) bounded above by the supersolution #. Standard regularity and compactness ar-
guments from [7] now guarantee that the sequence {u,};> , converges uniformly in Qx[r,T],
for any 7 € (0, T), to a continuous function u:Q x (0, T] — R. Since also u,(x,0) = 0 for
eachn =1,2,3, ..., we obtain also u(x, 0) = 0. By such a regularity result proved in Lieberman
[14, Thm. 0.1, p. 552], one obtains also the convergence in C1+V'(1+7’)/2(S_2 x [r, T]) for any
7 € (0, T). It is proved in [7] that u is a weak solution to problem (1.1) in the sense of [8, §3.1,
p. 23] (cf. Definition 1.1) and it satisfies u < u < u. Finally, the properties of 4 and # yield the
conclusion of Theorem 1.3.

If 2= Br(£),0 <r < R < 00, and ¢ is radially symmetric about &, then also all subsolutions
u=uy <uy<---u, <---constructed above are radially symmetric about &, by the uniqueness
of the weak solution u,1(x, t) to the initial-boundary value problem (2.17). The starting subso-
lution, u#1 = u, is radially symmetric about &, by construction in Proposition 2.3. Consequently,
also the limit u: Q x [0, T] — R of the monotone increasing sequence u, / u (n — 00) is
radially symmetric about £, as desired, u <u. O
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3. Main results
Theorem 1.2 is a special one-dimensional case of the following more general result.

Theorem 3.1. Let2 < p <oo, 1 /(p—1) <a < 1,andlet Q, C 2, k=1,2,3,...,m, be a fam-
ily of pairwise disjoint subdomains of the domain Q@ C RN, and let 0 < Ty < oo. Furthermore,
let0<q e C(S_Z) and & € Q be such that q(§x) > 0; k=1,2,3,...,m. Then there exists some
T € (0, To] such that the initial-boundary value problem (1.1) possesses a nontrivial nonnegative
solution u: Q x (0, T) — R4 such that

(1) u(Ee, 1) >0forallk=1,2,....,mandallt €(0,T);
(i) u(x,t)=0forallx e Q\ ' | Qr andall t € [0, T].

Proof. We will apply Theorem 1.3 in each subdomain Q; k =1, 2, ..., m, separately. In fact, by
Theorem 1.3 we may replace each subdomain €2; by an open ball B, (§;) C €2 with a sufficiently
small radius r; > 0. Furthermore, we may replace each r; by any r € R satisfying 0 < r <
min{ry, ra, ..., Iy }. In particular, the balls B, (&) C 2; k=1,2,...,m, have pairwise disjoint
closures B, (&x). Now, by Theorem 1.3, there exists a nontrivial nonnegative solution uy: 2 X
(0, T) — R such that

(i) up(&r,t) >0forallt € (0,T);
(1) ug(x,t)=0forall x € 2\ B,(&) and all r € [0, T'].

In order to keep our construction more explicit, we may assume that each solution uy is radially
symmetric about &.

The supports of functions u; being pairwise disjoint, we conclude that also the sum u =
kaZI ur is a weak solution to problem (1.1) satisfying 0 < uy <u in Q x (0,T) and u = uy
in Q x [0, T] for each k = 1,2, ..., m. This function, u, satisfies conditions (i) and (ii); the
theorem is proved. O

Inspecting the proof of Theorem 3.1, one may generalize this theorem as follows.

Theorem 3.2. Let 2 < p <oo, 1/(p—1) <a <1, and let Q C Q2 k=1,2,3,...,m, be a
family of pairwise disjoint subdomains of the domain Q@ C RN . Assume that 0 < g € C(RQ) and
& € Qy is such that q(&) > 0, k=1,2,3,...,m. Finally, let T € (0, To] be the time constant
obtained in Theorem 3.1 and let 0 <t <tp <--- <t, < T. Then the initial-boundary value
problem (1.1) possesses a nontrivial nonnegative solution u: 2 x (0, T) — R such that

(o) u(x,t)=0forall (x,t) € Qe x [0, %], k=1,2,...,m;
(4+) u(e, 1) >0forallt € 4, T); k=1,2,....,m;
(i) u(x,t)=0forallx € Q\ U Q and all t € [0, T].

Remark 3.3. It is obvious from condition (ii) that u is a weak solution to (1.1) also in the entire
space—time domain RY x (0, T), i.e., we may replace 2 by the entire space R".

Proof of Theorem 3.2. In the proof of Theorem 3.1 above, we replace the function u; by the
time-shifted function
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o def 0 forx € 2, t €0, t;];
e (x, 1) = {uk(x,t—tk) forxeQ, t e, T); G.D
k=1,2,...,m. The remaining part of the proof is identical. O

For the porous medium equation, related results have been obtained in de Pablo and Vazquez
[5,6].

In many technical constructions in the proofs of our results and those in [2,4-6,10,15], spa-
tially radially symmetric sub- and/or supersolutions to various (auxiliary) parabolic problems
have played a crucial role. This is the main reason why we formulate the following analogue
of Theorems 1.2 and 3.1 for radially symmetric solutions in a ball 2 = Br(0) centered at the
origin, 0 < R < o0o. Recall that we use the standard notation for radially symmetric functions:
gx)=q(x]) =q@r) and u(x, 1) = u(|x|, 1) = u(r, t) with the radial variable r = |x| for x € RV.

Theorem 3.4. Let 2 < p <oo, I/(p—1) <a <1, 0 <R <00, and let I = [a,bi]; k =

1,2,3,...,m, be a family of pairwise disjoint compact intervals in (0, R], 0 <a; <b) <ap <
by <---<apy <by, <R, and let 0 < Ty < 0. Assume that q:[0, R] — Ry is a continuous
function and & € (ay, by) such that q(&) > 0; k=1,2,3,...,m. Then there exists some T €

(0, To] such that the initial-boundary value problem

9

8—?—Apu =q(xDux,n)* for|x|<R,0<t<T;
u(x,t) =0 for|x|=R,0<t<T; (3.2)
u(x,0) =0 for|x| <R,

possesses a nontrivial nonnegative solution u(x,t) = u(|x|,t), u:[0, R) x (0,T) - R4 such
that

(1) ug,t)>0forallk=1,2,...,mandallt e (0,T);
(i) u(@r,t)=0forallr € [0, R]\ U?Zl(ak, by) and all t € (0, T).

Remark 3.5. We may combine Theorems 1.3 and 3.4 in order to generalize the latter (Theo-
rem 3.4) to the case when the family of intervals Ix; k =0, 1, 2, ..., m, contains also an interval
[0, bo] with O < by < ay. Clearly, if ¢(0) > 0, we may apply Theorem 1.3 in the ball B, (0) in
order to obtain a nontrivial nonnegative solution ug to problem (3.2), uo: [0, R] x (0, T) — Ry,
such that ug(0,¢) > 0 forall t € (0, T) and ug(r,t) =0 for all r € [by, R] and all ¢ € [0, T']. The
remaining functions uy for k = 1,2, ..., m can be taken from Theorem 3.4 (see our construction
of u and u in its proof below).

Proof of Theorem 3.4. We abbreviate Q; = By, (0) \ l_?ak (0), an open spherical shell centered
at the origin. The closures Qrof Q:k=1,2,...,m,are pairwise disjoint, concentric spherical
shells. The function g being continuous on [ay, br] with g (&) > O for some & € (ax, by), there
is a number 8 € R such that

0 < 8 < min{& — ay, by — &}

and
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|
q(xh = & S4(&) >0 holds forall

xeikc‘éf{xeRN:gk—akg|x|5§k+5k}cszk.

Abbreviating by ¥ the interior domain of the compact spherical shell £, we denote by A x the
first eigenvalue of the operator —A : W(;’p(Zk) — Wo_l’p (Zx), 1/p +1/p’ = 1. This eigen-
value is simple with an eigenfunction ¢; 4 € C! (fk), which is radially symmetric and can be

normalized by ¢; x(|x]) > O for all x € ¢ and sup,cx, ¢1.k(lx]) =1.
By (2.11) in Lemma 2.2, we have

B IRPYIRTE BVEPN [ Gl
_AP<‘P1,k(”)>—ﬂp [‘/’1,1{(”)] {)»l,k—(P—l)(ﬁ—l)W .

Hence,

— —1
N A0 A SR OF

for g > 1. Since p > 2, for all r € (& — Sk, & + Ok ) this yields

_Ap(ﬁ"f},k)

B fﬁp_])tl,k(ﬂgpk_zm Sﬂp_l)»l,kzconstzc,
Pk

thanks to our normalization 0 < ¢; x < 1. Let us denote

o1x(r)  for&p — 8 <r <& + o

‘ﬁl’k(r)z{ 0 forr € Ry \ (6 — 8k, &k + k),

and

u (x, 1) =001, (x)P for (x,1) e RN x [0, To],

where function 6 (¢) is defined by (2.15), with go = min{qy, ¢, - .., g }. Calculations similar to
those in the proof of Proposition 2.3 given in [2, Prop. 2.2, pp. 4-5] yield that

Uy g X (0, Z) = Ry

is a subsolution to problem (3.2) for some T sufficiently small, 0 < T < Tj. In fact, since 8 > 1,
u;, extended by zero to (RN \ Ek) X (0, Z), is a subsolution to problem (3.2) in all of RY x
(0, 1). Since 6 is independent of k, so is T. Consequently, also the sum u =) ;' u; yields a
subsolution to problem (3.2) in RN x (0, T') which is supported in U 5.

A supersolution i to problem (3.2) in RV x (0, T) is constructed in an analogous way, ii =
S itk Let 0 < T < 2= where K = |lgllzo(8,). Denote



1006 J. Benedikt et al. / J. Differential Equations 260 (2016) 991-1009

K 1
=1 Kia’ 8k=5(5k+min{5k—ak,bk—§k}),
p—2 (1+or)’'(p—DPa  (N—D(A+or)P " (p—1)P2
Pk = o(l —a)er + —+ —
p—1 (1 —ayr=1(p —2)p=1gf ar(1 — a)P=2(p —2)p=2¢"

szin{T(),'L’, L (mln{gl _al’bl _él} _81)’ ceey L (m]n{ém _al’l%bm _é:m} _8m)} .
201 2

m

Then u(x,t) = E,’C"zlﬁk(x, t) is a supersolution on By X [0, T1, where

T—a

p—1
_ [lx] Skl)l’z
up(x,)=0+ot)| 1—
k(x, 1) =( ) (8k+gkt

+

Since the supports of i are pairwise disjoint, it suffices to show that each iy, is a supersolution
on  x [0, T]; more precisely, we have

di _
% — Apitg > q(x)i® forallt €[0,T], 0<|[x| — &l < & + oxt -

In order to simplify lengthy expressions, we abbreviate the bracket

p—1
_ [r — &kl | 72
[..k=]|1- 78k~|—gkt forr = |x| € (& — &x — okt, &k + &k + Okt) -

Indeed, we estimate

p—1
BRI %a 1+o0t 2 p—1 k|r—§'k|f‘2
En=ol...)] L 28

o1 I-a p=2 (é?k-l-le)ﬁJrl

I <C,+|r_s e o= 2><ek+gkz)+<1+or><p—1>gk)
(1—a)(p —2)(ex +oxn) P2+

T el (p—Dor—o(l —a)(p — 2)8k+09kt(1+a(p 2))
0 (o 41—l -
(1= a)(p— 2)(ex + oxt) F2
%
L35 (o Ir = Gl ((p— Dok —o(1—a)(p—2ei) |

p—1 1

(1 —a)(p—2)(ex +oxt) 2

by t > 0 and g > 0. We further estimate the radial p-Laplacian in several steps:

1
diy 1+ot p—1 |r—§&|?
8—(r’t):_ 1— [ ] 7 —1 Sgn(r_é,-:k);
g P=% (ex +oxt) 2

s




J. Benedikt et al. / J. Differential Equations 260 (2016) 991-1009 1007

ol

p—1
Pzaﬁk_<<1+or><p—1>>’”[ D — gy
or \-—wp-2) :

or \(—a(p-2 -l oo EE sen(r — &)

and

ol

0
or

ar

" %) _ <(1 +on(p - 1))”‘1 sen(r — &)

or (1 —a)(p—2) x4 of) @12

1 —o L Py p=] sgn(r — &)

: a(p—1) mp—l |V—§k|”2
S Py S
(5k+th)”2

a(p—1)

+[...] 1«

|r 177 sen(r — &)

1
—1 ]“f’-;(l+at>”‘l <p—1>" | — & 72
=[..., _
1— -2 (-1
* P (8k+th)pP*2

p—1
a(p—1) |r—E&l»2
_EP L
(ex + okt) P2

1

> L. ]—a<1+ot)”‘1 <p—1>” I — &7
= k Y
o P2 ek +oxn) 7T

l—«a

=1
y a(p—1) |r—§&lr?

— p=1

I-a (ek + oxt) P2

p=1
= | — &7

=—[.1" T
(1= ) (p — 2)(ex + Qut) 72
(1 +00)P~ (p— HP+la < Ir — & )

X
(1 —=a)P=1(p —2)P= (e + oxt)?~ \ &k + okt
p=1
lr — &l P2
2ol 41

(I —a)(p —2)(ex +oxt) P2
A+or)P N (p -1«

_ _1.p—1"
(I —a)P=(p —2)r~1g;

S

since [...Jr €0, 1), ap — 1 > o, L=5L < (0, 1), and 7 € [0, 7].

’ 8k+9kt
Furthermore, we have
= |p=2 q- p=l
N — 1| diy |P~° i [ ]% lr — &l r—2
r ar ar Tk B=j 41

(1—a)(p — (e + k1) 7
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(N =D +ot)P~1(p—1)r-!
r(l—a)P=2(p = 2)P=2(ex + oxt)P 2

p—1

= Ir— &2
>—[..] T
(I —a)(p —2)(ex + 0kt) 72
(N =D +or)P~1(p—1r!
X
ax(1 —a)P=2(p —2)p=2el 7>
dueto[...]Jp€(0,1),p—1>1,r >ar,and t € [0, T].
Finally,
BITH _
W(x,t) — Aput(x,t)
itk 3 (|aiy P2 3, N —1 |0y P=2 ity
=—t)——||—1t — )| - —— | —(rt —(r,t
ar o0 8r<8r(r) ar 7D P el W L

p=1
o — p—2
z[...]""{a+ el
(1—a)(p—2)(ex +oxt) 72"
(I+or)P1(p— HPFla
(1=a)r=t(p —2)r=lef

X ((p — Dok —o(l —a)(p—2)ex —

(N =D +onP i p - P!
ar(1 —e)p=2(p —2)r=2ef >

o o

:a[...]k%w =K(l+ota)...]]* =K1 +on)*[...] "

=Ku®(r,t) > g(x)u®(x,1),

thanks to our choice of gf.
By a simple time-continuity argument, there exists some 7 € R,

0<T <min{Ty, T, T},

such that u < u in RY x [0, T]. The desired solution u(x,t) =u(|x|, t) in Theorem 3.4 is now
obtained by monotone iterations as in the proof of Theorem 1.3, cf. (2.17). O
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1. Introduction

The strong maximum principle in parabolic problems in a spatial domain 2 C RY describes a propagation
property for the mass or energy in a variety of mathematical reaction—diffusion models, including quasilinear
models with convection and absorption studied in [1-5]. These kinds of models exhibit the following two
phenomena, among others:

Finite speed of propagation. In our recent work [1] we have constructed nontrivial nonnegative solutions
with compact support in the space variable 2 € R and zero initial data for a quasilinear parabolic problem
with the p-Laplacian for p > 2 (weak, degenerate diffusion) and a nonsmooth reaction function (only Holder-
continuous). The positivity of the solution appears thanks to a nonsmooth reaction function, whereas the
compact support expands with finite speed, thanks to p > 2.

In contrast, infinite speed of propagation has been suggested in the work of Khin and Su [4]. In our present
work we establish this phenomenon in the “complementary” case of 1 < p < 2 (strong, singular diffusion).
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More precisely, we prove a strong maximum principle for the following quasilinear parabolic problem:

éb(u(ﬂc,f)) — Apu(z, (xz,t)  for (z,t) € 2 x(0,T);

t)=f
n u(z,0) = ug(x) for x € 12; (1.1)
t) =10 for (x,t) € 002 x (0,T).

As usual, we abbreviate A,u = div(|Vu[P~2Vu). Our most important hypothesis is 1 < p < 2. In addition,
we assume the following standard hypotheses: b: Ry — R, is a continuous function, b(0) = 0, and
b € C'(0,+00) with ¥ > 0 in (0,+0c0). For simplicity, we assume that both, f: 2 x (0,7) — R and
ug: 2 — R, are continuous and nonnegative. The following kind of strong maximum principle describes the
propagation with infinite speed throughout the domain (2.

Theorem 1.1. Let 1 < p <2, N > 1 and assume that b: Ry — Ry is as above and satisfies also

2—p v
im sOU(s) = (1.2)
s—0+ |log s[p—1
Finally, assume that u: 2 x [0,T) — Ry is a continuous, nonnegative, weak solution of (1.1). Then, for
any fized to € (0,T), the solution u(-,ty) is either positive everywhere on §2 or else identically zero on (2.

In particular, if u(€,0) = ug(&) > 0 for some & € 12, then there exists T € (0,T] such that u(x,t) > 0
for all (z,t) € 2x(0,7), i.e., the strong mazimum principle is valid in the (N + 1)-dimensional space—time
cylinder 2 x (0,7). The number T € (0,T) can be estimated from below by

T =sup{T’" € (0,T]: u(&,t) >0 for all t € [0,T")} > 0. (1.3)

A related, spatially localized result around £ € R is proved in [6]. The initial positivity hypothesis
uo(€) > 0 is not required. It is obtained for any ¢ > 0 small enough, i.e., u(§,t) > 0, from a positive sub-
solution that can be constructed if f = f(u) is only Holder continuous as u \, 0. Since the subsolution is
positive only on a small ball Br(zg) C {2, also the positivity of u may be spatially localized. In fact, we
have constructed such a solution for p > 2 in our work [1, Theorem 1.3]. Our present result, Theorem 1.1,
is of somewhat different nature. We do not work with a nonsmooth reaction function f = f(u), that would
produce a nontrivial, nonnegative solution u(x,t) for every ¢t > 0 small enough, in spite of ug = 0 in RV,
Rather, we assume the positivity of the initial data ug(£) > 0 at some point £ € 2 and derive from it that
u > 0 throughout 2 x (0,7), where 7 € (0,7). By the finite time extinction property proved in Chen and
DiBenedetto [7, p. 323] and DiBenedetto [2, Chapt. VII, Section 3, Prop. 3.1],if 1 < p < 2 and f(x,t) =0
then one has u(z,t) = 0 for all ¢ > T*, provided T* > 0 is sufficiently large. Their proof makes use of a
spatially localized result related to our Theorem 1.1, see Chen and DiBenedetto [7, Theorem 2, p. 323]. The
same results are established also in A.V. Ivanov [8, p. 32] Theorems 6.2 and 6.3, in a more general setting.

2. Proof of the main result

Our continuity hypothesis on the solution u: 2 x [0,7) — R in Theorem 1.1 has been verified in the
following two important situations:

(a) For b(s) = s for all s € R4, see Chen and DiBenedetto [7, Theorem 1, p. 320] and A.V. Ivanov [8, p. 28],
Propositions 3.1 and 3.2.

(b) For b(s) = s” for all s € Ry, where o € R is a constant, (0 <) p —1 < 0 < +00, see A.V. Ivanov [8,
Eq. (1.7), p. 23] combined with [8, p. 28], Propositions 3.1 and 3.2.



J. Benedikt et al. / Applied Mathematics Letters 63 (2017) 95-101 97

Proof of Theorem 1.1. Let us fix any ¢ty € (0,7') and denote Z = Z(tg) = {x € 2 : u(x,tg) = 0}. Our aim is
to prove that either Z = 2 or else Z = (). It is sufficient to prove that Z is an open subset of {2 since it is
closed thanks to the continuity of u and the connected set (2 possesses only two open and closed subsets, (2
and (.

Let #1 € Z. We prove that Bys(x1) C Z where d = dist(z1,0). Note that if 2 = RY then
d = oo. We assume, by contradiction, that zo ¢ Z for some 22 € Bga(x1). In other words, we have
u(wa,tg) > u(z1,tg) = 0 and |z — 22| < 3d = idist(z1,012). Consequently, since dist(z2,d2) > 3d
holds by the triangle inequality, we have |z — 2| < dist(za,02). Due to the continuity of w, there exist
R € (0,]|z1 — z2|) and 7 € (0,tp) such that

o nf u(z,t) > 0. (2.1)
(z,t)€BR(x2)X[to—T,t0]

Notice that Bgr(x2) N Z(t) = () for all t € [tg — T, to].

Let us fix a constant R* € (Jz1 — @2/, dist(x2, 012)). Hence, 0 < R < |21 — 22| < R* < dist(z2,082). We
will construct a subsolution v: (Bg-(x2) \ Br(z2)) X [to — 7,to] — R4 of problem (1.1) satisfying

<

(a) (l‘,to*T)—OfOI‘ all z € Bp+(72) \ Br(z2);

(b) v(21,t0) >

(c) v(z,t) =0 for all x € OBg«(x2) and for all t € [ty — 7, tg];
(d) v(z,t) <nfor all x € OBRr(x2) and all t € [ty — 7, t0].

The properties (a) and (c) guarantee v(x,t) =0 < u(z,t) for all
(.’)37t) € (ER* (LL'Q) \ BR({,EQ) X {to — T}) U (633* (3?2) X [to -7, to]) .
Furthermore our choice of n in Eq. (2.1) entails u(x,t) > n for all x € 0Bg(z2) and for all t € [tg — 7, 10].

Combining this inequality with (d), we obtain 0 < w(z,t) < w(z,t) for all x € IBgr(z2) and for all
t e [tQ—T,to].

Then the weak comparison principle in the space-time domain

QY (B (w2) \ Br(22)) x (to — 7 to]

guarantees that 0 < v(x,t) < u(z,t) holds for all (z,t) € Q. The reader is referred to Alt and Luckhaus
[9, Thm. 2.2, p. 325], Diaz [10, Thm. 3, p. 313], and Otto [11, Thm. on p. 25] for the appropriate version of
the weak comparison principle. In particular, thanks to |x1 —x3| < R* in property (c), we obtain (z1,%) € Q
and u(x1,t9) > v(z1,t0) > 0 which is the desired contradiction with our choice of z; € Z. We have proved
that the set Z(tg) is open in 2. Since Z(tg) > =1 is also relatively closed in {2 and {2 is connected, we
conclude that Z(tg) = {2 as claimed. This concludes the proof of the main part of the theorem.

To construct the desired subsolution v, in analogy with [4, pp. 599-600], proof of Theorem 4.1, we
construct it in the form of a spherically symmetric wave

v(z,t) =2(R+w(t—ty+7)— |z —22]), (2,t) € Bre(z2) X [to — 7, t0], (2.2)
with the velocity w € (0,4+00) to be determined later and the function z: R — R satisfying the differential
equation

dz

= FEO) for R 2(0) =0, (2.3)
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The crucial point of our construction is a suitable choice of the nonnegative function f.: Ry — R4 which
depends on a small parameter € € (0,1). We choose

£.(5) def {s llog s|' T if s € (0, +00),
() =

0 if s € (—00,0]. (24)

Clearly, f. is a continuous function on R with the derivative

f'(s)— (“Og5|_1_5)|10g8|6 if 0 < s < +oo,
= 0 if —oco<s<0.

Furthermore, given any fixed 79 € (0, 1), the integral

det [ ds

CO - CO(E) N 0 fe(s)

converges and satisfies (y(¢) /" +00 as € \ 0. Finally, the classical method of separation of variables applied

to the initial value problem (2.3) yields the following formula for the unknown function z = z.: R — R;:
. L\ —1/e if 0
2 =P GRS if ¢ € (0, +o0), (2.5)
0 if ¢ € (—00,0].
We remark that, for any fixed ¢ € (0, +00), we have z.(¢) \, 0 as € \ 0.

In order to complete the proof, let us now verify that the function v(z,t) defined in (2.2) has all properties
(a), (b), (c), and (d) stated above.

Property (a): For every @ € B« (x2) with |x — x| > R we have v(z,tg — 7) = 2(R — |x — x3|) = 2(0) = 0.
Property (b): The desired inequality
v(x1,t0) = 2(R+wr — |21 —22]) >0
will be satisfied whenever R + w7t — |z — 22| > 0, i.e., if the number w € (0, 400) is chosen such that

— x| - R R*-R
w > w(z1,t0) = w >0; we take w def .
T T

Property (c): Similarly as above, v(x,t) = 0 for all (x,t) € IBpg«(x2) X [to — T, to] if and only if
R+w(t—to+7)—R* <0forallt € [ty — 7, o], which is satisfied by our choice of w = (R*—R)/7 > w(x1,t0)
above.

Property (d): For every 2 € 0Bgr(x2) and for all ¢t € [ty — 7, 0], we have

v(x,t) =2(R+w(t—to+7) — |z —22|) = 2(w(t —to + 7))
< z(wr) < 2(RY) = z.(R") <,

provided € > 0 is small enough, say, 0 < € < &1, by Eq. (2.5). This proves Property (d).

Let us denote the spherical shell A f Bpe (2) \ Br(w2) C 2; hence Q = A x (tyg — 7,to]. It remains to
verify the differential inequality

%b (v(z,t)) — Apv(z,t) <0 in A x (tg — 7, 0] (2.6)
in the sense of distributions. Let us fix t € (¢, — 7, ¢]. Take any nonnegative test function v € CL(A), ¢ > 0.
Recalling our definition (2.2) of v(z,t) = 2(R+ w(t —tg + 7) — | — x2|), v > 0, and setting

A+d§f{x€A:v>0}:{x€RN:R<|x—x2|<R+w(t—t0+7)},
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we calculate
/ (v)wdx—i—/ IVoP~? Vo - Vipda

=w

>\

b ()2 pde — / (Y 22 Oyde
A

|$—$2|

—

w

b (2)2"dw — / ()P I Oydae
Ay Ay |z — $2|

/ W (2)2 pda — / [(,z')pl T ] vz — o)pdo(a) +/ div [(z’)“ — } bdz
Ay DAL |z — @2 Ay |z — 2]
w/ b (2)2'pdx - / [(z’)pl T ] T 2 ydo(z)

Ay |t—z2|=R+w(t—to+T) |.’17 - 372‘ |.’L‘ - $2|
+/ [ p1$_x2]-x_x2¢da(x)

|t—xz2|=R |[L’—.’E2| |(E—£L’2|

- / [_(p —1)(z")P2" e B B ()P~ div - } Ydx
Ay

|z — x| | — xo| |z — o]

Il
S

N —

=w b (2)z'pde — 0+ 0+ / ] Ydz,

Ay Ay

[—@—1xzv*zwsz1

r

owing to Z/(R+w(t —to+7) — |z — 22]) = 2/(0) = 0if |x — 29| > R+ w(t —tp + 7), and ¥(z) = 0 if
|z —x2| = R

Furthermore, using the substitution 7 = |z —x3| > 0 for z € R, we continue by calculating the following
pointwise estimates for R<r < R+ w(t —tg+7):

9/ b(v)ypda + / V|2 Vo - Vipda

= w/A+ b’(z)z'z/;dawr/A+ [—(p— (2P~ + (z')P—lNr_l} Ydx

= /A+ 2 {wb'(z) —(p—1)(")P2 [f;(z) - (pN—_l;:| } Ydz, (2.7)

where z = 2(R+w(t—to+7) — |z —x2|) = ze(R+w(t—to+7)—7) > 0 thanks to R < r < R+w(t—to+7),
and the expression in the curly bracket is nonpositive,

def Np—2 | o N -1
L =Ewh(z) = (p—1)(2)P [fez—]<, 2.8
(W) - - DEY R |16 - oy (28)
by the following calculations: First, we choose 11 € (0,7] such that
2P (s) _ p—
for all 0,m)].
[logsP~1 = 2w or all s € (0, ]
Next, we choose 12 € (0,71] such that 72 < 1 and
1\1 | > L, =L Loy (2.9)
- max _— . .
4 110812| = ma 1’(p—1)R

This choice guarantees
1
11(6) = (o) =1 = &) [logf* > (Jlogs] = § log el ) o

3
> Z' log s|' ™ whenever 0 < ¢ < &1 and 0 < s < 75.
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Taking also R < r < R+ w(t — tg+ 7), we arrive at
N -1
(p—=1)r

Subsequently, we choose €2 € (0,¢1] such that

3 1 1
FL(s) - > 2 [logs|'** — 1 log| > 5| logs| 1. (2.10)

2e(R*) <my (€m1 <) whenever 0 < e < ¢gs.
Substituting

s=z(R+wlt—tog+7)— |z —22|) = 2 (R+w(t —tg+7) —7)

with R <r < R+ w(t — tg + 7), we observe that 0 < s < z.(wT + R) = 2z.(R*) < 1y whenever 0 < € < &5.
Hence, we may combine in Eq. (2.10) with 2’ = f.(z) from Eq. (2.3) and formula (2.4), to estimate

_ Z/p—2 (%) — N-1
- DEP |16 - o

p - L r2|10g 2| P-D01+0) > 1%1210—2| log 271,

p—1 - .
z— (f=(2))""? [log 2|"*

whence, by Eq. (2.8),
{3 < I’sz72| 10gz|p71 - pTZ’FQ . |logz|p*1 =0.

The last inequality shows that the right-hand side of Eq. (2.7) is nonpositive, as claimed, provided 0 < € < es.
Consequently, the function v defined in Eq. (2.2) satisfies the parabolic inequality (2.6) in Q = A x (to—T, to]-

In order to prove the last claim of the theorem, let £ € 2 be such that ug(€) > 0. Thanks to the continuity
of u, the number 7 defined in Eq. (1.3) is positive. Applying the main claim of the theorem with an arbitrary
fixed to € (0,7), we conclude that u(&,%y) > 0 implies u(z,ty) > 0 for every = € {2. Hence, we have proved
that w > 0 holds throughout the entire cylinder 2 x (0,7). O
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ORIGIN OF THE p-LAPLACIAN AND A. MISSBACH
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Communicated by Ratnasingham Shivaji

ABSTRACT. We describe the historical process of derivation of the p-Laplace
operator from a nonlinear Darcy law and the continuity equation. The story
begins with nonlinear flows in channels and ditches. As the nonlinear Darcy
law we use the power law discovered by Smreker and verified in experiments by
Missbach for flows through porous media in one space dimension. These results
were generalized by Christianovitch and Leibenson to porous media in higher
space dimensions. We provide a brief description of Missbach’s experiments.

1. INTRODUCTION

The authors of this article have often been confronted with the question on the
origin of the p-Laplace operator. The main goal of the present work is to answer
this question at satisfactory technical and historical levels. We do not attempt to
provide or claim complete answers to many questions that arise in our investigation
of the available resources. In particular, we leave the question of competitiveness
of mathematical models with the p-Laplacian to alternative mathematical models
still widely open in practical applications [51], 58].

2. THE FILTRATION PROBLEM AND THE EQUATION

An important task of hydrodynamics engineering throughout the 18*" century
was to build reliable water supplies for fast growing urban centers. The need for
water sparked a number new directions in theoretical research on hydrodynamics
and hydrology. Numerous interesting mathematical problems in this area are de-
rived and formulated in the monograph by Jacob Bear [3]. Among them we are
interested in filtration of fluids through porous media and unsaturated flow; see [3,
Sect. 5.2, 5.10, 5.11] and [3| Sect. 9.4], respectively. A mathematical model for
such phenomena is presented in J. I. Diaz and F. de Thélin [14]. It is described
by the following nonlinear initial-boundary value problem of parabolic type for the
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unknown function u = u(x,t) of the space and time variables,  and ¢, respectively:

%b(u) —dive(Vu — K(b(u))e) + g(z,u) = f(z,t) inQx (0,00),

u(z,t) =0 on 9N x (0,00), (2.1)
b(u(z,0)) = blup(x)) in Q.

Here, Q C RY is a bounded open subset of the N-dimensional Euclidean space RY
with sufficiently smooth boundary 99,6 : R - R, K : R - R, and g(z, - ) : R = R
are continuous functions satisfying some additional hypotheses ([I4], Sect. 1]), such
as b being monotone increasing with b(0) = 0, e denotes a given unit vector in R,
and for some 1 < p < o0,

#(¢) = [¢P72¢  for every ¢ € RY . (2.2)

As usual, t € Ry :=[0,00). Finally, f : Q x (0,00) — R is (typically) a Lebesgue-
-integrable function standing for sources (if f(z,t) > 0) and sinks (if f(z,t) < 0),
whereas ug : 0 — R stands for the prescribed initial data, usually assumed to be
Lebesgue-measurable and (essentially) bounded.

For filtration of fluids through porous media in laminar regime one begins with

0
the continuity equation % +divv=0 (2.3)
and the Darcy law v=-K(0)Ve(@®), (2.4)

where 6 = 0(x,t) is the volumetric moisture content, K = K(6) is the hydraulic
conductivity, and the potential ® is given by ®(0) = ¥(0) + z with () being the
hydrostatic potential and z the gravitational potential. For instance, if N = 3 then
we fix the unit vector e = (0,0, —1) € RY in the direction opposite (but parallel) to
the gravitational force, perpendicular to the horizontal plane (x1,x2,0), so that the
gravitational potential z = z(z) = g3 + const at the point = (21,22, 73) € R?
yields the gravitational force

G=G(z)=-Vz= (0,0, — 83—;) =(0,0,—g) = —ge € R?.
To simplify our notation, we normalize the gravitational constant to one, g = 1;
hence, G = —Vz = —e € R3. Thus, we obtain
Vo) =4 (0) VO —e
which, after being inserted into Darcy’s law , yields
v=—K(0))'(0)V0+ K(0)e= V() + K(0)e c R? (2.5)
where

0
o(6) ::/0 K@)/ (9)d9  for 0 € R.

In general, the vector field v stands for the seepage flow which, in our applications,
will be proportional to the fluid velocity, thus denoted by v. It is reasonable to
assume K (¢) > 0 and ¢'(9) > 0 (see Bear [3]), so that also /() > 0 holds.
As a consequence, ¢ : R — R is a strictly monotone increasing, continuously
differentiable function.

Beginning in the 1870s, many engineers concerned with fluid dynamics (including
the works in [20] 21, 22] 23], 24 32, [36, [37, B8], (43, [44], [45], 406], 52| (54, (5], 56l 57, 62,
64, [66], [67]) have discovered that, if the fluid flow is in turbulent regime, the linear
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Darcy law does not provide the correct relationship between the pressure slope
(force),
F=-Vp)+ K(b)e,

on the right-hand side and the wvelocity, v, on the left-hand side of Darcy’s law
([2.4). Oscar Smreker [55, Egs. (5)—(7), pp. 361-362] shows by rigorous calculations
how linear Darcy’s law leads to a contradiction in a practical problem (dug well,
“Schachtbrunnen” in German). Among several “correction” alternatives to Darcy’s
law, O. Smreker [54, 55, [56] suggested the following power law:

F=-K)V®(#) =—-Ve(d) + K()e (2.6)
is given by
F = const - [v|[” "2v  with some p’ > 2, (2.7)
with the power s = (p’ — 2) + 1 = p’ — 1, where the multiplicative constant is
set to one, const = 1, for simplicity. Smreker’s work [54] suggests p’ — 1 = 3/2,
i.e., p’ = 2.5, whereas Reynolds’s measurements [52] show p’ — 1 = 1.723. A. M.
White [62] proposed an analogous relation with p’ —1 = 1.8. All such corrections to
Darcy’s law allow only the power range 1 < p’ —1 < 2. Denoting by p =p'/(p' — 1)
the conjugate exponent, i.e., % + 1% = 1, we thus have to deal with the range
3/2 < p < 2 and the velocity
v = |[F|P°F. (2.8)
Inserting and into the continuity equation we finally arrive at
problem ({2.1)), where b = ¢_; denotes the inverse function to ¢ and f =g =0.
We refer an interested reader to J. I. Diaz and F. de Thélin [I4] for how to obtain
problem in a model dealing with unsaturated flow (gas flow, typically). There,
p=3/2.
It is now evident, that the p-Laplace operator A,

Apu = div (|Vul[P?Vu) ,  for 1< p < oo, (2.9)

is created by the nonlinear power law or, equivalently, by . The continuity
equation is standard for both, linear and nonlinear Darcy’s laws. This means
that the origin of the p-Laplacian A, is closely tied to who was the first to plug
the power law into the continuity equation or at least into its stationary
special case divv = 0. There seems to be a wide-spread agreement in the literature
that the power law with p = 5/3 was suggested first by Oscar Smreker [54] E|
in 1878 in the equivalent form with p’ = 2.5. A number of “power laws” (with
a more general exponent s = p’ — 1) by various authors followed afterwards. We
will discuss the most important ones in the following two sections.

In this context (“Who was the first?”), we should mention the articles by Smreker
[56] from 1881 (used also in his doctoral dissertation [57] in 1914) and by N. E.
Zhukovskii [64] from 1889 (reprinted in his collected works [65] in 1937), in which
they give the explicit formula for the radially symmetric solution, u(x) = u(|z|), of
the so-called p-harmonic equation, Ay,u =0, for any 1 <p < 0o, p # N,

u(r) = Cy + const - r'=#  for every r = |z| >0, (2.10)
N -1
p= >0, p#1,
p—1

L Ref. [6] by M. Brengi¢ provides a “Short description of life and work of Oskar Smreker”.
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see [57, Eq. (I), p. 36] and [65, Eq. (13), p. 19], respectively. Here, Cy € R is a
constant; Cy = u(0) if 4 < 1 and Cy = u(400) := lim, 4 oo u(r) if ¢ > 1. Although
this formula is valid in any dimension N > 1, both engineers, in [56] [64], treat only
the planar case (N = 2) given by the hydroengineering model. They had never
written down the p-harmonic equation (A,u = 0) explicitly throughout their entire
articles [50} 64]; rather, they preferred to refer to Smreker’s work in [54] for the
power law. In fact, since every radially symmetric solution u(x) = u(|x|) to the
p-harmonic equation Ap,u = 0 in the plane (N = 2) satisfies the stationary case of
the continuity equation , divv = 0, which is equivalent to

d

Apu(z) =r'=N. I (PN ()P () = 0 for every r = |z] >0,
r

both, Smreker [56] and Zhukovskii [64], may have very easily used an alternative

way (e.g., the surface integral over a sphere) to obtain in the plane (N = 2),

r|u'(r)|P72%/ (r) = const  for all r = |z| >0, z € R?,

whence (2.10) follows with N =2 and = 1/(p — 1) > 0 (recall that p # N = 2).

3. FLow IN A CHANNEL OR POROUS MEDIA

The rapid development of hydrology in the late 18*" and early 19*" centuries re-
quired new theoretical background and related new measurement techniques. Much
of this research, particularly by French engineers closely connected with the famous
Parisian engineering school Ecole des ponts et chaussées, was published in 1804 in
the monograph by one of its former directors, baron Gaspard Riche de Prony [50].
This book is a very comprehensive description of French research on water flow
through channels and large pipes. Some studies treat also smaller (thinner) pipes
and hoses which, towards the end of the 19" century, developed into research on
filtration through soil, sand, and other similar porous materials. Mathematically,
all models in this research are set in space dimension one. The spectrum of special-
ists involved in the 18" century research begins with civil engineers (count Pierre
Louis George du Buat [8] and Pierre-Simon Girard [26]), continues with theoretical
engineers and applied mathematicians like de Prony himself and Antoine de Chézy
[9], and ends up with mathematicians (marquess Pierre-Simon de Laplace [33]).
The author, de Prony [50], describes and further develops the research findings of
his former teacher, Antoine de Chézy [9], published in 1775 which contains also his
famous mathematical formula on the average flow velocity. De Prony’s book [50]
was further influenced by the work of P. L. G. du Buat [§] and P.-S. Girard [26].
One of their most important discoveries was the formula for the resistance force
due to adhesion of the fluid to the contact surface, cf. G. R. de Prony [50} pp. 44,
58]:

If u stands for the average flow velocity, then this resistance force, xds ¢(u), is
proportional to a polynomial function ¢ = ¢(u) of degree one to three, where x, d,
and s are some positive constants that describe the adhesion to the contact surface,
and

(u) = ¢+ au + Bu® +yu? (3.1)
with some nonnegative constants ¢, a, 0, and 7. We refer to pages 44 and 58 of

de Prony’s book [50]. Calculation of these constants from available measurements
was a subject of strong theoretical and practical interest to civil engineers working
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on the constructions of channels and water pipelines throughout entire France ([50}
pp. 65-90]).

The transformation of the research interests in water flow through channels and
large pipes into research on filtration through porous materials began in mid-19t"
century in the work by Henry Darcy [I1] in 1856, a French hydroengineer working
in Dijon, with his famous (linear) Darcy law, and by Jules Dupuit [I8], another
French engineer and economist, published in 1863, who, in contrast, works with
de Prony’s quadratic law (where v = 0) for the dependence of the resistance
force or pressure loss (difference) on the average flow velocity, w. While Darcy’s
law became quickly a very popular, simple tool for calculating the dependence
of force or pressure on the velocity u for small absolute values of u, de Prony’s
quadratic law has turned out to fit the filtration problems much more accurately
also with higher velocities required to filter a sufficient amount of liquid (water)
needed by a large urban community. Towards the end of the 19" century, several
civil engineers throughout Western Europe have adopted de Prony’s polynomial
formula (typically quadratic or cubic) in their investigation of fluid filtration
phenomena; Oscar Smreker [54] 55}E| (an Austrian-born engineer based in the city
of Mannheim, Germany, and active in several neighboring countries) seems to be
the first of them in 1878-1879 (with another work [56] in 1881), followed by C.
Krober [32] in 1884 and Philipp Forchheimer [20] in 1886 and [21] in 1901 (another
Austrian engineer active also in Germany). Especially Forchheimer’s latter article,
[21], became a landmark in nonlinear fluid dynamics. Owing to Forchheimer’s
tremendous theoretical and practical activity in filtration problems, which includes
several lecture notes and comprehensive textbooks [22] 23] 24], de Prony’s and
Smreker’s quadratic law , ~v = 0, in filtration theory is called Forchheimer’s
equation. We will stick to this terminology in the rest of this article while keeping
in mind earlier contributions by de Prony and Smreker. Smreker’s main merit is
an early application of Forchheimer’s quadratic formula in civil engineering,
particularly in the construction of a water supply system to the Alsatian city of
Strasbourg (France) ([54], see the sketches following p. 128). This engineering
project plays the key role in Smreker’s works [54, B35 [56] mentioned above (in
1878-1881). This work (and from his other articles to follow it) is collected in his
doctoral dissertation [57] (Dr.—Ing.) from 1914 at the age of sixty. By then he had
designed and/or built numerous water supply systems in various European cities:
Belgrade, Ljubljana, Lvow (Lemberg), Mannheim, Prague, Trieste, Vilnius, etc.
Greater details on his achievements can be found in M. Bren¢i¢’s survey [6].

Nevertheless, it was Oscar Smreker [54] again who has discovered that, at “low”
velocity levels v, neither the linear Darcy law nor the quadratic (or cubic) de Prony-
-Forchheimer law describes the relation between the pressure loss and the
velocity v accurately. He suggested the following correction for the (pressure) slope

m

=—-¢ where ¢= f(’U) for v >0, (32)

~| S
=1
o

2 In fact, the latter article, [55], was intended to be an introduction to the former one, [54].
The temporal order of publication is publisher’s mistake; see publisher’s remark at the end of the
latter [55].
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with the gravitational constant (acceleration) g given by g = 9.81 (m/s?) and the
function £ = f(v) taking the “hyperbolic” form

f(v):a—i—ﬁ for v>0 (3.3)

NG

with some positive constants o and 3. The (positive) quantities h and ¢, respec-
tively, stand for the difference h of water levels before and after the (horizontal)
filter of length ¢; cf. Forchheimer [2I) Fig. 1, p. 1736] and Smreker [55, pp. 358
360]. Formulas (3.2)) and (3.3) yield a very special, but important case of the famous
power law,

h_ 03?2 B 3

= ~ 32

7 % (avv+8) % v
with the approximation by the power (8/2g) - v*/? being valid for small velocities
v > 0. In his work [54] p. 127], Smreker suggests also a much more general relation,
namely,

for v >0, (3.4)

oo
ng(v)za—FZﬁnv*l/" for v >0 (3.5)
n=1
with some nonnegative constants o and 3,,. This is how the power law
h
Z:constms (I1<s<2) for v>0 (3.6)

was discovered for the (pressure) slope h/f. Starting with the articles [21], [54], the
precise value of the constant s € (1,2) was the subject of numerous measurements
and theoretical investigations; s > 1 shows the tendency to approach one (s \ 1).
Of course, the case s = 1 renders (linear) Darcy’s law. The power law for soil
permeability and high water velocity v was confirmed in the experiments performed
by F. Zunker [66] in 1920 with s = 3/2; see also Zunker’s survey article [67]. He
claims that Darcy’s law is applicable to medium water velocities v. In Great Britain,
the two nonlinear Darcy laws, the quadratic law (where v = 0) and the power
law (where s = 1.723), appear for the first time in 1883 in the work by Osborne
Reynolds [52, Sect. III, §37, pp. 973-976]. He considers very briefly also Smreker’s
general problem (cf. [54] p. 119]). However, the relation of his research findings
to those of O. Smreker [54] is unclea

It was not until mid-1930s when Smreker’s power law was verified by Alois
Anton Missbach [3] — [46] in many laboratory experiments with sugar juice and
water penetrating a medium consisting of tiny glass balls of constant diameter.
The final comparison of Smreker’s power law with A. Missbach’s laboratory ex-
periments were published in the (now) famous article [46]. His experiments are so
well-documented in the series of articles [43] — [46]E| that many researchers in non-
linear fluid dynamics, especially in the “West” (Americas, Australia, Europe, and
New Zeeland), consider A. Missbach’s article [46] as the verification of Smreker’s
power law . For this reason, this power law is often called Missbach’s equation
in Western literature (or the Darcy-Missbach equation in [51]). We will use this
terminology in the rest of this article, although many authors from Russia, the
mainland China, and Taiwan prefer to attribute the power law to, e.g., the prolific
Russian engineer S. V. Izbash [29] [30]; see also S. V. Izbash and Kh. Yu. Khaldre

3 Reynolds [52] seems to be unaware of Smreker’s results in [54] published five years earlier.
4 Part VI (Ref. [5]) of Missbach’s work appeared before Part V (Ref. [44]).
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[31] and H. Watanabe [61]. A. Missbach’s work [46] summarizes the results of a
large research program sponsored by several sugar refineries in Czechoslovakia in
the early 1930s on efficient sugar juice filtration. It is the final part (Part VII)
of the series of seven articles on Filtration ability of separated and saturated juices
inspired by the scientific and industrial activities of Missbach’s doctoral adviser,
Jaroslav Dédek, who himself also contributed to this article series (Part III), cf.
J. Dédek and D. Ivancenko [12]. The findings of the research reported in Miss-
bach’s article [46], albeit obtained with penetrating water rather than sugar juice,
were immediately incorporated into industrial sugar production. This article is
written in two parallel originals, Czech and German. Further details on his pro-
fessional involvement with the Czechoslovakian sugar producing industry will be
provided in Section [0} A very practical application of Missbach’s equation to non-
linear Darcy flow (also called non-Darcian flow) is provided in P. M. Quinn, J. A.
Cherry, and B. L. Parker [51]. This flow occurs in high-precision straddle packer
tests conducted in boreholes in a fractured dolostone aquifer using constant rate in-
jection step tests to identify the conditions of change from Darcian to non-Darcian
flow. An interesting comparison of Forchheimer’s and Missbach’s equations,
and , respectively, is available in the survey article by K. P. Stark and R. E.
Volker [58] who, unfortunately, seem to be unaware of O. Smreker’s pioneering work
(54, 53], 56, [57).

4. THE RUSSIAN SCHOOL

Significant contributions to the filtration problem in porous materials by Russian
(or Soviet) engineers and scientists began in early 1920s by N. N. Pavlovskii [4§]
in a hand-written monograph of 753 pages. It provides a very well-written, up-
-to-date introduction to hydraulics from a (mostly) theoretical point of view, with
plenty of valuable references to the literature. In Russia, this time is characterized
by massive industrialization (1920s and 1930s). In the first chapter, Pavlovskii
surveys constitutive laws (Darcy’s law, Forchheimer’s quadratic and cubic laws,
and the power law). In the second chapter, he suggests a criterion based on the
Reynolds number to establish the validity range of the linear Darcy law and the
range where a nonlinear law must be used instead. According to V. I. Aravin and
S. N. Numerov [2], p. 4 and also p. 33 with a detailed explanation, Pavlovskii’s
work [48] is the first one to use Reynolds number for this purpose. Despite of the
fact that the monograph [48] thoroughly discusses various constitutive laws in its
first two chapters, the partial differential equations used throughout the book to
study the seepage are only linear.

Serious interests in nonlinear (and non-Newtonian) fluid dynamics in the former
Soviet Union began in early 1930s with the works by S. V. Izbash [29, B30], who
has published the power law already in 1931 in a monograph available only in
Russian. Decisive contributions to fluid dynamics were made by N. E. Zhukovskii
(see his collected works [65] from 1937), the most relevant for us being [64] from
1889. As we have already mentioned in Section [2| he gives the explicit formula
for the radially symmetric solution, w(z) = u(|x|), of the p-harmonic equation,
Ayu = 0, see [64, Eq. (13), p. 19]. In the same article, [64], Zhukovskii discusses
applicability of various constitutive laws to filtration of water through sandy soil
known to that date, i.e., Darcy’s, Krober’s, and Smreker’s power-type laws [11], [32]
54], and compares them to scores of available experimental results. For instance, he
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derives Laplace’s equation by inserting the (linear) Darcy law into the differential
equation of continuity. Using the Laplace equation he studies several configurations
of water wells scattered in the field (standalone well, wells in a row, and wells
on a circle). For the standalone case, he finds out that the discrepancy between
theoretical predictions from the formula based on the solution of Laplace’s equation
and the reality (measured data) is too large. To fix this problem, he suggests to

use the velocity v given by Kréber’s and Smreker’s power law [32] [54] _% =q=

const - vplfl, 2 < p < oo, cf. eq. , to be plugged into the stationary case of
the continuity equation as described above. In particular, eq. plays the
role of the constitutive law.

To the best of our knowledge, all work on nonlinear (and non-Newtonian) fluid
dynamics until 1940, throughout the entire world, treated only spatially one-dimen-
sional problems. ( Smreker’s and Zhukovskii’s radially symmetric planar solution in
[56} [64] mentioned above is essentially one-dimensional.) It was the Russian scientist
S. A. Christianovitch [I0] who employed nonlinear constitutive laws (Forchheimer’s
quadratic and cubic laws and Missbach’s power law) to derive nonlinear partial
differential equations for the seepage movement of underground water. He restricts
himself to the spatially two-dimensional case. In the case of the power law, he
obtains the following equation (re-written in contemporary notation):

Apu = div (|Vul[P7?Vu) =0,

for the unknown function v = u(x,y). Since he works in two space dimensions, he
can use methods of complex analysis and suggest analytical techniques to obtain
approximations of the solution to this equation with the so-called p-Laplace operator
Ap, 1 < p < co. The common (linear) Laplace operator A is obtained for the
(linear) Darcy law (p = 2).

Another notable person in the Russian hydraulic engineering school was L. S.
Leibenson who investigated seepage of oil and gas in the oil and gas fields near the
city of Baku (now Azerbaijan, formerly Soviet Union). Much of his research from
the 1920s and early 1930s was published not only in brief article form, but also as
a survey monograph [35]. His most important findings concern turbulent filtration
of gas in porous medium [36, B7] (see also [40]). It was his article [36] where the
doubly nonlinear parabolic equation,

ou™

ot
with m + 1 = p = 3/2, appeared for the first time. Here, u = u(z,y, 2,t) is the
unknown function of space and time, and ¢ > 0 is some constant. Thanks to

m=p-—1, eq. (4.1) is called (p — 1)-homogeneous. He used the separation of space
and time variables,

=cApu for (z,y,2,t) €R® x (0,T), (4.1)

u(z,y,z,t) =v(t) w(x,y, 2),
in order to obtain the following equation with the so-called 1-Laplacian,

Vw
div [ —— A =0, 4.2
v <|Vw> + AvVw (4.2)
where w = w(z,y, z) is the unknown function of space and A > 0 is a constant.
This article, [36], published in 1945 seems to be the first one to derive and consider
a quasilinear parabolic (time-dependent) problem, eq. (4.1), with the p-Laplace
operator A, in space dimension three (defined in eq. (2.9))), albeit for p = 3/2
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only. For the p-harmonic equation, A,u = 0 with p = 3/2, Leibenson [30] finds
solutions in the spatially one-dimensional and radially symmetric cases. In contrast,
S. A. Christianovitch [I0] (in 1940) treated only a quasilinear elliptic (stationary)
problem, A,u = 0, in two space dimensions, but for any 1 < p < oo.

In his next work [37], immediately following [36], L. S. Leibenson allows for a
wider range of values of p, 3/2 < p < 2. Also his doubly nonlinear parabolic
equation becomes more general,

% (u#ﬂ) =cAyu  for (z,y,z,t) € R* x (0,T), (4.3)

with m > 0, which is no longer (p — 1)-homogeneous. This equation results from
Leibenson’s studies [37] of filtration of turbulent polytropic gas flow through porous
medium; m > 0 is called the polytropic indez of the gas. It is a direct generalization
of an earlier work by L. S. Leibenson [34] which still uses the linear Darcy law,
whereas [37] uses Smreker’s power lawﬂ (3.6). Practically all Leibenson’s results we
have mentioned above are very carefully collected and explained in his monograph
[39] published in 1947; his scientific articles [34] [36] [37, [38] are reprinted in [40].
An important member of the Russian school was also P. Ya. Polubarinova-
Kochina. Her Russian monograph [49] from 1952 (translated into English in 1962)
became quickly a widely used textbook by hydrogeologists all over the world.

5. FROM DARCY’S LAW TO FORCHHEIMER’S EQUATION
(FROM LINEAR TO NONLINEAR DIFFUSION)

Although fluid flow through channels, large pipes, and hoses had occupied theo-
retical hydrologists since the 18" century (see de Prony’s equation ), fluid flow
through porous media attracted major attention much later, in mid-19*" century.
We recall from Section [3] the research on filtration through porous materials by
Henry Darcy [II] in 1856 (the linear Darcy law) and by Jules Dupuit [I8] in 1863
(working with de Prony’s quadratic law). The idea of the quadratic law was
picked up by Ph. Forchheimer who, in his groundbreaking work [21], developed ap-
plications of de Prony’s quadratic law to filtration through porous materials (soil,
in particular),

i =av+bv?. (5.1)

Here, the quantity ¢ is the (negative) total piezometric head gradient, i = _%7

v stands for the average seepage velocity, and a and b are nonnegative constants
determined by the properties of the fluid and medium; typically, ¢ > 0 and b >
0. His article [21I], published in 1901, meant also the introduction of nonlinear
diffusion after several decades of intensive studies of linear diffusion prompted by
Darcy’s law. A number of workers have inferred that Forchheimer’s equation has
sound physical backing apart from its attraction as a relatively simple nonlinear
expression. We refer the reader to J. Bear, D. Zaslavsky, and S. Irmay [4], for
example, who have derived the Forchheimer relation by inferred arguments from
the fundamental Navier-Stokes equations for the general case when inertia terms
are considered; see also Irmay [28]. A few decades later, in 1930, Ph. Forchheimer
[24] extended his nonlinear Darcy law to

i=av+b", (5.2)

5 Leibenson [37] was apparently not aware of Missbach’s work [46].
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where m is a constant typically taking values in the interval (1,2], i.e., 1 <m < 2.

Remark 5.1. From the point of view of Mathematical Physics, relation (??) means
that if @ > 0, then the head gradient i has nearly linear, nontrivial growth

i(v) —i(0) =i = av(l + gv) ~ av (5.3)

for low velocity v. On one hand, this phenomenon was confirmed for certain types
of fluids and media from both theoretical and experimental viewpoints, e.g., in the
work of V. I. Aravin and S. N. Numerov [2], E. Lindquist [41], and J. C. Ward [60].
On the other hand, the nontrivial growth (a > 0), which yields

2

a

a a2 1 a 21

_a a2yt _ a0 g4 7) if also b
TRRAST IR 21)( +\1+(5)75) >0 ifalsob>0,

whence v = i/a for i > 0 small, does not occur for other types of fluids and media

studied in M. Anandakrishnan and G. H. Varadarajulu [I], C. R. Dudgeon [I6],

C. R. Dudgeon and C. N. Yuen [I7], L. Escande [19], A. Missbach [43} [44] [45], [46],

A. K. Parkin [47], A. M. White [62], and J. K. Wilkins [63].

v=uv(i) =

6. MISSBACH’S POWER LAW (NONLINEAR, POWER-TYPE DIFFUSION)

In contrast with Forchheimer’s approach to generalizing Darcy’s law, Alois Miss-
bach [46] based his approach to the porous medium problem on numerous experi-
mental results that became available in the 1930s in various rapidly developing in-
dustries, such as sugar and petroleum (oil) production, where certain types of fluids
are filtered through special porous media. Missbach’s experiments were prompted
by theoretical and experimental results obtained much earlier by C. Krober [32],
O. Reynolds [52], O. Smreker [54], and F. Zunker [66]. The experimental results
obtained during the sugar beet campaign of 1935 in Czechoslovakia led A. Missbach
[46] to verifying the power law relation

1=co™ (6.1)

between the head gradient and the velocity, ¢ and v, respectively, published in
1937. The power m typically takes values in the interval (1,2). A couple of years
before Missbach’s article appeared, in 1935, A. M. White [62] proposed an analo-
gous relation with m = 1.8. As a porous medium, Missbach used gravels, sands,
and packings of uniform spheres (e.g., tiny glass balls), while in his starting experi-
ments [43] — [45] the fluid was represented by sugar juice of various sugar contents.
However, in his most important work for us, [46], he used water as the penetrating
fluid (Figure [1| below). He found out that the power m stays in (1,2) and tends
to 1 with the decreasing diameter of the spheres. C. R. Dudgeon [I6] carried out
tests on coarse materials serving as porous medium (gravels, sands, and packings of
uniform spheres) and confirmed that while the results followed closely an expression
of Missbach’s form the values of ¢ and m were not constant for the particular
material for all fluid flow conditions. These and other experimental results have
confirmed Missbach’s equation . A theoretical derivation of the special case
of Missbach’s equation for m = 3/2 has been given in E. Skjetne and J.-L.
Auriault [53]. The authors of the present article have not been able to find any
reference concerned with a theoretical derivation of Missbach’s equation for
an arbitrary power m € (1,2). The article by A. Brieghel-Miiller [7] thoroughly
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surveys almost all results concerning constitutive laws for filtration known up to
1940 and discusses their applicability to filtration processes in sugar production.

Since experiments and measurements play a decisive role in A. Missbach’s work
[43] — [46], we provide a brief description of his apparatus. A. Missbach [46] calls
his experimental laboratory equipment “Apparatus for testing the hydraulic con-
ductivity (permeability, porosity) through a layer of glass balls”.

FIGURE 1. Apparatus for testing the hydraulic conductivity
through a layer of glass balls.

Figureis a scanned copy of the original figure from Missbach’s work [46], p. 294,
Obr. 1 (in the Czech edition) and p. 424, Abb. 1 (in the German edition). Missbach
[46] credits the use of tiny glass balls to Zunker [60].

Figure [I] description:

(1) Glass tube with strong walls of internal diameter 45 mm, slightly longer
than 200 mm.
Lower sieve.
Upper sieve with a steel spring.
Connecting rubber hose with strong walls.
Tin funnel with a sieve insole.
Thin connection pipe for the differential water manometer.
Faucet for flow regulation.
Outlet for flow regulation.
Screw thread with an inserted filter cloth.
Trench for draining overflowing liquid.

(11) Manometer.

In contrast with earlier filtration experiments (e.g., F. Zunker [66] 67]) which
used a system of parallel capillary tubes having undesirable side effects, A. Missbach
[46] decided to construct an apparatus of a relatively large diameter (45 mm) whose

=~~~ o~~~
O © 00 ~J O O = W N
T N

—~



12 J. BENEDIKT, P. GIRG, L. KOTRLA, P. TAKAC EJDE-2018/16

walls do not influence (obstruct, slow down) the fluid flow through the layer of tiny
glass balls. He used glass balls of four (4) different sizes (A, B, C, D; specified
in [46, Table I]) and varied both, the thickness (height) of the layer of glass balls
and the pressure of the fluid penetrating through the layer. The fluid used in
this experiment was tap water, carefully filtered, with no air bubbles and other
“pollutants”. The filtered water was pumped through the outlet for flow regulation
(8) from the bottom, under the atmospheric pressure of up to 0.5 atm, then led
to penetrate through the layer of glass balls upwards. In order to guarantee a
constant fluid flow velocity, v, throughout the horizontal cross section of the glass
tube, a sieve insole (2) is inserted into the glass tube. The upper sieve with a steel
spring (3) prevents the glass balls from being moved upwards by the penetrating
fluid. Finally, the overflowing liquid is drained into the trench (10) and its volume
is measured in a cylindrical vessel.

The thickness of the layer of glass balls, the size of the balls (A, B, C, D), the
vertical pressure difference in the layer, the flow velocity, and many other important
measurements are carefully recorded in [46] Tables IT through V]. These experiments
provide evidence for Missbach’s power law relation (6.1)).

7. COMPARISON OF THE FORCHHEIMER AND MISSBACH EQUATIONS
(TWO DIFFERENT TYPES OF NONLINEAR DIFFUSION)

Both, Forchheimer’s and Missbach’s models have been very useful in a number of
various situations. Which of the two nonlinear models is better (i.e., more accurate)
depends strongly on the fluid properties and the velocity v. A brief comparison of
the two models has been carried out e.g. in P. M. Quinn, J. A. Cherry, and B. L.
Parker [51], K. P. Stark and R. E. Volker [58], and numerically in R. E. Volker
[59]. The experimental conditions in [51] seem to be slightly more favorable for
Missbach’s model. We refer to Figure 5 in [5I, Chapt. 9, pp. 9-12] for a detailed
comparison of the two models. It is interesting to observe that the authors in [58]
Chapt. 5, pp. 131-196] slightly favor Forchheimer’s model for water penetrating a
porous medium between two horizontal plates (see [58), pp. 144, 185-186, and 196]),
whereas A. Missbach [40] obtains highly favorable results for filtration of water
through a porous medium in a vertical cylinder described in the previous section
(with applications to filtration of saturated sugar juice). Although the laminar flow
regime often obeys the linear Darcy law, it is always nonlinear in character. Thus,
Missbach’s equation applies also to the laminar flow regime and in the transition
to a turbulent regime.

8. SOME BASIC ANALYTIC AND NUMERICAL RESULTS FOR THE p-LAPLACIAN

A comprehensive survey on only basic analytic and numerical results for the p-
Laplacian would have to contain literally hundreds of references. As this is not the
purpose of our present article, we have decided to mention only a few ones. Perhaps
the very basic monograph on modern (nonlinear) functional-analytic methods for
the p-Laplacian and similar quasilinear partial differential operators is the classical
book by J.-L. Lions [42]. Besides methods of Nonlinear Analysis it contains also
many applications to various mathematical models. Among important topics are
the global climate modelling treated in J.-I. Diaz, G. Hetzer, and L. Tello [I3] and
nonlinear fluid dynamics in J. I. Diaz and F. de Thélin [14].
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The spectrum of the (positive) p-Laplace operator — A, on the Sobolev space
T/VO1 P(2) (that is, a monotone nonlinear operator with the zero Dirichlet boundary
conditions) has been an interesting open problem for decades, with the exception
of the first eigenvalue; see the monograph by S. Fucik, J. Necas, J. Soucek, and
V. Soucek [25]. The Fredholm alternative at the first eigenvalue is studied in P.
Drabek, P. Girg, P. Tak4¢, and M. Ulm [I5] in a bounded domain Q ¢ RY and in J.
Benedikt, P. Girg and P. Takéé [5] in a bounded open interval  C R*. Bifurcations
at the first eigenvalue are treated in P. Girg and P. Takac [27).

9. A SHORT SKETCH OF MISSBACH’S BIOGRAPHY

A. Missbach (full name Alois Anton Missbach) was born on the 11*" of June,
1897 in Plenkovice near Znojmo, Moravia (present Czech Republic), and baptized
on June 13", 1897. According to the population statistics office (“matrika”) in
the town of Liban in Eastern Bohemia (Czech Republic), A. Missbach had moved
to Liban in 1923 and stayed there until July 26*®, 1945. He was employed as a
technical engineer from 1923 through 1945 in the sugar refinery in Liban where he
performed his research reported in Refs. [43] — [46]. While working full time as an
engineer (the second technical adjunct), he defended his doctoral thesis on June
26", 1936 at the Czech Technical University in Brno, Moravia. He received the
degree of Doctor of Technical Sciences (Dr. techn.). His thesis advisor was the
well-known expert in Chemistry and sugar production, prof. Ing. Dr. techn. et
Dr. agr. h.c. Jaroslav Dédek.

A. Missbach got married in 1928 in the famous Old Town Hall in the historic
center of Prague, then the capital of Czechoslovakia. According to the statistics
office in Libéan, he moved out to Havran near the town of Most in Northwestern
Bohemia (Czech Republic). As far as we know from the municipal office of Havran,
several months later he moved to the nearby village of Lenesice, also near the town
of Most. He was the director of the sugar refinery in Havran at least during his
stay there. His last residence known to us was the town of Most starting on August
120 1953. Both sugar refineries, in Liban and Havraii, have been closed down
several decades ago.
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DIFFERENTIABILITY PROPERTIES OF p-TRIGONOMETRIC
FUNCTIONS

PETR GIRG, LUKAS KOTRLA

ABSTRACT. p-trigonometric functions are generalizations of the trigonometric
functions. They appear in context of nonlinear differential equations and also
in analytical geometry of the p-circle in the plain. The most important p-
trigonometric function is sinp(z). For p > 1, this function is defined as the
unique solution of the initial-value problem

(I (@) P72/ (2))" = (p = Dlu(@) P u(z), u(0) =0, u'(0) =1,
for any x € R. We prove that the n-th derivative of sinp,(z) can be expressed

in the form
gn—2_q

Z Ak, n singk’” (z) coszl,iqk’" (z),

k=0
on (0,7p/2), where mp = fol(l — sP)~1/Pds, and cosp(z) = sing, (). Using this
formula, we proved the order of differentiability of the function sinp(x). The
most surprising (least expected) result is that siny(z) € C®°(—mp /2, mp/2) if
p is an even integer. This result was essentially used in the proof of theorem,
which says that the Maclaurin series of siny(x) converges on (—mp /2, 7p/2) if
p is an even integer. This completes previous results that were known e.g. by
Lindqvist and Peetre where this convergence was conjectured.

1. INTRODUCTION

In the previous two decades, p-trigonometric functions have attracted attention
of many researchers; see, e.g., [II, Bl [6, [7), 10} [1T], 12 13, [I5] 16l 25], and references
therein. The p-trigonometric functions arise from the study of the eigenvalue prob-
lem for the one-dimensional p-Laplacian. We assume p > 1 and say, that A € R is
an eigenvalue of

—(|[P72u) = Au[P?u =0 in (0,7,), (L1)
u(0) = u(mp) =0, ’
if there is a nonzero function u € WH?(0,m,) that satisfy (1.1} in a weak sense.

Here )
1 2
T, = 2/ ds = — . 1.2
P=2 ) e T pemte/p) (12)
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Let us note, that the problem can be considered on any bounded open interval, but
the choice (0,m,) significantly simplifies the calculations. The discreetness of the
spectrum of this eigenvalue problem was established already by Necas [2I]. This
eigenvalue problem was later studied by means of the initial-value problem
— (| [P72u") = NuP"2u =0 in (0,00),
uw(0) =0, «(0)=1;

see Elbert [I1] for initial work in this direction. Later it was independently studied
by del Pino-Elgueta-Manasevich [8], Otani [22] and Lindqvist [I4].

Let siny(z) denote the solution of (1.3) with A = (p — 1). It follows from [11]
that sin,(z) is positive on (0, 7,) and satisfies an identity

|sing (z)P + [sin) (z)[P =1 VzeR, (1.4)

(1.3)

which for p = 2 becomes the familiar identity for sine and cosine. This suggest the
definition cos,(z) := sin),(x) and justifies the notation sin,(z) and cos,(z). The
identity is called p-trigonometric identity. It also follows from [I1] that the
eigenvalues of form a sequence A\ = kP(p—1), k € N and corresponding eigen-
functions are functions sin,(kx), k € N. Thus all the eigenfunctions are determined
by the function sin,(z). It comes as no surprise that the properties of the function
sin,(z) were studied extensively in the previous 30 years. It was shown in [I1]
that sin,(x) can be expressed on [0,7,/2] (the p-trigonometric identity can
be thought of as the first integral of ) as the inverse of

¥ 1
arcsing (z) = /0 mds, z €10,1], (1.5)

which is extended to [0, mp] by reflection sin,(x) = sin, (7, — z) and to [—m,, 7] as
the odd function. Finally, it is extended to R as the 2m,-periodic function. The
function arcsin,(z) from (1.5)) is extended to [—1, 1] as an odd function. Then

sin,(arcsiny(z)) =z Vz € [-1,1]. (1.6)

Note that for p = 2, we obtain classical arcsine and sine from this definition.
The (now familiar) notation sin, appears in [§] for the first time, where the authors
studied homotopic deformation along p to calculate the degree of trivial solutions of
in order to establish existence results for the nonlinear problem (|u’|P~2u/)’ +
f(t,u) =0, u(0) =u(T) =0, p>1, T > 0. The homotopy result from [§] initiated
development of bifurcation theory for quasilinear bifurcations.

As a historical remark, let us mention that generalizations of arcsine similar
to were studied in a very different context by Lundberg [I7] in 1879. It is
interesting to mention that the p-trigonometric functions satisfy certain relations
to geometrical objects such as arclength and area of a circle in a noneuclidean
metric; see Elbert [11], and Lindgvist [I5]. The p-trigonometric functions also pos-
sesses some approximation properties in certain function spaces; see, e.g., Binding-
Boulton-Cepicka-Dréabek-Girg [1], Lang-Edmunds [I3] for theoretical research, and
Boulton-Lord [6] for a very interesting computational application in evolutionary
PDEs. In Wood [27], the particular case p = 4 was studied and “p-polar” coordi-
nates in the xy-plane were proposed.

In this article we focus on the differentiability and analyticity properties of p-
trigonometric functions. One can immediately see from (|1.2)), , and that
sin,(0) = 0 and siny(m,/2) = 1 for all p > 1. From (1.4) and the definition of
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cosp (), we obtain cos,(0) = 1 and cos,(m,/2) = 0. It follows from the results in [I1]
15l 22] that the possible differentiability issues are located at = 0 and & = 7, /2.
There are several results concerning differentiability and asymptotic behaviour of
sin,(z) at z = 0 and « = 7,/2 in Mandsevich-Taka¢ [19] and Benedikt-Girg-Tak4é
[2]. In Peetre [25], generalized formal Maclaurin series for sin,(z) were studied
and their convergence was conjectured on (—m,/2,m,/2). The local convergence of
the generalized Taylor series (and/or the generalized Maclaurin series) for sin,(z)
follows from Paredes-Uchiyama [24]. Taking into account that the point z = 0
is often considered as the center for the Taylor (i.e. the Maclaurin) series or the
generalized Taylor (i.e. the generalized Maclaurin) series for sin,(z), we decided
to provide detailed study of the convergence of these series towards sin,(z) on
(—mp/2,7,/2). We were also motivated by work of Otani [23], where he studies
properties of the solutions of

(Ju'|P~2/Y + |u|??u=0 in (a,b), =
u(a) = u(b) =0, (L.7)
for general exponents p, ¢ € (1,400) with p # q. Among other properties he proved
that for p = gz’iﬁ,m € {0} UN and for g even, any solution of belongs to
C*(a,b). In our case, p = g we find that sin,(z) belongs to C*(—mp/2,m,/2) if
and only if p is even. Let us also remark that local analytic solutions of the radial
variant of were studied in Bognér [4].

Though we are aware that our methods are elementary mathematics, we are
sure that our results will help to better understand the behavior of siny,(z) and its
derivatives in the vicinity of 0. This behavior is crucial in establishing asymptotic
estimates such as those in the proof of the Fredholm alternative for the p-Laplacian
in the degenerate case Benedikt-Girg-Takac [2 B]. Moreover, knowledge of the
convergence/nonconvergence of the Taylor and/or the Maclaurin series is very im-
portant in the development of numerical methods for calculating approximations
of function values of p-trigonometric functions. Recently, Marichev [20] from the
Wolfram Research, Inc., pointed out to the first author of this paper in a personal
communication that Mathematica from version 8.0 has a capability to effectively
compute coefficients for sin,(z) for formal generalized Maclaurin power series by
means of the Bell Polynomials. With few lines of Mathematica code one can obtain
partial sums of generalized Maclaurin series for sin,(x) of large order in a couple of
minutes. Thus the question of the convergence of the partial sums of the Maclaurin
series is becoming quite urgent. This was our main motivation to address this topic.

Our main result provides convergence of these partial sums. We treat two cases
separately, p > 2 is an even integer and p > 2 is an odd integer. Namely, for the par-
ticular case sing(ym41) (), m € N, x € (—m,/2, m,/2), we show that the Maclaurin se-
ries converges towards the values sing(, 41y () on the interval (—m,/2,7,/2). On the
other hand, we show that the Maclaurin series converge towards sing,,+1(z), m € N,
for z € (0,7,/2) and does not for « € (—m,/2,0). More precisely, the Maclaurin
series converges on « € (—m,/2,m,/2), but not towards values of singp,41(z), m € N
for x € (—m,/2,0).

The article is organized as follows. In Section 2, we give a definition of the
function sin,(x) by means of a differential equation and also introduce other useful
notation. In Section 3, we state and discuss our main results concerning differentia-
bility and/or non-differentiability of sin,(x) and convergence of Maclaurin series of




104 P. GIRG, L. KOTRLA EJDE-2014/CONF/21

sin,(z). In Section 4, we express higher derivatives of sin, () by means of powers of
sin,(z) and cosp(z). Finally, in Section 5, we prove our main results using formulas
for higher derivatives of siny(z) from Section 4. In Section 6, we conclude with
remarks and open problems.

2. DEFINITIONS OF p-TRIGONOMETRIC FUNCTIONS

Proposition 2.1. The initial-value problem
—(P2Y — (p— Du"2u =0 o)
u(0) =0, u'(0)=1, '

has the unique local solution and moreover any local solution to (2.1) can be con-
tinued to (—oo, +00).

For uniqueness of the solution see [8, Sect. 3|, and for the existence of global
solutions see [9, Lemma A.1].

Definition 2.2. The function sin,(z) is defined as the unique solution of the initial-
value problem (2.1)) on R.

For any ¢ > 1 and z € R we define

|2]9722 forz #£0,
= 2.2
#a(2) {0 for z=0. (2:2)

Note that ¢, (vp(2)) = wp(ep (2)) = z provided p > 1 and 1/p+ 1/p’ = 1. With
this notation, we can rewrite the initial-value problem ({2.1)) as an equivalent first-
order system

v'(z) = —(p — Depp(u(x)) (2.3)

Clearly, from the definition of Carathéodory solution, it follows that u(x) = sin,(x)
and v(x) = ¢, (sin) (z)) must be absolutely continuous on any compact interval

P
[-K, K], K > 0. Thus sin,(z) = @, (v(z)) is continuous on any [-K, K|, K > 0,
which entails that sin,(z) = ¢p (v(z)) is continuous on (—oo,+00). Thus the

following definition makes sense.
Definition 2.3. For x € R, we define cos),(x) = sin,, ().
Since cos,(0) = sin},(0) = 1 and cos,(z) is continuous, there exists an interval

(—¢,¢) such that cosy(x) > 0 on (—¢,c), ¢ > 0. Moreover, since sin},(0) = 1 and

sin, € C1(R), there exists an interval [0, s), s > 0, such that sin,(z) > 0 on [0, s).
Definition 2.4. For p > 1, let 7, denote
2sup{s > 0: Vx € (0, s) holds sin,(z) > 0 A cos,(x) > 0}.

It was shown in [T1], that

1
1 2
WPZQ/ 71/(11':.771—3
0o (1—ap)"/? p-sin(m/p)
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for p > 1. It was also shown in [I1], that sin,(x) can be expressed on [0, 7,/2] as
the inverse of

r 1
arcsinp(x) = /0 m ds T € [0, 1] s (24)

and, moreover, it extends to [0,m,] by reflection sin,(x) = sin,(m, — =) and to
[—7p, mp] as the odd function. Finally, it extends to R as the 2m,-periodic function.

Remark 2.5. In the following text, formulas containing higher order derivatives
and powers of sin,(z) and cos,(x) appear. We try to keep our notation as close
as possible to the usual notation for classical trigonometric functions. Thus the

derivatives are denoted by, e.g., siny,(z), ... ,Sing'(x)ﬁingv) (x) (primes and roman
numerals) and/or, e.g., sinz(gn)(z)7 sin](f”_l) and sin](f”) for n € N. On the other

hand, the powers are denoted by sinf,(x), sinf’j(x)7 sinl(z), ¢ € R. Where a confusion
may happen, we denote the powers by, e.g., (sin,(x))™, m € N, to distinguish them
clearly from derivatives. For the convenience of the reader, we write the values of
p as explicit as possible, with a few exceptions such as in the proofs of Theorems
and where this approach would produce very lengthy formulas.

3. MAIN RESULTS

In the sequel, we study derivatives of sin,(z) for p € N, p > 2 on the interval
x € (—mp/2,mp/2). We distinguish two cases p is even, ie., p = 2(m + 1) and
m € N, and p is odd; i.e., p=2m + 1 and m € N. In the first case p = 2(m + 1),
the p-trigonometric identity takes form

(sia (1) ()2 + (CoSa(m i1y () 2T =1, (3.1)

which is valid for any € R and hence on (—m,/2,m,/2). Note that there is no
absolute value, since there are even powers.

In the second case p = 2k + 1, we have to distinguish two subcases. For 0 < z <
%", the p-trigonometric identity takes form

(singpm 41 ()™ + (cosgmyr(z))?™ T =1. (3.2)
On the other hand, for —m,/2 < x < 0, the p-trigonometric identity takes form
— (singpmy1(2))?™ T 4 (cosgmyr (z))*™ T = 1. (3.3)

Since there is only one identity (3.1)) for p = 2(m+1), this case has nice smooth-
ness properties on (—m,/2, w,/2) and we obtain a rather surprising result concerning
smoothness of function sin,(z) for even p.

Theorem 3.1. Let p=2(m+1), m € N. Then

T2(m+1) T2(m+1) )
2 ’ 2 '
On the other hand, for p = 2m + 1, we have to distinguish two subcases (3.2)
and (3.3]), which has damaging effect on the differentiability of sin,(x). Thus the
smoothness is lost when p is odd. The smoothness is also lost if p is not an integer.

Sing(m+1) (I’) € COO( -

Theorem 3.2. Let p e R\ {2m}, m € N, p > 1. Then
sin, (z) € tolld (—mp/2,mp/2),

but
sing, (2) & CIP1HY (=7, /2,7, /2) .
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Here [p] := min{k € N : k > p}.

Our last result gives an explicit radius of convergence of the Maclaurin series
for even p > 2. To the best of our knowledge, all previous results concerning
convergence of series for sin,(z) were only local; see, e.g., [24].

Theorem 3.3. Let p = 2(m + 1) for m € N. Then the Maclaurin series of
S (1) () converges on (—L(’;“) , L(’;“) ).

Theorem 3.4. Let p = 2m + 1, m € N. Then the formal Maclaurin series of

singm1(x) converges on (—225+, Z222L) - Moreover, the formal Maclaurin series

of sin, () converges towards singp, +1(x) on [0, 25+L) | but does not converge towards
Sihgm41(x) on (=25 0).

The proofs of Theorems [3.1H{3.4] are postponed to Section
4. DERIVATIVES OF sin, ()
The following lemma summarizes basic properties of sin,(z) and cos,(z).

Lemma 4.1. Let p € R,p > 1. Functions sin,(z) and cos,(x) have the following
basic properties.

(1) siny(z) > 0 on (0,7,), siny(0) = 0, sin,(z) = sin, (7, — x) for z € (&, m,),
and siny,(z) = —sin,(—x) on (—mp,0). The function sin,(z) extends to R

as 2my-periodic function.

(2) siny(x) is strictly increasing on (—mp/2,7,/2).

(3) cosp(x) >0 on (—mp/2,7,/2), cosp(—7) = cosp(%) = 0 and cosy(x) <0
on [—mp, =) U (B2, mp).

(4) For allm e N, if sinf"_l)(x) exists on (—mp/2,m,/2), then it is even func-
tion on (—mp/2,m,/2).

(5) Foralln €N, if Sinz(f") (x) exists on (—mp/2,m,/2), then it is odd function
on (—mp/2,mp/2).

Statements follows from [I1]. Statements |4} and |5 are trivial consequence of
statement [I1

Lemma 4.2. Forallpe R,p>1

sin) (z) = —sin? () - cos; P(x) for x € (0,7,/2), (4.1)
sing) () = singfl(—x) -cos;P(x)  for w € (—m,/2,0). (4.2)

Proof. The identity (4.1]) is obtained by a straightforward calculation; see, e.g., [13].
For © € (—m,/2,0), we obtain from Lemma statement [1{ and [3| and the identity

i)

sinf (—z)+cosh (z) = |—=sin,(—z)|"+| cos, (x)[P = |sin,(z)["+| cosp(z)|” = 1. (4.3)
Taking
sinf (—z) + cosp(z) =1 (4.4)
into derivative we obtain
—p-sinf ! (—=x) - cosy(—a) + p - cosh ! (z) - sin)) (z) = 0. (4.5)

From Lemma statements [3] and [4] we obtain

sing_l(f:r) - cosp(x) = Cosgfl(x) - siny) (2)
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which yields

sinf) (z) = sinf " (—x) - cos, () .

Lemma 4.3. Let p € R\ {2} such that p > 1.
(1) If p > 2, then the function sin,(z) € CY(R) and sin,(z) ¢ C*(R).
(2) If p € (1,2), then the function sin,(z) € C%(R) and sin,(x) ¢ C3(R).

Proof. By the definition of cosy(x), sinj,(z) = cosy(x). The function cos,(z) €
C(R), for all p > 1. Thus sin,(z) € C'(R). By Lemma

sing (x) = — sing_l(x) . cosf,*p(:r) for x € (0,7,/2) .

Taking into account that
2

ziigisingfl(x) =1 and ziigllicosp_p(x) =400 forp>2,
2 2
we find that
119;1 sing (x) = —oo
T— 5 —

Thus the continuity of sin) () fails at © = m,/2 for p > 2 and the statement 1 of
Lemma [£.3] follows.

From (2.3)), we find that the function v'(z) = —(p—1)¢p,(sin,()) is continuous on
R as sin,(z) is continuous on R. We also find that cos,(z) = ¢ (v(z)) from (2.3).
Taking into account that ¢, € C'(R) for p € (1,2) (observe that p’ = oo > 2
in this case), we infer that cos,(z) = ¢, (v(z)) - v'(z) is continuous on R. Thus
sin,(z) is two times continuously differentiable on R for p € (1,2). On the other
hand, taking

sin’/ () = —sin? ! (z) - cos2 () on (0, %)

into derivative, we obtain

sin’ () = —(p — 1) sind " ?(z) - cosi P (z) — (2 — p) - sinb "' (2) - cos) P () - siny) (x) .

"
P

sin)’(z) = —(p — 1) sin} () - cosi P(x) + (2 — p) - sin?*(x) - cosi P (x).

Substituting for sin; () from the later equation into the former, we have

Since limg_,o4 sin,(z) = 0 and lim, o4 cos,(x) = 1, we obtain

. s _
gclilr(r)l+ sin,,(z) = —o0
for p € (1,2). This concludes the proof of statement 2 of Lemma |

Let us define the following ‘symbolic’ operators (rewriting rules) defined on ex-
pressions of the form

a - sind(z) - cosfl;q(o:) with a,qg € R (4.6)
as follows
a-q-sin?(z) - cosp TV (z) ¢#0
D a-sinf(z) - cos)~9(z) := P P ’ (4.7)
0 q=0.
—a-(1—a) - sin?tP1(g) . cogt—@tP—1) 1
Dc a- Sinq(.’IJ) . COSl_q({E) = a ( q) Slnp (I) COSp (1’) q 7é )
P p 0 q= 1.

(4.8)
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Let us observe that the results of application Dy and D, have the form (4.6).
Hence they are also in the domain of definition of Dy and D.. Thus we can consider
compositions of D, and Dy of arbitrary length. We will show that the first derivative
of sin?(xz) - cos,?(x) (here a = 1) can be written using these symbolic operators as
follows

% sing(z) - cosllfq(x)

= Dgsinf(z) - cosll,_q(x) + Desing(z) - cos;_q(x) .

To show this, we have to distinguish three cases ¢ € R\ {0,1}, ¢ =1, and ¢ = 0.
Case ¢ € R\ {0,1}. Here

d

s sing (z) - cosllfq(x)

= gsind ™! (z) - cos; V() — (1 — ) sin? P! (2) - cos), TP ()
= D, sinf(z) - cos),~(x) + Desing(z) - cos) ().

Note that the distance between the exponents of sin,(z) in the resulting terms, i.e.,
sin® ! (z) - cos2™%(x) and sinf° P! . cos2 P90 (), is exactly p. This is crucial in
the sequel of the paper, because in a sum of the type

cosind’ () - cos;_qO () + 1 singo+p(x) . coszlg_(q°+p)(x)

the terms combine together as in the diagram depicted on Fig. 1

Case ¢ = 1. In this case the term sinf(x) - cos, () = sin,(x). Thus the derivative
of this term is the single term cos,(z). By the definitions of Dy, D, we find that
D, siny(z) = cos,(z) and D, sin,(z) = 0. Thus & sin, () = Dy sin, () + D, sin, ().
The fact D, sin,(x) = 0 will be reflected in our diagrams by omitting ‘right-down’
edge departing from this node, see Figure 2.

Case ¢ = 0. This case corresponds to sinf(z) - cos)(x) = cos,(z). Thus the de-

rivative of this term is the single term — singfl(a:) cos;f(p -b (). By the definitions
of Dy, D, we find that D, cos,(z) = 0 and

D, cosp(z) = — sing_1 (x) cos;f(pfl) (z).

Thus & cos,(z) = D, cos,(2)+De cos,(z). The fact D, cos,(z) = 0 will be reflected
in our diagrams by omitting ‘left-down’ edge departing from this node, see Figure
3. Note that since in our diagrams we write powers only, the node corresponding
to — sing_l(:n) Coszlj_(p_l)(:c) is labeled by sb~! c;_(p_l).

In the same way, we can express higher order derivatives, thus, e.g., the second
derivative of sinf(z) - cos)~4(x) (here a = 1) can be written as

d2
12 sing(z) - cos;fq(:r)
x
= (Ds o Dg) sing(z) - Cos;,*q(x) + (Dc o Dy) sinf(x) - cosllfq(x)

+ (Ds 0 D,) sind(z) - cos) () + (De 0 D) sind (z) - cos) ().

To better understand our methods of proof, it is good to have in mind the diagrams
Figures

The way how the term in the n-th derivative on the k-th position was derived
from sing(x) can be recovered from n and k as follows. First let us recall some
notation from formal languages.
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q=0qo+p

cl @ ghorp
+p

~(Go+p-1) LGot+p-1
cp TPy

FIGURE 1. Rewriting diagram of the first derivative of ¢ sin’ () -

1-(o-1) o1 ~(@+2p-1) o+2p-1
Cp S5 < sy

cosp ™9 () + ¢1 sinf P (z) - cos}f(qOer) (x). For the lack of space,
we do not write the coefficients standing in front of these terms and
use short-cuts, i.e., we write s instead of sinl(z) and ¢, instead

of cos}™9(x)

q=1+p
ct—(l*fp) S};p

+p

~1 +p-1

~(1+p-1) J+p-1 1-(1+2 p-1) d+2p-1
crarebg, canzeng)

+p

FIGURE 2. Rewriting diagram of the case ¢ = 1. Recall that we

write s? instead of sinf(z) and ¢}~ instead of cos)~9(z) and do

not write the coefficients

+p—l\ /

p-1.1-(p-1)

1-(2p-1) Zp-1
% $

FIGURE 3. Rewriting diagram of the case ¢ = 0. Recall that we
write s? instead of sinf(z) and ¢}~ instead of cos,~¢(z) and do
not write the coefficients

Definition 4.4. (Salomaa-Soittola [26] 1.2, p. 4,], and/or Manna [I8, p. 2-3, p.
47, p. 78]) An alphabet (denoted by V') is a finite nonempty set of letters. A word
(denoted by w) over an alphabet V is a finite string of zero or more letters from
the alphabet V. The word consisting of zero letters is called the empty word. The
set of all words over an alphabet V' is denoted by V* and the set of all nonempty
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words over an alphabet V is denoted by VT. For strings w; and ws over V,
their juxtaposition wiws is called catenation of wy and wsy, in operator notation
cat : V* x V* — V* and cat(wy,w2) = wiwe. We also define the length of the
word w, in operator notation len : V* — {0} UN, which for a given word w yields
the number of letters in w when each letter is counted as many times as it occurs
in w. We also use reverse function rev : V* — V* which reverses the order of the
letters in any word w (see [I8, p. 47, p. 78]).

For our purposes here, we consider the alphabet V' = {0,1} and the set of all
nonempty words V. Thus words in V' are, e.g.,

LAO” 551” “0177 44107’ “1 177 .
For instance, cat(“1110”, “011”) = “1110011”, and

rev(“010011000”) = “000110010”
len(“010011000”) = 9.

Let n € N, k € {0} UN,0 <k <272 -1 and (k)2,—2 be the string of bits of the
length n — 2 which represents binary expansion of k (it means, e.g., for K = 3 and
n=2>5, (3)2,5—2 = “011”). Now we are ready to define Dy ,, in two steps as follows.

Step 1 We create an ordered n—2-tuple d, ,,—2 € {Ds, D }"~? (cartesian product of
sets {Dg, D.} of length n—2) from rev((k)2 ,—2) such that for 1 <i <n-—2,
di,n—2 contains Dy on the i-th position if rev((k)2,,—2) contains “0” on the
i-th position, and dj , contains D, on the i-th position if rev((k)a,—2)
contains “1” on the i-th position (it means, e.g., for k = 3, and n = 5, we
obtain ds 5_2 = (D¢, D¢, Dy)).

Step 2 We define Dy, as the composition of operators Dy, D, in the order they
appear in the ordered n-tuple d ,,—2 (it means, e.g., for k = 3, and n = 5,
we obtain D35 = (D.oD,oDy)).

The following Lemma implies that

an—2_1
sinz()”)(a:) = Z Dy, sing) () (4.9)
k=0
for all z € (0,7,/2).

Lemma 4.5. Letp e R, p > 1, n € N. Then siné")(x) exists on (0,7,/2) and it is
continuous. Moreover,

forn=1: sin,(z)=cosy(z), (4.10)
o . . _ . —1 2—
forn=2: sinj(x) = —sinh ™ (x) - cos; P(x), (4.11)

and forn =3,4,5,...,k=0,1,2,3,...,2" "2 —1 there exists apn €R, lgp, mpy, €
Z such that

Dk},TL Sing(x) = ak,n . Sing-lk,n'i‘mk,n ("E) . Cosllj*p'lk,n*mk,n (‘T) , (4.12)
and
2n—2_1
sinl(,”)(a:) = Z Aoy - SIDE R TR () cosjlfp'l’“’"fmk’" (x). (4.13)

k=0
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Moreover, let j(k) € {0} UN be the digit sum of the binary expansion of k =
0,1,2,...,2"72 — 1 (thus j(k) is the number of occurrences of D, in Dy, ) and let
Dg.n sing(x) #0. Then, for k=0,1,2,...,2""2 — 1, the exponents
Qe =D lion + Mg (4.14)
satisfy
Gk = J(K)(p = 1) + (n =2 —j(k))(-1) +p—1. (4.15)

Proof. The cases n = 1 and n = 2 follows immediately from the definition of cos,(x)
and from Lemma

We proceed by induction to prove the validity of the statement for n = 3,4,5,....
Step 1. Taking (4.11]) into derivative, we obtain

s _ . p—2 3— . 2p—2 3—2

sin, (r) = —(p — 1) - sin) () - cos,, P(x) + (2 — p) - sin,”"“(z) - cos;,” () .
For k=0,1 we obtain ag3 =—(p—1),a13=(2—-p), log=1,l13=2mp3 = -2,
and m; 3 = —2. Hence

1
sy (2) = 3 g - sinh 0 (@) - cosy 7T a)
k=0

Since we assume p > 1 we obtain p — 1 # 0 and thus by the definition of Dy and
Dk,n

Do 3 sin)) () = D,(—sin? " (z) - cos2 P ()
=—(p-1) ~sin§‘2(x) - cospy P (x)
=ag3 - sing'lo’ﬁmov?’(x) . coszlj_p'l‘“_m“ ().
Analogously, by the definition of D, and Dy, for p # 2, we find
Dy 3sin))(z) = D.(—sinf ' (z) - cos2 P ()
=—(-1)-(2-p)- sinﬁp*Q(a:) - cosy P (x)
=ay3- singll’”ml*3 (x) - cosll,_p'llﬂs_mlﬂg'(x) ,
and for p = 2, we obtain
Dy 3sin))(x) = D¢ (— siny(x) - cosy(x)) = 0.
Hence,
singl(x) =D, sing(gc) +D. sing(:zj)

= Dy 3 siny () + Dy 3 siny (x)

1
= Z Dy, 3 siny) (z) .
k=0

Step 2. Let us assume that siné") (x) exists, it is continuous on (0, 7,/2), and for
all k=0,1,2,...,272 — 1 there exist akn € R, lgn, My n € Z such that

Di.n sinl(jn) () = akn - sing'l"‘="+m’“v" (x) - cos;_p'l""”_mk’" (z), (4.16)
and
an—2_1
sinl(,”)(a:) = Z Aoy - SIDE R TR () cos}fp'lk’"fmk’" (x). (4.17)

k=0
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By the additivity rule of the derivative, we find that

2m—2_1
Sinz(jn-"_l)(x) = a Z Qf,m - Sing'lk,n-‘rmk,n (CL‘) 00811, Pli,n =Mk n (1‘)
o (4.18)
. d
= > 4 (@ sinB e (1) - cos) P TR ()
k=0
For all k=0,1,2,...,2" 2 — 1, we find
d b 1=l
a(ak,n ssind ton R (1) - cos, PR T (1))
= - (P Loy + M) - sind Br a1 () - cosy, ~ im0
+agn(l =p-lgn — mpp) - sind besnFMien (1) . cos,l, Prlin=Mi,n 1(90) siny) ()

=apn - (p-lon+mpn)- singl’“v’ﬁmk’"—l(x) cos ~(Plentm, ”_1)( )

(L=l — i) - sind (PR () - oy " T T ),

(4.19)
For k=0,1,2,...,2" 2 — 1, we denote

A2kn+1 = Ak - (Dl + Min) (4.20)
A2kt1n+1 = =0k - (1 =Dl — Min), (4.21)
laknt1 = lin, (4.22)
Mok nt1 = Mpy — 1, (4.23)
lok+1,n+1 = lgn + 1, (4.24)
M2kt1,nt1 = Mpy — 1. (4.25)

Hence from , , and f we obtain

2n—l g
siné""‘l)(x) = Z Ak n+1 -singl’“'”wﬁmk"”*l(m) cos Pl T ().

o (4.26)

Note that sin,(x) > 0 and cos,(x) > 0 for z € (0,7,/2) by Lemma statements
and [3] and continuous by Lemma [£:3] Moreover, the function z — 24, defined for
z > O and q € R belongs to C*°(0,400). Thus the function on the right-hand side
of (4.26) is continuous for z € (0, 7,/2) which implies the continuity of sm(”H)( )
for x € (O Tp/2).

Now, we show that forall k' = 0,1,2,...,2"2=1: ar 41 € R, lgr o1, Mes i1 €
Z and, moreover,

Dk’,n+1 Sinz()”) (J}) = Qg Sinp U/ g1 TMps i1 (31‘) . Coszlo—p‘lk/,n+1—mk/,n+1 (l‘) )
(4.27)
Let us set
D2k,n+1 :=Dgo Dk,n y (428)
D2k+1,n+1 = DC 9 Dk,n . (429)

Then it follows easily from corresponding binary expansion of k£ and 2k that

(2k)2,—1 = cat((k)2,n—2, “07),
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(2]€ + 1)2771_1 = Cat((k‘)z,n_Q, “1”)

and also that (4.28), (#.29) cover all 27! of ¥’ = 0,1,...2""! — 1. Thus our
definitions (4.28) and (4.29) conform the relation between binary expansion of k' =
2k and/or k' = 2k 4+ 1 and order of compositions of Dy, D, in Dy pp41.
For k' =0,2,4,...,2""! — 2 even,
Dis ny18iny () = Do g1 sing () = Dy 0 Dy, sing () . (4.30)
From the induction assumption (4.16]), the definition of Dy (4.7)) and (4.20), (4.22),
[£.23), we find

D, (D, sing ()

_ Ds(ak,n . Singlk’"erk’" ({L‘) . COSZI}*p-lk,nfmk,n (x))

= Qi (Dl + i) -sindy =1 @) - cosy T ()

s p- 1-plok,nt1— n
= Aok nt1 -smg lok, nt1+M2k ni1 ($) - cosy Prl2k,n4+1—M2k, +1($).
We can treat k' =1,3,5,...,2" ! — 1 in the same way using D.. instead of D, and

(4.8) and (4.21)), (4.24), (4.25). This concludes the proof by induction.

It remains to show (4.15). In fact, from the definition of D, each occurrence
of the symbolic operator D, in Dy, increases the exponent g of sin}(x) by p — 1.
Analogously, from the definition of of Dy, each occurrence of the symbolic
operator Dy in Dy, ,, decreases the exponent g of sing(x) by 1. Taking into account
these facts and also that ¢; 2 = p — 1, the formula follows. This concludes

the proof of Lemma [4.5 (]
Lemma 4.6. Letpe N, p> 1, and for alln e N, n > 2
2n—271
siné,”)(x) = Z g n singm (z) -cosp " (). (4.31)
k=0

Then for alln € N, n >2, and all k € {0} UN, k <2772 — 1
Qrn € {0} UN. (4.32)

Proof. From the definitions (4.7) and (4.8)),

G2k n+1 = qen — 1 (we applied Dg on the expression) 133
Q2k+1,n+1 = Gk, + P — 1 (we applied D¢ on the expression) (4.33)

The proof proceeds by induction in n.
Step 1. From Lemma for sin}) () on (0,7,/2) we obtain the formula

sing)(z) = —sin? " () - cosy P (x) .
Thus q1,2 =p— 1. By assumption p € N, p > 1 we find ¢, » € N.

Step 2. We distinguish two cases, qr.n € N and gr, = 0. Let gi, € N. Then from
, p €N, p> 1, we obtain

@kl = Qe — 1 € {0} UN,

Q2k+1,n+1 = qen +P— 1 EN,
which satisfies . Let gx,, = 0. Then the corresponding term in has

form
Ak,m - COSp(T) , (4.34)
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since sin ( ) =1 for z € (0,7,/2). Taking (4.34) into derivative, we find

Qg - COSy (1) = —ag - sinh ™! (z) - cosy P (x)
and gagt+1n+1 = p— 1 € N, because p € N, p > 1. This concludes the proof by
induction. 0

Lemma 4.7. Letp € N, p > 3. Then for alln e N, n > 2
sinz()”)(x) <0 on (0, %) .

Proof. By Lemma and substitution (4.14)), we have
2n72 1
sin{" Z ke - siDTF" (1) - cosp " (). (4.35)

Let Q,, denote the set of all values of i, attained in the previous expression (this
is to handle possible multiplicities), i.e.,

Qn="{qpn:k=0,...,2""2 -1}, (4.36)
By Lemma for all n > 2 and for all ¥ < 2”72 — 1, we have g, € {0} UN.
Clearly, @, C {0} UN has at most 2”72 elements and thus there exists i € N: 0 <
ip < 2”72 — 1 and bijective mapping
G, :{0,1,2,.. .50} = Qy (4.37)
satisfying the order condition
Vi, =0,1,...00:0 <= <7 (4.38)

In the sequel, g, stands for g, (7). With this at hand, we add together the co-
efficients in (4.35) corresponding to the same value of powers g, and for any
1=0,1,...,i9 define

Cin = Z Gk - (4.39)

k=0,1,...2n—2_1
qk,n=9i,n

Now, we rewrite (4.35) using coefficients c¢; ,,:

sm Zc,n smp (x) - cos}, Ei’"(m). (4.40)

Later, we will prove by mductlon that
Vi=0,1,...,% : ¢ < 0. (4.41)
By Lemma statementsand sin, () > 0 and cosp(x) > 0 on (0, Z), which
implies that for all ¢,r € {0} UN and z € (0,7,/2)
sinl(z) - cosy(z) > 0. (4.42)
Thus from (4.40) - ) the statement of Lemma follows.

Now it remains to prove by induction in n that -) holds.
Step 1. By Lemma [£.2] we find that

sinp(a:) =— singfl(x) -cosffp(x) (4.43)

for all z € (0,7,/2) and so 0072 =-1<0.
Taking the derivative of (4.43) (and after some straightforward rearrangements),

sing/(x) = —(p— 1) - sinh ™~ 2(x)~cos§’,*p( )+ (2 —p) - sin2? 3 (x) - cosi P (x) (4.44)
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for x € (0,7,/2). Since p > 3, we have cp3 = —(p—1) < -2 < 0 and ¢1 3 =
(2 —p) < —1<0 as desired. Taking the derivative (4.44]),
sin{") = —(p — 1) - (p — 2) - sinf () - coss P (x)+

F(p—1)- (3= p) - sin¥3(z) - cost 2 (z)
+2-p)-(2p-2)- sm2” 3(2) - cos4 2p( )

—(2-p)-(3—2p)- sm?’p 3(x) - cos 37 () (4.45)
—(p—1)-(p—2)-sinb~*(x) - cos, P (x)

(r—1)-(B—p)+2—p) 2p—2) - sin?3(z) - cost 2 (z)
—(2-p) (3= 2p) - sinZ3(x) - cost~I(z)

for all x € (0,7,/2). Since p > 3 we have cpu = —(p—1)-(p—2) < -2 <0,
c14 = (p=1)-(3—p)+(2—p)-(2p—2) < 4 < 0,and ¢34 = —(2—p)-(3—2p) < -3 <0
Step 2. Let us assume that sin;") (z) for n > 4 can be written in the form (4.40)
and

”S’U

_|_

Vi <ip :cin <0. (4.46)
The proof falls naturally into two parts.
Case 1. If
Qi =1, (4.47)
then taking the ¢-th term of , which is
Cim - sinzi’" (z) - cos,l,_ai’" (x), (4.48)

into derivative we obtain
—_ . 4; n71 1-— ql n+1
Ciyn " qQip - SMp’ (z) - cosp (z)
+Cin - (1=G;,) - singi'" (z) - cos;l,_ai’"_l(x) . sing(x) )
Substituting (4.43) for sing(x) into the previous expression, we obtain

Cin '@’n . Sinzi’nil(x) . COS}%*@,,TL (x)

Gy ntP—

- i,m +2
—Cig (1= ;) - simy 7 (@) - cosy, " (@),

Let us denote
a’/Zifl,n%»l = Cin Qin
al2i,n+1 =cin (@,—1).
By the induction assumption (4.46) and assumption of Case 1 (4.47), we have

a/2i—l,n+1’ a/2i,n+1 <0.
Case 2. If g;,, = 0, then i = 0 (by the ordering) and the corresponding term of

() i

Con - sing(:ﬂ) . cosé(x). (4.49)
Taking derivatives in we find
—Com - sing_l(z) . cosf;p(x) . (4.50)
Denote a’l)n 11 = —co,n which is clearly nonnegative by the induction assumption
(4.46]). We consider the second term of (i = 1) and take the derivative,
d —cin -sin " (2) - cosp ()

dx
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T ().

=Dsc1n blnp "(x) - cos,, ql’"( )+ Deein -singl’" (z) -cos,l,

Since gy, = 0, G, = p (see Figure || . Note that the right-hand side of
Dy ¢y sinp () - cos;, P(x) =p-cip-sinh” Yx) - cosf, P(x) (4.51)
has the same exponent ¢ = p—1 as has. It remains to prove that p-c; ,—cp n <

0. Using (n — 2)-th derivative of sin,(x) we obtain (4.50)),
(DcoDgoDy)eg p—2 - Sinf,(x) cosgl(x) = (D.oDy)2 - ¢ p—2 - sing(z)
=D.2-¢cop—_2 - cosp(x) (4.52)

=—2-copn-2 'singfl(a:) cosffp(x)

and (T50),

(DsoDgsoD¢)eon—2 - Sin2(a:) cosfl(x)
= (DsoDy)econ—2- sm P (x) cos, P ()
=D,(1+p) - con—2 - sinf(x) - cos) P (x)
=p-(L+p)-con—2-sind " (z) - cos> P (x).
Comparing with , we find that
—Con = —2-Con—2-
In addition, comparing and (| -7 we find
pcin=p-(p+1) con-2.

From the induction assumption, cp,—2 < 0 and for p > 3, we easily find

(4.53)

P-Cin—Con = p-(p+1)— 2)Co,n—2 <0
by adding the previous two identities.
In the definition of ¢; n, we are adding coefficients
aﬁc,n, k=0,1,...,2(ig + 1)
corresponding to the same value of exponent §g. From the both cases, we obtain

Cing1 S O0foralli e N, 7 <4y, 0 <y < 271 — 1. This concludes the proof by
induction. [l

no=2+0p

/\/\/\

1 =1+1p Gy =1+2p gy =1+3p

v /\/R/\

Typp=2+1p Ty =2+2p

w1 =1+0p

‘ Gon=0+0p ‘ Gy, =0+1p T, =0+2p Gy, =0+3p Gy, =0+4p ‘
Ds
-1
‘ Not Defined ‘ Ty = —1+1p ‘ Ty = —1+2p s =-143p 1=-1+4p Ty = -1+5p

FIGURE 4. Rewriting diagram - starting with qg ,, 2,71 ,,—2, 72,2
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5. PROOFS OF MAIN RESULTS
Proof of Theorem[3.1 By Lemma and substitution (4.14]), we can write

2" 21
1
smé(gnﬂ Z Qkp - sm2(m+1)( x) - cos (m+1)( z),

where
Gk = (2(m+1) =1) - j(k) + (n = (k) =2) +2(m + 1) -
and j(k) has the same meaning as in Lemma Thus ag,,, € Z.

From Lemma statement 4 and 5, we also know that sm;() _H)(x) is even

(n)

function for n odd and 81112( 1)

T € (_WJ))

(z) is odd function for n even. It follows that for

;o (n)
—sin —z) for n even,
Smé(zﬂ-n( )_{ (n )2(m+1)( ) " ad (5.1)
siny,, +1)( x) or n odd.
Now we assume p = 2(m + 1), m € N, and
Gkn = (2(m+1) = 1)j(k) + (n—j(k) =2) + 2(m +1) — 1
=2m+1) -1k +)+jk)+2—n
=2m+1)Gk)+1)—n+1
which implies g, is odd for n even. Thus we obtain
on— 2 -1
(n) Ak,n 1—qr,n
s1n2(m+1) —x) Z akn81n2(m+1)( x) - cosQ(mH)( x)
(5.2)
2n2 1
Z ag.n sind (2) - cost o (z).
k,n 2(m+1) 2(m+1)
Analogously, gk, is even for n odd and
2n21
sin(™ (—z) = Z a Qk,n 1—qkn [
2(m+1) = Fon SiTg(rn ) (=) - €08y, 1 (=)
(5.3)
n—2 __
_ ? ' 1—qk,n
= Z g sing(n ) (@) - cosy 1 ()
Hence from (j5.2)), (5.3]), we obtain
2n=2 1
() Lok 5.4
s11r12(m_~_1 Z ag nsm2(m+1)( x) - COS2(m+1)($) (5.4)

fOI‘ all T ( 71'2(m+1) sz(m+1)) \ {0}
Now, we prove the continuity of sméz)nﬂ)(x) for all o € (—T2ptD T2t py

induction in n.
Step 1. For z € (— 22z T2t ) the function

v(T) = Pa(m+1)(cOS2(m1) (7)) >0
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and so we can take the first equation in (2.3]) into its derivative and obtain
2m +1
2m

u'(z) = ¢, (v(x))v'(x), where p’ =
Since v’ is continuous and ¢, € C*(0,+00) (p,(2) = 2P~ for z > 0), we obtain
continuity of smg(gnﬂ)( ) for n = 2.
Step 2. Let us assume that sin (2n+1)( ) is continuous on (—

From Lemma we know that smg(l;; Jr)l)(x) is continuous on (0, w) Now
(n+1)

we distinguish two cases: n + 1 is odd then sz(m+1)

statement and n+1 is even then sin;?;ir)l)( ) is odd by Lemma statement

T2(m+1) T2(m+1) )
2 ’ 2 .

(z) is even by Lemma ,

In both cases, smg(TiQU( ) € C(0, 22+ implies smé(iyl)( ) € C(—220 0).
It remains to prove the continuity at x = 0. From we know that
wli%lﬁ sm(?;_gl)( )= hm smg(;_gl)( ). (5.5)

At the end we compute the derivative of sin;(?n +1)(0) from its definition:

(n) h (n) 0
. (n+1) . Sln2(m+1)( ) — Sln2(m+1)( )
81n2(m+1)(0) = }17.1—>H10 W .
It is a limit of the type “0/0”. Since the limit limj_,o siné?ﬂtfl)(h) exists, we obtain
smg’(”ri)l)(O) = limy_o sing@?l)(h) by L’Hospital’s rule. Note that by Lemma

qkn > 0foralln € Ny n>2 and all k € {0} UN, k < 272 — 1, these limits are
finite and we obtain continuity. This proves the continuity of sm( nt1) (x) for all

2(m+1)
T2(m+1) T2(m+1
e (~Tagen, Tagon -
Proof of Theorem[3.3 By Lemma [4.5] and substitution (4.14]), we have
2n21
sm(") Z ke - SINZE" () - cosp ™" (z) on (O,%).

Moreover, by Lemma [£.1] statement [4 and [5} we obtain

sin(™

P

—sin{™ (=) for n even
<x>={ o (o) i ’ (5.6)

sinz(,") (—x) for n odd,

for & € (—m,/2,0). Since sin{™ (z) is continuous for z € (0,7,/2), it is also contin-
uous on z € (—m,/2,0) by (5.6). Thanks to (5.6]) it is enough to study the behavior
of sin,(z) in the right neighborhood of 0. From Lemma we have that

G =Jk) (=1 +(-1)-(n—-2-j)+p-1=p-(jk)+1)+1-n. (57)
forallm e N, n>2and all k € {0} UN, k < 2772 — 1. Since j(k) € {0} UN we
find that

Gknz2p+1l—n.
Then, for n < p+ 1, we have i, > 0 for all k € {0} UN, k <2772 — 1. And so

using the theorem of the algebra of the limits from any classical analysis textbook,
we find that

lim 51n(")( )=0.

r—0+
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From (/5.6)),

lim sini()") (z) =

z—0—

—lim, o4 sin](gn)(ac) =0 forn even,
limg_,o4 Sinz()”)(a:) =0  for nodd.
The continuity at = = 0 follows from L’Hospital’s rule used recurrently from n = 2

ton = [p].
By Lemma sin(2m+2)(x) satisfies

2(m+1)
olpT—1_1
. +1 o . Uy
Smém Nz) = kz_o Dy fp418iny (z) on (0, Ep)
Since g, > 0 for all n < [p] and all k& € {0} UN, k < 2/?I — 1, the function
Ds ay.p - sing>" (z) - cos;,_qk'” (x) does not vanish identically. Thus ag 141 # 0.

Since ag, 141 # 0, we can apply (5.7) for j(0) = 0 which gives
qo,rp1+1 =P — [p] £0.

From the fact that j(k) > 5(0) for all k € {0} UN, k < 2/P1=1 — 1 and from (5.7)
we know that

Qk,[p1+1 > 9o,[p]+1 -

Moreover from ({5.7)),
i fp1+1 = (§(k) + 1) -p+1—=([pl +1) = (k) +1)-p—[p] >0
for j(k) > 1 and p > 1. Since, for all g5, > 0,

lim ag ,, - sinf* () - cos,l,fq’“’" (r) =0,
z—0

we obtain
Ilirél+ Sinz()[p]+1)(x) = mli%lJr ao,[p]41 " Sing*hﬂ (z) - coszlf” ()
ofP1-1_
+ Z Ak, [pl+1 -sing” P (1) ~cos;,_q’“’[p”1(a:) (5.8)
k=1

= i g1 - sind 71 (2) - cos) PP (2)

by the theorem of the algebra of the limits.
Now the proof falls into two cases, p=2m + 1 and p € R\ N, p > 1.
Case 1. For p = 2m + 1, we have by (5.8)

. . (2m+2) .
lim siny, "\ () = lm ag2m42 - cosp(x) = ag,2m42 # 0.
z—0-+ z—0-+

Since 2m+2 is even, sinéii’fl% (x) is odd function by Lemma statement |5l Thus

. . (2m+2) o
Jim sing, 7 (2) = —ao2mr2-

Hence singm?)(a:) is not continuous at z = 0.
Case 2. Since for p € R\ N, p > 1, we have
;cli%ﬂr sinz(,rp]"’l)(x) = xl—i%l-‘r ao,[p]+1 .Sing—m (x) .Coszl)—zﬂr [p] (r) = +o0
from (5.8). Hence sianHl(x) is discontinuous at = 0. This concludes the proof.
O
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Proof of Theorem[3.3 It follows from [24, Thm. 1.1, consider p = ¢ and o = 0]
that there exists a unique analytic function F'(z) near origin such that the unique
solution u(x) = sin,(x) of the initial value problem (2.1)); i.e.,
—([/ 7)Y = (p = DulPu =0
w(0) =0, u'(0)=1,
takes the form sin,(z) = u(z) = zF(|x|p) Note that for p =2(m+1) and m € N,

sin,(z) = z - F(|z|’) = = - F(aP) Zal 2P where F(z Zalz

which is also an analytic function in a nelghborhood of z = 0. In the sequel of this
proof p = 2(m + 1), m € N. By the uniqueness of the Maclaurin series of analytic
function, we see that

= sm(l P+ (0)

+oo
Ll L lpt1
;O‘l 2 =D, (p+rnt °

1=0
where the right-hand side also converges to sin,(x) on some neighbourhood of z = 0.
Note that sinl()k)(O) =0 for any k € N such that
Vie{0bUN:k#1 p+1
as it follows from Lemma [£5] and Lemma L6l

Tp Tp

Since the restriction of sin,(z) to [~3, 5] is the inverse function of arcsiny, (),
by the identity (L.6); i.e.,
Vz € [-1,1] : siny(arcsin, (x)) = x.

It is well known see, e.g., [13] that

arcsin,(z) = / (1- sp)fids
0
S - 2F1(1,p,1+* Sp)
p

41
_ Z ( ) l . xn-p—&-l
(n-p+1) n!

for € (0,1). Observe that for our spemal case p = 2(m + 1) with m € N, this
formula is valid on [—1,1]. Note also that in our special case, is in fact the
Maclaurin series for arcsin,(x) and, moreover, all coefficients are nonnegative (the
explicitly written coefficients are positive, the other ones are zero).

To apply the formula for composite formal power series, we need to consider
series for sin,(z) and arcsin,(z) including the zero terms. For this reason, we
define for all j € N

o = sinl)(0) /1 = {

a; ifj=1ip+1 for someie {0}UN,

. (5.10)
0 otherwise

and

) L j = ip+ 1 for some i € {0} UN
ﬂ; o F(%)(’ﬂ'lﬂ’l) n! J p ’ (511)

0 otherwise .
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Thus by well-known composite formal power series formula

“+oo
sin, (arcsing (z)) = Z cnx”, (5.12)
n=1
where
Cp = Z af BBy 3, . (5.13)

kEN7jl7j2a"'7jk eN

Jitjet-tje=n
Since both functions sin,(x) and arcsin,(z) are analytic in some neighborhood of
x = 0, the series from with coefficients given by is convergent towards
the identity = — x on some neighborhood of x = 0. From this fact, we infer that
cp =1and ¢, =0 for all n € N,n > 2. Thus for any z € R

+oo
z=) 2" > o BBy B (514)
n=l keijlana"'ajkEN
JitJat g =mn

and in particular
—+oo
=2 2 OBy BBy (519)
n=l ke N7 j17j27"'7jk €N
Atjet+ik=n

Now we show that also
+oo
2 2 oh- By By Bl (56)
n=1 k S N7 jlvav"‘vjk S N
Jit+je+-+ik=n

is convergent. By Lemma and @ we see that a; <O0forall jeNj>2
and of = cos,(0) = 1. Moreover, from (5.11)) it follows that 3} > 0 for all j € N.
Thus the product ay - 3} - B, - -+ 3], is positive if and only if k¥ = 1. All
positive terms can be written as o} - 8, = ), for n € N (if k = 1 then j; = n
is the only decomposition of n). Since the sum of all positive terms in is

2 Bl = arcsing (1) = 2 < 400, the sum of all negative terms must be finite
too and equals 1 — Z2. Thus (5.16) converges. This means that the series
converges absolutely to 1 and any rearrangement of this series must converge. Also
any subseries of any rearrangement of this series must converge absolutely. Let
Sy = 2%21 B.,. Then the series S/ o - (spr)* is a subseries of one of the
rearrangements of and it is convergent. Observe that s;; is nondecreasing
and converging to >, 3/ = m,/2 as M — +oco. Thus the Maclaurin series for
sing(z) = Y205 af, - a®
function.

Now it remains to show that it converges towards sin,(x) on (—m,/2,m,/2). This
last step follows from the formal identity , which on the established range of
convergence holds also analytically and the fact that the function siny(z) is the
only function that satisfies the identity . O

is convergent for any x € (—m,/2,m,/2) to some analytic
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Proof of Theorem[3] From [24, Thm. 1.1, consider p = q and ¢ = 0] it follows
that, for any p > 1, there exists a unique analytic function F'(z) near origin such
that sin,(z) = « - F(|z|?); thus we have

sin,(z) =z - F(|z|’) = Zal |z|"P | where F(z Zal

Note that for p = 2m + 1, m € N, the series

+oo
Zal gl (5.17)
1=0

defines an analytic function G(z) in a neighborhood of = 0 and also that
siny (z Z o - 2Pt = G(x) for x>0 (5.18)

on a neighborhood of 0. Our aim is to show that the radius of convergence of ([5.17)
is mp/2 for p=2m+1, m € N. By (p.18]), the following derivatives are equal

“+o0o
- (n n Cp+1)Y iy
) = ) = 3 o g Pt
=252 '

for z > 0 on the neighborhood of 0 where the series converges. Now take a one-sided
limit from the right in the previous equation

() () = GtV i
Forj::”TTlG{O}UN, we obtain
i Lp+ D! pnn (J-p+1)
1 p—ntl _ oo .
zi%l+zal p—i—l—n)m & (G-p+1—n)!
Thus
(G- p+1)

lim sin(™(z) = a; -

a—0+ P j-p+1—n)

(J
for j € {0} UN. By Lemma limg_,o4+ sin 1(, () <0forn>2 peNandp>3.
Thus o; <0 for j € N,j > 1.

The rest of the proof of the theorem is identical to the proof of Theorem [3.3]
and we find that the convergence radius of the series is =& for p =2m + 1,
m € N. The only difference against the proof of Theorem - is that the series
converges towards siny(z) only on (0,7,/2) for p = 2m + 1, m € N. Note
that the series is still convergent on (—m,/2,0) towards G(x) # sin,(z) for z < 0.
The changes in the proof are obvious and are left to the reader. O
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N 1w

N I=

NI

7 -

N 1w

FIGURE 5. Graph of sing(z) obtained by high-precision numeri-
cal integration of (thin line) versus graph of partial sum of
the Maclaurin series for sing(z) up to the power 1'% (thick line).
Notice that the Maclaurin series does not converge to sing(z) for
r<0and x> %

\ |/
7

NE

—15)

—-20)

FIGURE 6. Graph of the function log,, |sing(z) — 2711(1)1 al,z"|

where 27110201 al xz™ is the partial sum of the Maclaurin series of
sing(z). The values of sing(x) were obtained by high-precision nu-
merical integration of using Mathematica command NDSolve
with option WorkingPrecision->50 which sets internal computa-
tions to be done up to 50-digit decadic precision. Notice that the
Maclaurin series does not converge to sing(x) for x < 0 and = >
7T3/2

6. CONCLUDING REMARKS AND OPEN PROBLEMS

As it was mentioned in the proofs of Theorems and it follows from [24]
Thm. 1.1, consider p = ¢ and o = 0] that, for any p > 1, there exists a unique
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N 1w

N I=

FIGURE 7. Graph of sing(z) obtained by high-precision numerical
integration of (1.3]) (thin line) versus graph of partial sum of the
Maclaurin series for sing(z) up to the power 2% (thick line)

-20

FIGURE 8. Graph of the function log;, |sing(z) — Z::fl ol x

where ZiLO:Ol al x™ is the partial sum of the Maclaurin series of
sing(x). The values of sing(z) were obtained by high-precision nu-
merical integration of using Mathematica command NDSolve
with option WorkingPrecision->50 which sets internal computa-
tions to be done up to 50-digit decadic precision. Notice that the
Maclaurin series does not converge to sing(z) for |z| > m4/2

"

analytic function F'(z) near origin such that

sin,(z) =z - F(|z|?).
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Thus the function sin,(z) can be expanded into generalized Maclaurin series near
the origin:

+oo +oo
sing(z) =z - F(|z|?) = Zal -z - |z|'?,  where F(z) = Zal 2t
1=0 =0

Remark 6.1. (Convergence of generalized Maclaurin series) Let p = 2m + 1 for
m € N. It follows from the symmetry of the function sing,,+1(z) with respect
to the origin and from the proof of Theorem that the generalized Maclau-

rin series Zliog’ ap - x - |z|" ™) converges towards the values of sing,, 1(x) on
(_Tf2m+1 7T2m+1)
2 7 2

Remark 6.2 (Complex argument for p even). Let p = 2(m + 1) for m € N. Tt
follows from the proof of Theoremthat the Maclaurin series Zliog -t 2mHD+1
converges towards the values of sing(,,1)(z) on (— 25+ 220 ) absolutely. This
enables us to extend the range of definition of the function sing(,,41)(z) to the
complex open disc
7T2(m+1)}

2
by setting sing(my1)(2) = >y oy - 22D+ Since all the powers of z are of
positive-integer order [-2(m + 1) + 1, the function sing(,,11)(2) is an analytic com-
plex function on B,, and thus is single-valued. Unfortunately, this easy approach
works only for p = 2(m + 1) with m € N; cf [I5].

B, ={z€eC:|z| <

Our methods for proving convergence of the Maclaurin or generalized Maclaurin
series are based on the fact that p is an integer. Thus a natural question appears.

Open Problem 6.3 (Convergence for p > 1 not integer). Consider p > 1, p ¢ N.
Prove (or find a counterexample) that the generalized Maclaurin series correspond-
ing to sin,(x) ’suggests the convergence’ on (—m,/2,m,/2) towards the values of
sin, ().

For the sake of completeness, we remark that [15] claims the convergence of the
generalized Maclaurin series on (—m,/2,7,/2) for any p > 1, but there is no proof
nor any indication for the proof of this claim.

Moreover, we are not able to decide about the convergence at the endpoints.
This is another open question.

Open Problem 6.4 (Endpoints of the interval). Consider p > 1. Prove (or find a
counterexample) that the generalized Maclaurin series of sin,(z) converge at —Z&
and/or ZZ.

Remark 6.5 (Function cos, for p even). Let p = 2(m + 1) for m € N. Since
cosy(x) = siny,(x) by definition, the Maclaurin series for cosa(m1)(2) can be ob-
tained by taking into derivative the Maclaurin series for sing(,,41)(7) term by

term. The Maclaurin series for cosy(m1)(2) then converges towards the value

COSa (1) (@) for any z € (—22lptl) T2lmil)

Remark 6.6 (Function cos, for p odd). Let p = 2m+1 for m € N. In this case the
Maclaurin series for coss,,+1(x) can also be obtained by taking into derivative the
Maclaurin series for sing,,11(z) term by term. This Maclaurin series then converges
for x € (-T2, B2niL) However, the Maclaurin series for cosgy41(x) converges
towards the value cosgy41(x) for « € [0, Z5+2), but it does not converge towards

the value cosgm1(z) for any x € (—™25++,0).
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Abstract. We study extension of p-trigonometric functions sinp and cosp to complex
domain. For p = 4,6,8,..., the function sinp satisfies the initial value problem which is
equivalent to

(%) —W)P 2 — P =0, w(0)=0, «/(0)=1

in R. In our recent paper, Girg, Kotrla (2014), we showed that siny(z) is a real analytic
function for p = 4,6,8,... on (—mp/2,mp/2), where mp/2 = fol(l — sP)~Y/P_ This allows
us to extend siny to complex domain by its Maclaurin series convergent on the disc {z €
C: |z| < 7p/2}. The question is whether this extensions sinp(z) satisfies (%) in the sense
of differential equations in complex domain. This interesting question was posed by Dosly
and we show that the answer is affirmative. We also discuss the difficulties concerning the
extension of sin, to complex domain for p = 3,5, 7, ... Moreover, we show that the structure
of the complex valued initial value problem (*) does not allow entire solutions for any p € N,
p > 2. Finally, we provide some graphs of real and imaginary parts of sinp(z) and suggest
some new conjectures.

Keywords: p-Laplacian; differential equations in complex domain; extension of sinp
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1. INTRODUCTION

The initial value problem
(1.1) —(ju/[P7u) — (p— DlufPu =0, u(0)=0, w'(0)=1

arises in connection with nonlinear boundary value problems for p > 1 (see e.g. [2],
[3], [7], [9]). The solution of (1.1) is known as sin,, see e.g. [2], and cos, def sing,.
Since the functions sin, and cos, satisfy the well-known p-trigonometric identity, see
e.g. [3],

(1.2) siny ()P + cosy (@) = 1,

they are also known as the p-trigonometric and/or generalized trigonometric func-
tions. Note that (1.2) is in fact the so-called first integral of (1.1) (see e.g. [3]). It
follows from this identity (see e.g. [3]) that

sinp ()
/ (1—sP)VPds =2z
0

for 0 < = < mp/2, where sin, () > 0 and cosp(z) > 0 and where

1
Tp def 2/0 (1 —sP)"Pds.

Thus it is natural to define

(1.3) arcsing () d:ef/ (1—sP)"YPds for0<z<1,

0
and extend it to [—1, 1] as an odd function. The function sin,, is the inverse function
to arcsiny(z) on [—m,/2,m,/2]. Moreover, sin,(z) = siny, (7, — x) for z € (m,/2, mp)
and sin,(r) = —sin,(—x) for € [—mp,0]. Finally, sin,(x) = sin,(z + 27,) for all
x € R (see [3] for details).

Smoothness of sin, on (—m,/2,7,/2) for p > 1 was studied in [4]. The most
surprising result of [4] is that sin, is a real analytic function on (—m,/2,m,/2) for
p =4,6,8,..., ie., sin,(z) equals its Maclaurin on (—m,/2,7,/2) for p = 4,6,8, ...
This approach naturally allows to extend sin, for p =4,6,8, ... to an open disk

{z€C: |z| <mp/2}

in the complex domain using power series (cf. [7], where the convergence of the
series is conjectured without proof). When our recent result was presented at the
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conference “Nonlinear Analysis Plzen 2013”, O. Dosly posed an interesting question
whether this extension satisfies (1.1) in the sense of differential equations in complex
domain. This paper addresses his question. For p = 4,6,8,..., the initial value
problem (1.1) in R is equivalent to

(1.4) —(WYP 2" —uPt =0, w(0)=0, u(0)=1.

Note that for p > 1 real not being an even positive integer, we cannot get rid
of the absolute values in (1.1). Thus the equation (1.1) does not make sense for
general p > 1 in the complex domain. In this paper we consider the problem (1.4)
in complex domain for integer p > 2. The complex valued ordinary differential
equations are studied by means of power series (mostly Maclaurin series). Note that,
by [4], Theorem 3.2 on page 5, sing,”)(O) exists for 1 < n < p, but siné") (0) does not
exist when p > 3 is an odd integer and n > p. Thus, by the formal Maclaurin series of
sin, (), we mean a series calculated from the limits of the derivatives xl_i>%1+ siné") (z),

which were shown to exist in [4] for any n € N and p > 3 an odd integer.

In Section 2, we prove that, for p = 4,6,8, ..., the function sin, can be extended
by its Maclaurin series to the disc {z € C: |z| < m,/2} and that this series solves
the ordinary differential equation (1.4) in the sense of differential equations in the
complex domain. On the other hand, in Section 3 we show that the complex valued
formal Maclaurin series Mgn,(2) of the real function sin,(x) does not satisfy (1.4) in
the sense of differential equations in the complex domain for odd powers p = 3,5, 7, ...
In Section 4 we explain the relations between the real and imaginary components of
the complex valued function sin,(z) for p = 2,6,10,... and p = 4,8,12, ..., and also
the complex valued formal Maclaurin series Mgi,, (2) of the real function sin,(z) for
p=3,5,7,...In Section 5 we show that the fact that the function sin,(z) cannot be
extended as an entire function follows from an interesting connection between the
p-trigonometric identity and some classical results from complex analysis. Finally,
in Section 6 we visualize some of our result.

In the whole paper, the independent variable z stands for a complex number and
the independent variable = stands for a real number. In the same spirit, sin,(z)
stands for a complex valued function and sin,(z) stands for a function of one real
variable.

2. EXTENSION OF sin, FOR p = 4,6,8,... TO COMPLEX DOMAIN

We assume that p = 4,6, 8, ... throughout this section unless specified differently.
In [4], Theorem 3.3, we proved the following result.
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Proposition 2.1 ([4], Theorem 3.3, page 6). Let p =4,6,8,... Then the Maclau-
rin series of sin,(x) converges on (—m,/2,m,/2).

Let Mgn,(2) denote the formal Maclaurin series of sin,(z), p = 3,4,5,6,... (any
integer greater than 2). We also proved in the paper [4] that this Maclaurin series
has the particular structure

(o)
(2.1) Mg, (z) = Z apztPtt
k=0

where ap > 0 and o < 0.

The following result answers the question by O.Dosly in the affirmative way.

Theorem 2.1. Let p = 4,6,8, ..., then the unique solution of the initial value
problem (1.4) on |z| < m,/2 is the Maclaurin series (2.1).

In order to prove this result, we need to state several auxilliary results. First of all,
let us note that the equation (1.4) is of second order. In order to apply the known
theory, we rewrite (1.4) as an equivalent system. Using the substitution v’ = v, we
get the first order system

(2.2) u =v, v =—uP"t/vP72 w(0)=0, v(0)=1.

To study systems of equations like (2.2) in complex domain, we need to use complex
functions of several variables. We will often make use of the following result.

Proposition 2.2 ([6], Theorem 16, page 33). Let f and g be holomorphic func-
tions in an open set M C C", r € N. Then the functions f + g, f — g and fg are
holomorphic in M. Moreover, if g(z) # 0 for all z € M, then f/g is holomorphic
on M.

Let us consider the first order ODE system
(2.3) y =f(zy), ¥(20)=yo,
where Yy = (yla Y2,y yn)T € C" and f = (fl(zvy)v f2(zvy)7 R fn(zvy))T ecCn
and the function f: C**! — C” is an analytic complex function of n + 1 complex

variables. The folowing result concerning existence and uniqueness of the initial
values problem in the complex domain is crucial in our proofs.
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Proposition 2.3 ([5], Theorem 9.1, page 76). Let a function f: C"t! — C" be
analytic and bounded in the region

R: |z— 2] <a, [w—wql| <5,

where o > 0, 8 > 0, and let

def def . B
p sup 5wl min(a, =),
(z,w)ER H

Then there exists in the disk Dy, |z — 29| < 7 a unique analytic function w: C — C"
which is the solution of (2.3).

Lemma 2.1. There is § > 0 such that in Uy % {z € C: |z| < 4} the initial value
problem (1.4) has the unique solution w(z) which is an analytic function in U.

Proof. Consider (2.2) in complex domain. Let us denote

def
fl (Za 57 77) = n
and (recall p =4,6,8, ... by assumption of this section)

def §2m+1
f2(2,§,m) = —>——, where z,{,n € C and m € N.
n m

Naturally, the functions f = £ and g = 7 are holomorphic in the entire complex
plane. Thus by Proposition 2.2, functions fi1(z,£,7n) and fa(z,&,n) are holomorphic
on some neighborhood of [0,0,1]. Let R denote the maximal closed subset of this
neighborhood. Then the functions f; and f; are holomorphic on the closed domain R
and so they are continuous on R. Hence they are bounded on R (see [6], page 37).
Therefore, the system (2.2) has a unique solution by Proposition 2.3. (]

The previous lemma yields a local solution u(z) of (1.4) in a small neighborhood Uy
of 0 in C. Since u(z) is analytic in Uy, it can be written as a power series u(z) =
o0
3 az¥, where this power series converges towards u(z) for all z € Uy. Our next
k=0

aim is to show that the series corresponding to u(z) has the same coefficients as the
series corresponding to sin,(x), which is the unique solution to the real-valued initial
value problem (1.1). For this purpose, we will use the following result concerning
the sums of two powers series.
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Proposition 2.4 ([8], Theorem 16.6, page 352). If the sums of two power series
in the variable z — zy coincide on a set of points E for which zy is a limit point
and zg ¢ E, then identical powers of z — zy have identical coefficients, i.e., there is
a unique power series in the variable z — zy with the given sum on the set E.

Now we are ready to prove the main result of this section.

o0
Proof of Theorem 2.1. By Lemma 2.1, u(z) = >_ axz* is the unique solution

k=0 )

of (1.4) at any point z € Uy. Observe that the solution u(z) = 3 a2* solves also
k=0

the real-valued Cauchy problem (1.4) in the sense of real analysis. On the other

hand, sin, is the unique solution of the real-valued Cauchy problem (1.4). Since
the Maclaurin series (2.1) of sin, converges towards sin, in (—m,/2,7,/2) under
the assumption of this section, we find that (2.1) satisfies (1.4) in (—mp/2,7,/2).

Moreover, convergence of (2.1) on (—,/2,m,/2) implies convergence of Y. ajz*P*!
k=0
for all z € C, |z| < m,/2. Therefore,

o0 oo
Zajzj = Z 2Pt for all z € Uy N (—7p/2,7,/2).
§=0 k=0

Now we consider the set of points z, = /(n + 1), n € N. From the previous equation,

o0 o0 o0

o - kp+1 _ o — .2
E a;zy, E apz,P T =0= 0-2.
j=0 k=0 7=0

By Proposition 2.4, we find that these two series must coincide on Uy. Hence the
Maclaurin series (2.1) satisfies (1.4) on Up. Let u be given by the series (2.1). Then

u”; (u')P72, uP~! have the radius of convergence m,/2 for p > 2, p € N. Since

we have

any power series converges absolutely within the radius of its convergence, we see
from (1.4) that

o'} /Iqp—2 , o© " e} p—1 00
kp+1 kp+1 kp+1 j
- [< E gzt > } ( E s ) - ( E 2Pt ) =0= E 0-2
k=0 k=0

k=0 3=0

for all z, =¢/(n+1), n € N. Thus, by Proposition 2.4, u given by the series (2.1)
is the solution of (1.4) on the disc D = {z € C: |z| < m,/2}. O
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3. OBSTACLES FOR EXTENSION OF sin, FOR p = 3,5,7,...
TO COMPLEX DOMAIN

Lindqvist [7] proposed an alternative definition of sin, as the solution of

d

(3.1) N

(WP +wt =0, w(0)=0, w(0)=1
in complex domain for p > 1 (considered only formally). In [7], Section 7, he conjec-
tures the possibility that solutions to (3.1) and the real Cauchy problem

(3.2) (| [P72u") + JufP~?u,  u(0) =0, u/(0)=1

could produce different solutions on R. We address this question in this section.
However, we have definitions of 7, and sin, in this paper different from those in [7].
Turning to our definitions of 7, and sin,, we get an equation corresponding to (3.1):

d

(3.3) =

(WPt +(p—DwP ' =0, w(0)=0 w'(0)=1

which is equivalent to (1.4), which is equivalent to (2.2). Since the (p—1)-st power is
a multivalued complex function, we will limit ourselves to p € N, p > 1, in order to be
able to perform rigorous analysis. The question is whether (3.3) produces a solution
which is different from the solution (1.1) on R. In the previous section we proved
that for p = 4,6,8,... (and of course for p = 2) the solutions of (3.3) and (1.1) are
identical. Now we show that for p = 3,5,7,. .. the solutions are different for negative
arguments.

This proposition is crucial for the proof of the main result of this section.

Proposition 3.1 ([4], Theorem 3.4, page 6). Let p = 3,5,7,... Then the formal
Maclaurin series of sin,(x)—the solution of the Cauchy problem (1.1)—converges on
(—mp/2,mp/2). Moreover, the formal Maclaurin series of sin,(x) converges towards
sin,(z) on [0,7,/2), but does not converge towards sin,(x) on (—m,/2,0).

Now we are ready to formulate the main result of this section.
Theorem 3.1. Let p = 3,5,7,... Then the unique solution u(z) of the complex

initial value problem (1.4) differs from the solution sin,(x) of the Cauchy prob-
lem (1.1) for z =z € (—mp/2,0).

Proof. Let us recall that (3.3) is equivalent to (2.2). There exists a unique
solution of (2.2) on some nonempty open disc in C containing 0 by Proposition 2.3.
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In the same way as in the proof of Theorem 2.1 (with obvious modifications), it
follows that Mgn,(2) solves (3.3) on the open disc |z| < m,/2 and it is the unique
solution on this disc. Since sin,(x) is the unique solution of (1.1), sin,(z) # Miin, ()
for z € (—mp/2,0) by Proposition 3.1, we see that (1.1) and (3.3) produce different
solutions on R. 0
4. RELATIONS BETWEEN REAL AND IMAGINARY PARTS

Let us mention an interesting relationship between real and imaginary parts of
siny(z) for p = 4,8,12,... One can see in Figure 1 that the graph of the imaginary
part of siny(z) is the graph of the real part, rotated by —n/2.

Theorem 4.1. Let p=4,8,12,... Then

R[siny (z)] = S[sin, (iz)]

for all z € C, |z| < mp/2.

Proof. Note that by (2.1)

oo oo
sin,(z) = g apzPTtt =2 E Rz
k=0 k=0

for z € C, |2| < mp/2. We assume p = 4] where | =1,2,3,... and thus
o0
sin, (z) = =z Z a2k
k=0
Substituting iz into this formula we find
o0 o0
sin, (iz) = iz Z ak(iz)‘w = iz gzt = isin,(z).
k=0 k=0

Now the result easily follows from comparison of the real and imaginary parts of
sin,(z) and isin,(2). This completes the proof. O

Theorem 4.2. Let p =2,6,10,14,... Then for all ¢ € [0,27) there exists z € C,
|z| < mp/2 such that
R[sin, (2)] # S[sin, (e 2)].
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Figure 1. Continued on the next page.
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R R
Figure 1. Contourlines of the real and imaginary parts of sinp(z) for p = 2,4, 6 and Mgy, (2)

for p = 3,5,6. Note that the imaginary part of sing(z) is its real part rotated
by —n/2.
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Proof. It is known from [4] that the series My, (2) has the form

§ k +1
smp agpz P

First we show that ap = 1 and a3 = —1/(p(p+1)) < 0 (cf e.g. [7]). In fact,
evaluating the integral in (1.3) we see that

® 11
arcsinp(a:)z/ (1—=s")" 1/pds—2F1(— - 1—|—— a:p>x for0 <z <1,
0 p P

where oF; is the Gauss hypergeometric function. Using the known series

o0

oF1(a,b, ¢, z) Z ]Z kk'k'z for |z| < 1,

k
where (a); = [[ (a+ &k — 1) for any a € R stands for the rising factorial, we find

=0
o0
1/p 2 kp
arcsiny, =w for0<w< 1.
z;) 1+ 1/p kk'
Hence
1

arcsin,(w) = w + wP™ + O(w?Pt) for 0 < w < 1.

p(p+1)

Denoting w = sin,(z), we find

1
r=w+ ——wP + O(w?t),
p(p+1)

which yields

1
4.1 w=1x— ———wPt! 4+ O(w?th).
41 plp+1) ( )

Substituting (4.1) into itself we obtain

1 1 p+1
w=r- T = + O(w* ! 1 O(w?r .
Mp+U< p(p+1) ( D ( )
Hence
(4.2) sin,(x) =z — 2Pt 4 O(w2p+1)’

p(p+1)
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which gives the desired formulas for o; = 1 and g = —1/p(p+ 1). With this at
hand, we can write

1 o0
4.3 Mgy () = 2 — ———PH1 4 Q2P
( ) S p( ) p(p+ 1) Z m

m=2

Zerl 2p+1 - mp
TP

Let z =a, a € R, 0 < a < mp,/2 for simplicity. Then oo = /2 is the unique angle

n [0,2n) such that R[z] = J[e!?°z]. The assumption on p of this theorem is that
there exists | € N U {0} such that p = 4] + 2. Thus R[2PT1] = R[z4+3] = R[a*+3].
On the other hand, J[(e'¥02)P*1] = G[(ia)*+3] = —a**3 for py = n/2. Inserting

z = a and z = ia into (4.3), taking the real and imaginary part, respectively, and
subtracting, we get

(4.4)  R[Mgin, (a)] — S[Mgin, (ia)] =

2qP+1 5 = =
== 4 g%t (5}%[ Z aergam”] -3 [iQpH Z am+2(ia)m”} )
p(p+1) =

m=0

Since the series on the right-hand side are convergent on the disc {z € C: |z| < m,/2},

def
ma.
{zeC: |z|<7rp/4}

(3] 5 awsse] = 3 o] o

m=0

exists and from (4.4) we find

‘ R[Mgin, (a)] — S[Msin, (ia)] 2

- < AdP.
artl p(p+ 1)‘ ¢

Taking 0 <a<min{m,/4, (Ap(p + 1))_1/p}, we see that [ M, (a)] —I[Miin, (ia)] #0.
This concludes the proof. O
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5. CONSEQUENCE OF COMPLEX p-TRIGONOMETRIC IDENTITY

As was mentioned earlier, the maximal possible radius of convergence for the (for-
mal) Maclaurin series for functions sin, and cos, is m,/2. This fact was anticipated
in [7] and studied in detail in [4]. In this section we explain that there was no hope
for these series to have their radius of convergence infinite for p = 3,4,5,6,... Con-
trary to what one would think, we will show that it is not the absolute value in (1.1)
that produces the main difficulty. It is a complex analogy of the p-trigonometric
identity that produces the impossibility of sin, to be an entire complex functions for
p=3,4,5,6,...

Let us reconsider (1.4), i.e.,

—(W )P — w7t =0, w(0)=0, u'(0)=1,

now for any p = 3,4,5,6,... in the complex domain. Let us assume that u is a so-
lution which is a holomorphic function on some neighborhood Uy of 0. Multiplying
the equation of (1.4) by v/ and integrating from 0 to z € Uy, we obtain

(w'(2))" = (u'(0)" + (u(2))” = (u(0))” = 0.
Now using the initial conditions of (1.4) we get
(5.1) ('(2))P + (u(2))” = 1,

which is the first integral of (1.4), and we can think of it as a complex p-trigonometric
identity for holomorphic solutions of (1.4) for p = 3,4,5,6,. ..
Now we state the very classical result from complex analysis.

Proposition 5.1 ([1], Theorem 12.20, page 433). Let f and g be entire functions
satisfying for some positive integer n the identity

frag=1
(i) If n =2, then there is an entire function h such that f = cosoh, g = sinoh.
(ii) If n > 2, then both f and g are constants.

It follows from this result that a holomorphic solution u of (1.4) cannot be an
entire function for any p = 3,4,5,6, ..., since the derivative of an entire function is
an entire function as well and u and v’ must satisfy (5.1). Thus by Proposition 5.1
w and u’ are constant, which contradicts u/(0) = 1.
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In particular, for p = 4,6,8,..., with u(z) = siny(z) and w'(z) = cos,(z) this
becomes

cosh (z) +sinh (2) =1

and we see that sin, and cos, cannot be entire functions.

Note that there was an interesting internet discussion [10] that called our at-
tention towards this connection between complex analysis (including the classical
reference [1], Theorem 12.20) and p-trigonometric functions. It seems to us that this
connection has been overlooked by the “p-trigonometric community”.

6. VISUALIZATION OF sin,(z) AND THEIR MACLAURIN SERIES

In this section we visualize graphs of the extensions of sin,(z) by its Maclaurin
series for p = 4,6 and the formal Maclaurin series for p = 3,5,7 and compare
them with the classical result sin,(z) = sinz(z), see Figure 2. To the best of our
knowledge, these figures in complex domain are new and we believe that they will
help to stimulate discussion on this topic. We also formulate some conjectures in the
caption of Figure 3.
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We study extension of p-trigonometric functions sin, and cos,, and of p-hyperbolic functions sinh,, and cosh, to complex domain.
Our aim is to answer the question under what conditions on p these functions satisfy well-known relations for usual trigonometric
and hyperbolic functions, such as, for example, sin(z) = —i-sinh(i-z). In particular, we prove in the paper that for p = 6, 10,14, ... the
p-trigonometric and p-hyperbolic functions satisfy very analogous relations as their classical counterparts. Our methods are based
on the theory of differential equations in the complex domain using the Maclaurin series for p-trigonometric and p-hyperbolic

functions.

1. Introduction

The p-trigonometric functions are generalizations of regular
trigonometric functions sine and cosine and arise from the
study of the eigenvalue problem for the one-dimensional p-
Laplacian.

In recent years, the p-trigonometric functions were
intensively studied from various points of views by many
researchers; see, for example, monograph [1] for systematic
survey and further references. The purpose of this paper is
twofold. We begin with a short survey of results from [2, 3].
Then, we extend the ideas from [3] to define corresponding
generalization of hyperbolic functions and study relations of
p-trigonometric and p-hyperbolic functions on a disc in the
complex domain.

More precisely, our goal is to generalize the hyperbolic
functions such that the relations

sinz = —i-sinh(i-z),

. ¢y
cosz =cosh(i-z),
cosz = sin'z,
o, (2)
cosh z = sinh 'z,
cos’z + sin’z = 1,
(3)

2 . 2
coshz —sinh“z = 1,

where z € C, have their counterparts for generalized p-
trigonometric and p-hyperbolic functions. It turns out that
this goal can be achieved only for even integer p > 2.

The p-trigonometric functions in the real domain R
originate naturally from the study of the nonlinear eigenvalue
problem

_ P2 '_ 1 P2, _ 0 i 0, ’
<|u ' u ) |ul™ " u in ( rrp) @
u(0) = u(rrp) =0,

where p > 1, A € R is a parameter, and

! 1 27
m, =2 L Qs Sp)l/Pds = s (2/p)" (5)

It was shown in Elbert [4] that all eigenfunctions of (4) can be
expressed in terms of solutions of the initial-value problem

- (|u'|p_2 u')’ ~(p-Du?u=0, xeR,
u(0) =0, (6)

u' (0)=1.



Indeed, (6) has the unique solution in R; see, for example,
[5, Lemma A.1], [6, Section 3], and [4]. Denoting the solution
of (6) by sin,x, the set of all eigenvalues A, € R and

eigenfunctions u;, € WO1 P(0, np) of (4) can be written as
Me=(p-1)K,
u (x) = sin,, (k-x), (7)
where k € N.

A piecewise construction of the solution of (6) was
provided in [4]. At first, one sets

arcsin,x & Jx L4 xe [0, 1] (8)
P 0 (1 _Sp)llp b b .

Then, the restriction of sin,x on [0, nP/Z] is the inverse
function to arcsin,x. For x € (ﬂP/Z, np], sin,x satisfies
sin,x = sinp(ﬂl7 — x), where clearly T, =X € [0, np/z), and
sinpx = —sinp(—x) for x € [—T[P, 0). Finally, sinpx isa 27TP—
periodic function on R.

We also extend arcsin,x from (8) to [-1,1] as an odd
function. Then, it is the inverse function to the restriction of

sin,x to [-7,/2,7,/2], and we have

sinP (arcsinpx) =x, Vxel[-1,1]. 9)

Finally, let us define cos,x " Sin'x for all x € R.

Then, the functions sinpx and cos
trigonometric identity

px satisfy the so-called p-

|cospx'p + 'sinpx|p =1 (10)

for all x € R; see, for example, [4-6].

Note that there is an alternative definition of “cos,x”
in [7] and/or [8] which leads to different “p-trigonometric”
identity. Yet another alternative generalization of trigono-
metric and hyperbolic functions motivated by geometrical
point of view was introduced in [9]. Studies of relations
between their respective generalizations of p-trigonometric
and p-hyperbolic functions were suggested in [7] and in [9],

respectively.

Remark 1. In the paper, we use Gauss’ hypergeometric func-
tion ,F,(a, b, ¢, z), wherea, b, c € Care parametersandz € C
is variable (for definition see [10, 15.1.1. p. 556]), to express
integrals of the type

* 1
— d X

Jo (1+sp)P ’

. (11)
—  d 2

Jo (1+sP)P ’

for p > 1, x € R, and z € C (by z'/% we understand the
principal branch thereof). Indeed,

11 1 z 1
(Lt [
z, 1<P ’ +p ¥z 0 (L st)P s (12)
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for |z|] < 1 (by comparing respective series expansions). By
the uniqueness of analytic extension, the equation is valid for
z € C\{x+iy:x>1and y = 0} (for analytic continuation
of ,F, see, e.g, [10,15.3.1, p. 558] and [11, Theorem 2.2.1, p.
65]).

In the definition of T, (i.e., (5)) and in (8), we need to

evaluate integral
1
J g (13)

o (1-sp)P

By [11, Theorem 2.2.2, p. 66], this is possible, since R[c —a -
bl=1+1/p-1/p-1/p=1-1/p>0for p > 1.

Notation 1. This paper combines real variable and complex
variable approach to the p-trigonometric and p-hyperbolic
functions. Each of these approaches has its own natural way
of how to define the functions sin, and sinh,,. Thus, we need
to distinguish between real and complex definitions. By sin ,x
and sinh,x, we mean functions defined by the real variable
approach and by sin .z and sinh ,z we mean functions defined
by the complex variable approach, throughout the paper.

2. Real Analyticity Results for sin x and cos ,x

It is well known that the p-trigonometric functions are not
real analytic functions in general; see, for example, [12, 13].
Very detailed study of the degree of smoothness of the
restriction of sin x to (—nP/Z, 7TP/2) was performed in [2]
including the folfowing two results. The first one concerns
“generic” p > 1.

Proposition 2 (see [2], Theorem 3.2 on p. 105). Let p € R\
{2m}, meN, p > 1. Then,

T,
- fp1<_ p P)

eC s S 14

sin,x e (14)

but

. rp1+1< Ty "P)

sin,x ¢ C - — . 15

Y 2, - (15)

Here, [ p] def min{k € N: k > p}.

The second result treats only the even integers p > 2 and
differs significantly from the previous case in an unexpected
way.

Proposition 3 (see [2], Theorem 3.1 on p. 105). Let p = 2(m+
1), m € N. Then,

n, o
i e C® (——P, —P> . 16
sin,x e (16)

Thus, the Maclaurin series of sin,x

def = 1 . "

M, (x) = Zlmsm;) 0)-x 17)
p

is well defined for p = 2(m + 1), m € N. Moreover,

the following result establishes an explicit expression for the

radius of convergence of M,,.
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Proposition 4 (see [2], Theorem 3.3 on p. 106). Let p =
2(m+1) form € N. Then, the Maclaurin series M ,(x) of sin ,x
converges on (—r[p/2, rrp/2).

Thus, for p = 2(m + 1), m € N, we can compute
approximate values of sin, x using Maclaurin series. It turns
out that the most effective method of computing coefficients
in (17) is to use formal inversion of the Maclaurin series of

* 1
arcsin,x = J —l/ds
o (1-sP)V?

11 1
n (B k)

v r(k+ l/P) xkp+1
= (kp+ 1) KT (1/p)

where p = 2(m + 1) for some m € N. The procedure
of inverting power series is well known; see, for example,
[14]. This task can be easily performed using computer
algebra systems. In Pseudocode 1, we provide an example of
computing the partial sum of M, up to terms of order 32
in Mathematica® v. 9.0. In this way, we can easily get partial
sums of M, and get approximations of sin, for any p =
2(m+1), m € N, up to terms of orders of hundreds. Note that
this formal inverse can be applied also for p = 2m+1, m € N.
The question is what is the mathematical sense of the resulting
formal series. Let

>

(o]
T, (x) &« Zan - x" (19)
n=1

denote the series that is the formal inverse of (18) for p =
2m+1, m € N.For p =2m+ 1, m € N, let us also define

fe 1
M, (x) < Z; ( lim sin;”’x> X, (20)
n=1"""

x—0+

which is a formal Maclaurin series of some unknown func-
tion. It turns out that this unknow function is not sin,x as
the following result holds.

Proposition 5 (see [2], Theorem 3.4 on p. 106). Let p =
2m+1, m € N. Then, the formal Maclaurin series M, converges
on (-m,/2,m,/2). Moreover, the formal Maclaurin series M,
converges towards sin,x on [0, 7Tp/2) but does not converge

towards sin,x on (—nP/Z, 0).

In Appendix A, we prove that T, and M,, are identical.

Theorem 6. Let p = 2m + 1, m € N. Then,

1
a = — ( lim sin;)") >, Vn e N, (21)

Tl \x>0+
and Tp(x) = Mp(x)for all x € (—np/2,7'rp/2).

It turns out that the pattern of zero coefficients of M, is

the same as in the Maclaurin series of arcsin,x; compare (18).

Theorem 7. Let p > 2 be an integer. Then, a; = 0 for alli € N
such that i — 1 is not divisible by p.

The proof is technical and thus postponed to Appendix B.
It is based on the formal inversion of (18). Note that the
structure of powers in (18) does not allow any substitution
that will transform it into a power series of new variable
without zero coeflicients. This makes the proof technically
complicated.

Using Theorem 7, we can omit zero entries and rewrite
the series M,:

(o)
!
M, (x) :Zcxl-xp“, (22)
1=0

where o can be obtained by formal inversion of the Maclau-

rin series of arcsin,,x in (18). In particular,

oy =1,

VS

Yoplp+1) (23)
2_ —

o - pP-2p-1

2P (p)2p+ )
3. Extension of sin,z and cos,z to the Complex
Domain for Integer p > 1

The conclusion of this theorem follows from the discussion
in [2].

Theorem 8. Let p = 2(m + 1), m € N. Then, the Maclaurin
series of sin,x converges on the open disc

def

Tp
Bp={z€C:|z|<7}. (24)

Proof. In fact, the Maclaurin series Y o - x"P* converges
towards the values of sin,x on (-7,/2,7,/2) absolutely for
p=2m+1),meN. O

For p = 2(m + 1), m € N, the expressions with powers
in the initial-value problem (6) can be written without the
absolute values. Thus, the resulting initial-value problem

(W)U =0,
u(0) =0, (25)

W 0)=1

makes sense also in the complex domain (the derivatives
are understood in the sense of the derivative with respect to
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{s, 0, 32}]
(* computes the Maclaurin series of arcsin 4 *)

In[1] := Series[s*Hypergeometric2F1[1/4, 1/4, 5/4, 4],

(*which is M_4 up to terms of order 32%

s 55 1557 19557 22157 464157 1657557 3
Out[i] =s+ —+— + + + + + +0(s™)
20 288 1664 34816 57344 1638400 7602176
In[2] := InverseSeries[%]
(* computes the inverse series *)
out[2] = s s 79 463s® 21174157 1043611615 89789962135 79957358674635% +O(%)
wt[2] = s— > - 25 _ _ _ _ _
20 1440 374400 509184000 641571840000  128314368000000  248783228928000000

PSEUDOCODE 1: Mathematica v. 9.0 code.

complex variable). Let us observe that, using the substitution
! .
u' = v, we get the following first-order system:

u =v,
p !
RN (26)
u(0) =0,
v(0) = 1.

By [15, Theorem 9.1, p. 76], there exists §, > 0 such that
problems (26) and hence (25) have the unique solution on
the open disc |z| < (SP.

Now we will consider initial-value problems (25) and (26)
alsofor p=2m+1,m e N.

Theorem 9. Let p = 2m+1, m € N. The unique solution u(z)
of (25) restricted to open disc B, is the Maclaurin series M,,.

Proof. Let u(z) = 2221 bkzk be the unique solution of (25) in
any point of the open disc |z| < §,,. Observe that the solution

u(z) = Yo, bkzk solves also the real-valued Cauchy problem
(6) for x > 0 (where there is no need for | - |). On the other
hand, sin ,x is the unique solution of the real-valued Cauchy
problem (6). Since M, given by (20) converges towards sin ,x
in [0,7TP/2), we find that M, satisfies (6) in [0, nP/Z). Thus,
M, (x) = u(x+i-y) for x € [0, (Sp) and y = 0. In particular,
taking a sequence of points z, = 6,/(n+ 1)+ 0-i,n € N,
we have M P(zn) = u(z,); thus, we infer from Proposition A.2
that

L.
b, = o (,}Ln()lfm;k)x) . (27)
M, has radius of convergence 7,/2 by Proposition 5, and so
does u(z). Thus, 8P = nP/Z. O

Theorems 8 and 9 enable us to extend the range of
definition of the function sin,x to the complex open disc B,
byMp for p = 2m + 1) and for p = 2m + 1, m € N,
respectively. Thus, we can consider p = m+2 in the following
definition. Note that all the powers of z are of positive-integer
order [ - p + 1 and the function sin,z is an analytic complex
function on B, and thus is single-valued.

Definition 10. Let p =m+2, m € N, and z € B,,. Then,

(oe]
. def I-p+1
sin,z = Zoc,-z ,
=0 (28)
def .y .
COSPZ = SIHPZ = &Sln‘pz,

where the derivative d/dz is considered in the sense of
complex variables.

The following fundamental results were proved in [3]
(providing explicit value for §,).

Proposition 11 (see [3], Theorem 2.1 on p. 226). Let p =
2(m + 1), m € N; then, the unique solution of the initial-value

problem (25) on B, is the function sin,z.

Proposition 12 (see [3], Theorem 3.1 on p. 229). Let p = 2m+
1, m € N. Then, the unique solution u(z) of the complex initial-
value problem (25) differs from the solution sin ,x of the Cauchy
problem (6) forz = x € (—nP/Z, 0).

In [3], it was shown that there is no hope for solutions of
(25) to be entire functions for p = m + 2, m € N. This result
follows from the complex analogy of the p-trigonometric
(10).

Lemmal3. Let p=m+ 1, m €N, andr > 0 be such that the
solution u of (25) is holomorphic on a disc D, = {z € C: |z| <
r}. Then, u satisfies the complex p-trigonometric identity

(' @) +w@)f =1 (29)
on the disc D,.

Proof. Multiplying (25) by u' and integrating from 0 to z €
D,, we obtain

(' @) - (4 @) +@E@) - @Oy =0. (0

Now using the initial conditions of (25), we get (29), which is
the first integral of (25) and we can think of it as complex p-
trigonometric identity for holomorphic solutions of (25) for
p=m+1, meN. O
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Now we state the very classical result from complex
analysis.

Proposition 14 (see [16], Theorem 12.20 on p. 433). Let f
and g be entire functions and for some positive integer n satisfy
identity

ff+g" =1 (31)

(i) If n = 2, then there is an entire function h such that
f=cosehandg=sinoh.

(ii) If n > 2, then f and g are each constant.

The following interesting connection between complex
analysis (including the classical reference [16, Theorem
12.20]) and p-trigonometric functions was studied in [3]. We
should point out that it was an interesting internet discussion
[17] that called our attention towards this connection. It
seems to us that this connection was overlooked by the “p-
trigonometric community.” Thus, we provide its more precise
proof here.

Theorem 15. The solution u of complex initial-value problem
(25) cannot be entire function for any p =m+2, m € N.

Proof. Assume by contradiction that the solution u of (25)
is entire function. Then, we can choose r > 0 arbitrarily
large in Lemma 13. Thus, u and u' must satisfy (29) at any
point z € C. Note that v’ is an entire function too. Thus,
by Proposition 14 u and u' are constant which contradicts

4'(0) = 1. This concludes the proof. O
In particular, the solution of (25) is u(z) = sin,z with

u'(z) = €os 2. Thus, (29) becomes
cosPz +sinfz =1 (32)

P P
and we see that sin,, and cos,, cannot be entire functions for

P
p=m+2,meN.

4. Generalized Hyperbolometric Function
argsinh x and Generalized Hyperbolic

Function sinhpx in the Real Domain for
Real p > 1

Inanalogy to p = 2, we define sinh ,x for p > 1as the solution
to the initial-value problem:

—(|u'|P72u')’+(p—1)|u|f”2u=0, x €R,
u(0) =0, (33)
u' (0)=1.

The uniqueness of the solution of this problem can be proved
in the same way as in the case of (6) using the first integral (see

[4]). Note that the first integral of the real-valued initial-value
problem (33) is the real p-hyperbolic identity

1+ uf = |u'|P, (34)

for p > 1; compare [4]. Thus, [u'| > 1 on the domain of
definition of solution to (33). Since ©'(0) = 1 and u' must
be absolutely continuous, we find that &' > 0 on the domain
of definition of solution to (33) and the real p-hyperbolic
identity can be rewritten in equivalent form

u' = (1+ )P, (35)

which is a separable first-order ODE in R. By the standard
integration procedure, we obtain inverse function of the
solution u (cf. [4]).

Therefore, it is natural to define

inhx % [ L4 xem
argsinh x = . (1+|S|P)1/P s, x ) (36)

for any p > 1, in the real domain (cf, e.g., [18-21]). Note
that the integral on the right-hand side can be evaluated in
terms of the analytic extension of Gauss’s , F, hypergeometric
functionto C \ {s +it : s > 1, t = 0} (see, e.g., [10, § 15.3.1, p.
558] and [11, Theorem 2.2.1, p. 65]); thus, (taking into account
that integrand in (36) is even)

argsinh pX

x~2F1(%,%,1+%,—xp>, x €[0,+00) (37)

- —argsinhp (-x), x € (—00,0).
Since argsinh p R — R is strictly increasing function

on R, its inverse exists and it is, in fact, sinh
reasoning as in [4] (cf., e.g., [20]).

pX by the same

5. Generalized Hyperbolic Functions
sinh ,z and cosh ,z in Complex Domain for
Integer p > 1

In the previous section, we introduced real-valued general-
ization of sinh x called sinh,x. Our aim is to extend this
function to complex domain. It is important to observe that,
for p = 2, the following relations between complex functions
sin z and sinh z are known:

sinz | sinhg
W ru=0[d"—u=0
U(O) =0 u(O) =0 (38)
W(0)=1|4(0)=1

sinz = —i-sinh (i- z),

where z € C and the equations are understood in the sense
of ordinary differential equations in the complex domain.



Since the function |- | : C — [0, +00) (complex modulus)
is not analyticat 0 € C, we cannot work with (6) and (33), but
we need to consider (25) and

(u’)p_z u' —uPt =0,
u(0) =0, (39)
W 0)=1
in our discussion in the complex domain. Thus, the direct

analogy of the classical relations summarized in the table
above for p # 2 is stated in the following table:

sin,z ‘ sinh,z
(u/)P—2 G b =0 (uI)P_z J—uP =0
u()=0 u(0)=0 (40)
u (0)=1 u (0)=1

L )
sin,z = —i - smhp (i-z2),
where z belongs to some complex disc centred at 0 € C with
radius small enough such that both complex initial-value
problems are solvable. However, it turns out (see below) that
if we define sinh  z as the solution (39), then the “p-analogies”
of (2)-(3) are satisfied, but the “p-analogy” of the identity (1),
that is,

sin,z = —i - sinh,, (i - 2), (41)
is not satisfied in general. Our aim is to provide conditions
when (41) holds as well.

Let us formalize the above-stated ideas. Denote
Ddff{ €C:lzl <y,} (42)
p = 1% k4 Yp

an open disc in C, where y, > 0 is given radius. At first we
prove unique solvability of (39) in D,,.

Lemmal6. Let p = m+2, m € N. Then, there exists a complex
disc D, such that the initial-value problem in complex domain
(39) has a unique solution on D,.

Proof. Using the substitution u' = v, we get the following
first-order system:

!

u =,
I up71
V= —:,
vP=2 (43)
u(0) =0,
v(0) = 1.

By [15, Theorem 9.1] on page 76, the statement of the lemma
follows. O

Now we can define sinh,, : D, — C for any integer p > 2.
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Definition 17. Let p = m + 2, m € N. The complex function
sinh,z is defined on D, as the unique solution of the initial-

value problem (39) and cosh,z def sinh;z forall z € D,.
Lemmal8. Let p=m+1,m €N, and r > 0 be such that the

solution u of (25) is holomorphic on a disc D, = {z € C: |z| <
r}. Then, u satisfies the complex “p-hyperbolic” identity

(v @) - w@) =1 (44)
on the disc D,.

The proof of Lemma 18 is analogous to the proof of
Lemma 13 and thus it is omitted.

Remark 19. Les us note that the real-valued identity

(1) ~ @) =1 (45)

for general p > 0 already appeared in [22], where the
formal Maclaurin power series expansion of the solution to
this identity was treated. Interesting recurrence formula for
the coefficients of the Maclaurin power series can be found
there. It will be very interesting to use the following relations
between sin,z and sinh,z to find the analogous recurrence

formulas for sinjz.

Now we are ready to state main results of Section 5.
Theorem 20. Let p = 41 + 2,1 € N. Then,

sinpz =—i- SinhP (i-z2), (46)

€08,z = coshp (i-z2) (47)

forall z € B,. Moreover,
(9]
sinh,z = Z (-1 oy - 2 (48)
k=0

On the other hand, we have also the following surprising
result.

Theorem 21. Let p = 41, | € N. Then,

sin,z = —i - sin,, (i-2),

(49)

€08,z = COs,, (i-z2)

p
forallz € B,

The statement of the previous theorem is closely related
to similar result for p-hyperbolic functions.

Theorem 22. Let p = 41,1 € N. Then,
sinhpz =—i- sinhp (i-2), (50)
coshpz = coshP (i-z) (51)

forallz € D,,.
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Proof of Theorem 20. Let p = 41 +2,1 € N, and u(2) = sinh,z
be the unique solution of the initial-value problem (39) on
D,.

? We show that w(z) = —i - u(i - z) satisfies (25) on D,NB,.
Due to uniqueness of solution of (25), the identity (46) must
hold on D, N B,,.

Indeed, plugging into the left-hand side of (25), we get

(W' @) 0" (@) +w (@)

p-2 2
=(dizw(z)) %w(z)w(z)l’*l

d PP E
[a(—z-u(t-z))] @(—ru(rz))

+(~i-u(i-2)P"

4 & ,
l.[—d(i%)u(l'z)] —d(i-z)zu(l'Z) (52)

+(=i-u(i-2)""

P2 12
i [iu (s)] 4, (s)—i- (=P u(s)!
ds

ds?
p-2 12
=i~([%u(s)] %u(s)—(—i)pz'u(s)pl)
P2 12
:i-<[%u(s)] %u(s)—u(s)‘l’_l>:0.

Note that for p = 4l +2, 1 € N, (—i)?"* = 1. The last equality
then follows from (39). The right-hand side of (25) is zero.
So we have verified that w(z) = —i - sinhp(i - z) satisfies the
differential equation in (39). The initial conditions of (25) are
also satisfied by w(z) = —i - sinh,(i - z), since u(z) = sinh,z
satisfies the initial conditions of (39).

Now it remains to show that D, =B, and hence sin,z =
—i-sinhp(i-z) onB,,. To this end, let us write sinhpz =y G

z" for yet unknown ¢, € C. Then,
(o] o0
Zan -2 =sin,z = ~i-sinh, (i - z) = ch A2t (53)
n=1 n=1

on D, N B,,. From here,

¢, = =" g (54)

Since | = 1, D, = B,.

Now taking into account that a,, = 0 for n— 1 not divisible
by p, we immediately get ¢, = 0 for n — 1 not divisible by p.
Now using our notation oy = a1, k € N, we find that

Gepor = (P oy = (-1)f g (55)

which establishes (48).
Equation (47) follows directly from cosh,z = sinh;z and

(46). O

Proof of Theorem 21. Let p = 4l, 1 € N, and u(z) = sin,z.
Now, plugging w(z) = —i-u(i-z) into the left-hand side of (25),
we proceed in the same way as in the proof of Theorem 20. The
most important difference is that for p = 4, I € N, (=i)P ™ =
—1. Then, all following steps are analogous to those in proof
of Theorem 20 with several obvious changes. O

Proof of Theorem 22. The proof is almost identical to the
proof of Theorem 20 with obvious changes (cf. the proof of
Theorem 21). O

6. Real Restrictions of the Complex Valued
Solutions of (25) and (39) and Their
Maximal Domains of Extension as Real
Initial-Value Problems

Let us denote the restriction of the complex valued solution
of (25) and (39) to the real axis by §P(x) and by ﬁp(x),
respectively. Since the equation in (25) and (39) contains
only integer powers of the solution and its derivatives, all
coefficients in the equation are real, and the initial conditions
in (25) and (39) are real, the value of sin,z and sinhpz must
be a real number for z = x + iy with —T,[2 < x < 7py/2
and -y, < x <y, and y = 0, respectively. Hence, §,(x) and
sAhP(x) attain only real values.

We start with the slightly more complicated case, which

is ﬁp(x). Moreover, since the solution of (39) is an analytic
function, it has the series representation

[ee]
sinh,z = chzk, z €Dy, (56)
k=1

where ¢ € R, k € N (note that sinh ,z must be a real number
forany z = x +iy with -y, <x <y, and y = 0).

Now we show that ﬁp(x) solves (33) (in the sense of
differential equations in real domain) for p = 2(m + 1), m €
N, and does not solve (33) (in the sense of differential
equations in real domain) for p = 2m + 1, m € N, and
x < 0. For this purpose, we use an interesting consequence
of omitting of the modulus function.

Theorem 23. Let p =2m+1, m e N, and x € (—nP/Z,nP/Z).
Then,

. TTp
smhpx, X € [0, 7) ,
shP (x) = (57)

TTp
sinpx X € (——,0).
2

Proof. For x € [O,yp), the statement of Theorem follows
directly from the definition of real function sinh x and the

. . !
facts that smhpx >0and s1nhpx > 0 on [0, yp).



By the definition, the function sin
solution of (6); that is,

(W) = (o= 1) P u =,

pX is the unique

u(0) =0, (58)
u (0)=1.
Assume that x € (—np/2, 0). Then, sinyx < 0 and sin;x > 0.

Hence, we can rewrite (6) as
(u’)p_z W —uPt =0,
u(0) =0, (59)
' (0)=1,

which is formally (39) but here considered in real domain.
By Lemma 16, (39) has the unique solution on D,,. Its
restriction to (—yP, on (—np /2,0) clearly satisfies (59). Hence,

(o]
) . =
sin,x = chx =sh, (x),

k=1 (60)
Ui

x€(-y,,0)n <——P,0>.
( Yp ) 2
Moreover, sin,x = Y2 o - x - |x|*?, which is generalized

Maclaurin series of sin,x (see [2, Remark 6.6, p. 125])
convergent on (—T[p/Z, np/2). For (—7Tp/2, 0), we obtain

(o] (o)
Yo -x- 1 = Yo - (-DF - =G, (o)
k=0 k=0

Hence, the Maclaurin series G(x) converges on (—7'[1D /2, T, /2)
(but not towards sin,x for x > 0). From (60) we get

chxk =G(x) on (—yp, 0) (62)
k=1
and using Proposition A.2 we obtain y,, = 7,/2. O

Corollary 24. Let p = 2m + 1, m € N. Then, ﬁp(x) does not
solve (33) for x € (-m,/2,0).

Proof. Since sin,x # sinh,x for x # 0, the statement
of Corollary follows directly from Theorem 23 and the
uniqueness of solution of (33). O

Theorem 25. Let p = 2(m + 1), m € N. Then, gflp(x) solves
(33) for x € (=y, ¥p). In particular, y, = 7,/2 for p = 4m +2,
m € N.

Proof. Since p is even, we can drop the absolute values in (33)
obtaining (59), which is formally (39) but here considered in
real domain. Since sinhp(z) solves (39) on D, its restriction

sAhP(x) to (—yP, yp) must solve (59) on (—Yp, Yp)- )
For p = 4m +2,m € N, we get y, = m,/2 by (46) in
Theorem 20. =
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Theorem 26. Let p=2m+1, m e N, and x € (—rrp/z,np/z).
Then,

Tp
sinpx, X € [0, —>,
2

, (63)
sinhpx, X € (——,0).
2

5,(x) =

Proof. The proof follows the same steps as the proof of
Theorem 23 with obvious modifications. O

Now we will consider (25) and (39) as real-valued prob-

lems and find their maximal domains of extension. Let s p(x)

and §1P(x) denote solutions with maximal domains of (25)
and (39), respectively. We also define ?P(x) def (d/dx)?p(x)
and ch, (x) ' (d/dx)sh, (x).

Theorem 27. Let p = 2m + 1, m € N. Then,

sinhpx, x € (-00,0),

S X = T
b sinpx, X € [0, 7})) >
(64)
. T,
- sin,x, x€ (——,0>,
shpx = 2
sinhpx, x € [0,+00).
Theorem 28. Let p = 2(m + 1), m € N. Then,
S pX = sinpx, x €R,
(65)

—

shpx = smhpx, x € R.

Proof of Theorems 27 and 28. The solutions with maximal
domain of extension are known for (6) and (33). The proof
uses uniqueness of the solutions of real initial-value problems
(6) and (33) and initial-value problems (25) and (39) con-
sidered in real domain and the fact that (6) and (33) can be
rewritten as (25) and (39) depending on u(x) S 0, u'(x) S 0,
and the parity of the positive integer p. The main ideas of how
to combine these ingredients are contained in the proof of
Theorem 23. O

It easily follows from Theorems 27 and 28 that < p(x) is
defined on (-oo0, ﬂp/Z) forp = 2m+ land on R for p =

2(m+1), m € N. Similarly, ch(x) is defined on (=1,/2,+00)
forp = 2m+ landon R for p = 2(m + 1),m € N.

Moreover, functions S P(x) and <Zp(x) satisty the complex p-
trigonometric identity (29); that is,

(5,9) + (S, ) =1, (66)
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In[1] := piplp-] =

In[3] := sh3[x_] = (u[x]/.
NDSolve|

In[4] := sin3[x_] = (u[x]/.

Integrate[1/(1 - s"p)"(1/p), {s, 0, 1},
Assumptions -> p > 1]
(* assigns definition to function pip which returns pi_p/2 *)

Out[1] = @
In[2] := s3[x_] = (u[x]/.
NDSolve|
{u'[x] == (v[xD"(1/2), v[x] == - 2 u[x]"2,

u[0] == 0, v[0] == 1},
{u, v}, {x, -5, pip[3}}][[1]D

(* assigns definition to auxiliar function s3 *)

fu'lx] == (v[zD"(1/2), v'[x] == 2 u[x]"2,
u[0]==0, v[0] == 1},
{u, v}, {x, -pip[3], B}I[[1]D
(* assigns definition to auxiliar function sh3 *)

NDSolve[{u'[x] == (Abs[v[x]])"(1/2) Sign[v[x]],
v'[x] == -2 Abs[u[x]]*u[x],
u[0] == 0, v[0] == 1},
{u,v}, {x, -4 pip[3], 4 pip[3]}][[1]]
(* assigns definition to auxiliar function sin3 *)

PSEUDOCODE 2: Mathematica, v. 9.0 code. Code for pip[p-] computes 7TP/2 for given argument p. Code for s3[x_] computes ?3(x) for

x € (-5,7;/2) ¢ (—00,7;/2), code for sh3[x_] computes sTlS(x) for x € (713/2,5) ¢ (75/2,+00), and code for sin3[x_] computes real-valued

function sin,(x) for x € (=273, 2m;) ¢ R.

Analogously, functions ;?1 »(x) and ch p(x) satisty the complex
p-hyperbolic identity (44); that is,

(éﬁp (x))p - (éﬁp (x))p -1 (67)

7. Visualizations

In this section, we provide visualizations of theoretical results
from previous sections. To generate graphical output, we
need to approximate special functions from previous sections
numerically. Note that the standard numerical methods
(available in Mathematica or Matlab®) can handle only
initial-value problems on real intervals. Thus, in our numeri-
cal calculations we need to consider initial-value problems in
real domain. This is not a problem for (6) and (33). For (25)
and (39), we calculate either the partial sum of the Maclaurin

series of solutions or we calculate functions »(x) and
sh,(x) which come from real initial-value problems. In our
graphical outputs, the solutions of real initial-value problems
are numerically approximated by the NDSolve command of

Mathematica, version 9.0. For the convenience of the reader,
we provide some source code. In Pseudocode 2, we list source

code for approximation of functions ?3 (x), sh;(x), and sin, x.
Figure 1 compares graphs of sin;x and ?3(x) for x €

(-7m5/2,15/2). Figure 2 compares graphs of ?3(x) and

]\7[3;28(x) for x € (—m5/2,75/2). Here, M3;28(x) is partial sum
of M;(x) up to the order 28, which is

— X 83x 18174
Mg (%) =x = — = o= = -
12 252 90720 7076160
199691 x1® 12324719 xP
2377589760 406 567 848 960
22008573061 x?
1878343 462 195 200
107355387043 x®
22540 121 546 342 400

89152153354 993 x*8
44304862 911490621440

(68)

Since the difference |s;(x) — ]T43;28(x)| varies in order of
several magnitudes throughout the radius of convergence
715/2, we use logarithmic scale on the vertical axis.

We can also compute the functions ?p(x) and sh,(x) by
inverting formulas (8) and (36) for arcsin,x and argsinhpx,
respectively. It turns out that this approach provides more
precision than solving differential equation and enables

computing values of ?p(x) and ch,(x) using identity (66)
and identity (67), respectively. We provide sample code for

computing shs;(x) for x € (m3/2,5) ¢ (m3/2,+00) in
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FIGURE 2: (a) :3 (x) versus Ma;zs (the partial sum of M;(x) up to the order 28, which is (68)). (b) The logarithmic plot of |?3(x) - M;(x)|.

Pseudocode 3. Analogously, we wrote a code for computing

sh, (x), sh(x), sha; (), 55(x), 54(x), 8 50(x), and s 5, (x).
In the same way, as we defined real function argsinh ,x by
(36), we can define complex valued function argsinh ,z by

inh dﬁf
argsin PZ =

(69)

z 1

0 (1+sP)?
11 1
—,—,1+—,—zp>, zePD¢C

=zF<
*\pp p

for any p = m + 2. Note that the integrand has poles at z
satisfying 1 + z¥ = 0. Thus, the function argsinh ,z is not an
entire function. In particular, for p = 2m + 1, there is a pole
at z = —1. In Figure 3, we compare graphs of argsinh ,x for
p =2,3,31and x € (-3,3) ¢ R, with the restriction of the
complex valued function argsinh,z for p = 2,3,31, where
z =x+1iy,where y =0, x € (-3,3) for p=2and x € (-1, 3)
for p = 3,31, and with argsinh ,x = argsinh z for p = 2, 4,30,
x€(=3,3),y=0,and z = x +iy.

In Figures 4, 5, and 6, we compare graphs of real-valued
functions: sinh x, sinh,x, sinh;;x, cosh x, cosh,x, cosh;yx
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FIGURE 3: (a) argsinhpx(z x ,F,(1/p,1/p,1+1/p,—|x|?)) for p = 2,3,31,and x € (-3,3). (b) argsinhpz(= z ,F,(1/p,1/p,1+1/p,-2z")) for
p =2,3,31. Here, z = x + iy, where y = 0, x € (-3,3) for p = 2,and x € (-1,3) for p = 3,31. (c) argsinh,x = argsinh z for p = 2,4, 30,

x€(-3,3),y=0,and z = x +iy.

In[2] := auxAgSh3([s_7?NumberQ] :=
s Hypergeometric2F1[1/3, 1/3,1 + 1/3, -s"3]
(* assigns definition to auxiliar function auxAgSh3 *)
In[3] := sh3inv[x_?NumericQ] :=
(s/. FindRoot[auxAgSh3[s] - x, {s, 0, -1, 20}])
(* assigns definition to function sh3inv *)
In[4] := Plot|
sh3inv[x], {x, -pip[3], 2},
PlotStyle -> Thick, PlotRange -> {-2, 7}]
(* plots the graph *)

PSEUDOCODE 3: Mathematica v. 9.0 code. Function sh3inv returns values of sh;(x) for x € (m;/2,5) ¢ (75/2, +00) using inversion of the

formula (36) for argsinh,x. This approach provides more precision than solving differential equation.
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(a)

FIGURE 4: (a) sinh x (short-dashed line), sinh,x (dashed line), and sinh,yx (solid line). (b) cosh x (short-dashed line), cosh,x (dashed line),

and cosh,x (solid line).
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1
RV . - =3 -3
(a) (b)

FIGURE 5: (a) sinh x (short-dashed line), sinh;x (dashed line), and sinhs, x (solid line). (b) cosh x (short-dashed line), cosh,x (dashed line),

and cosh;, x (solid line).

(see Figure 4), sinhx, sinh;x, sinh;x, coshx, coshyx,

cosh;, x (see Figure 5), sh;(x), shs;(x), ch;(x), and chs; (x)
(see Figure 6).
Figure 7 illustrates the relation between sin;x, sinhsx,

<;3,(3c), and sh;(x), which are due to Theorem 27.
It follows from identity (66) and identity (67) that

the pairs of functions (?p(x), ?p(x)) and (sh,(x), ch,(x)),
respectively, are parametrizations of Lamé curves restricted
to the first and fourth quadrant, see [23, Book V, Chapter V,

pp- 384-407] and [24]. Since the Lamé curves are frequently
used in geometrical modeling, we provide graphical compar-
ison of the Lamé curves and phase portraits of initial-value
problems (25) and (39) in real domain on Figures 8 and 9,
respectively.

8. Conclusion

We have discussed real and complex approaches of how to
define generalized trigonometric and hyperbolic functions.
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FIGURE 6: (a) sinh x (short-dashed line), ;?13 (x) (dashed line), and 5131(x) (solid line). (b) cosh x (short-dashed line), 313 (x) (dashed line),

and 5131(x) (solid line). Note that shp(x) and chp(x) are defined on (—rrp/Z, +00) for integer p > 1 odd.
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FIGURE 7: (a) sin,x, sinh,;x, and 33(x). (b) sin,x, sinhyx, and sh;(x).

The real approach is motivated by minimization of Rayleigh
quotient (see, e.g., [1, Equation (3.4), p. 51] and references
therein):

Jo Ju]f ax

— (70)
Jo P lul? dx

in Wol’p(O, ,). This leads to (4) with A =

p — 1 and

to initial-value problem (6) in turn. Thus, from this point
of view, the solution of (6) and its derivative can be seen
as natural generalizations of the functions sine and cosine.
Unfortunately, presence of absolute value in (6) does not
allow for extension to complex domain for general p > 1.
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FIGURE 8: Bold lines: dependence of u = S »(x) on u = ?P(x). Both bold and thin lines: dependence of restriction to real axes of derivative
of solution of (29) on the restriction to real axes of the solution itself (Lamé curves).
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FIGURE 9: Bold lines: dependence of u = shp(x) onu' = chp(x). Both bold and thin lines: dependence of restriction to real axes of derivative

of solution of (44) on the restriction to real axes of the solution itself (Lamé curves).
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TABLE 1: Summary of results according to discussed functions and their domain.
pE Function Domain VP Results
. Propositions 2-5;
(1, +00) s ,X R (6) Theorems 6, 7, 8, 23, and 26-28
1, +00) sinh,,x R (33) Theorems 23 and 26-28
. Propositions 11 and 12; Lemma 13;
N Sifp? B, (25) Theorems 6,7, 8, 9, 15, 20, and 21
. Lemmas 16 and 18;
N\ sinh, 2 D, (39) Theorems 20 and 22

TABLE 2: Interrelations between p-trigonometric and p-hyperbolic
functions. Note that the relations must be symmetric.

sin,x sinhpx sin,z sinhpz
sin,x — (57), (63)-(64) — —
sinh,x sym. — — —
sin,z sym. sym. (49) (46)
sinh,z sym. sym. sym. (50)

It was shown in [2] that functions sin,x are real analytic
functions for any even integer p > 2. Moreover, there is no
need to write absolute value in (6) for x € (-7,/2,7,/2]
provided p > 2 is an even integer.

It turns out that the relation between the real and complex
approach is not as smooth as in the classical case p = 2. Thus,
we summarize our results in Tables 1 and 2.

We also discussed the Lamé curves, which are important
curves in geometrical modeling. We hope this will stimu-
late interest in p-trigonometric and p-hyperbolic functions
among the geometric-modeling community.

Appendix
A. Proof of Theorem 6

We will use the following result to prove Theorem 6.

Proposition A.1 (see [15], Theorem 2.4b on p. 97). Let the

. def 2
formal power series F = ayx + a,x” + -+, a; # 0, have a
positive radius of convergence. The inversion F~" of F then also
has positive radius of convergence.

Let us note that the term reversion of series is used in [15]
instead of inversion of series (see [15], p. 46).

Proposition A.2 (see [25], Theorem 16.6 on p. 352). If the
sum of two power series in the variable z — z,, coincides on a
set of points E for which z, is a limit point and z, ¢ E, then
identical powers of z — z, have identical coefficients; that is,
there is a unique power series in the variable z — z, which has
given sum on the set E.

r(l+1/p)
bi=q(p+1)-1'-T(1/p)

if j=1-p+1 for some [ € NU {0},

Proof of Theorem 6. Let us remember that T,(x) is given by
(19), which is the formal inverse of arcsin,x and M(x) is
given by formula (20). The idea is to prove that there exists
(Sp > 0 small enough such that both series Tp(x) and M p(x)
have the sum equal to uniquely defined value sin,x at any x €
[0, 5P). Then, Tp(x) = Mp(x) on [0, 6p) and the assumptions
of Proposition A.2 are satisfied on z,, = (SP/ (n + 1). It follows
that T, (x) hasidentical coefficients as M p(x) has and so T,(x)
also converges on (—rrp/2, 7Tp/2).

By Propositions 4 and 5, M, (x) converges to sin,x for
p > 2evenon (—rrp/2, np/2) and for p > 1 odd on [0, np/z),
respectively. It remains to show that there exists 0, > 0 such
that

T, (x) = sin,x (A1)

on [0,0,). Since T,(x) is defined as formal inverse of
arcsin,x, (A.1) holds on domain of convergence of Tp(x).

Since for x € [0,1]

11 1
arcsin,x = x - ,F <—,—,1+—,xp>
? PIppt o p
- (A.2)
— Z F(k+ 1/P) xkp+1
(k-p+1)-k!-T(1/p)

k=0

>

where right-hand side series has radius of convergence equal
to 1, hence the existence of 0, < m,/2 is provided by

Proposition A.1and 6, = 0,,. O

B. Proof of Theorem 7

By Theorem 6, M,, = T,. Hence, we can prove the statement
of Theorem 7 for T, instead of M,,.

Assume by contradiction that there exists a, # 0 for some
n such that n — 1 is not divisible by p. For this purpose, let
us denote by b; the jth coefficient of the Maclaurin series of

arcsin, corresponding to jth power. From (18), we get

(B.1)

0 otherwise.
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Since T, is the formal inverse series of
oo .
arcsin,,x = ij X, (B.2)
=1
the coeflicients a,, can be computed from the formula
1 mtmetm . AT D (A= T Emy dmy e my e m et m, ) (b \™
a4y = —= Z D e Tl b
neb o mitm, mylmylms! .. b,
(B.3)

.<%)mz <%>m3 (b>m<b_)m
b b b b ’

where the summation is taken over all m,,m,,m,,... € NU

{0} such that
my +2m, +3my + - +im;---(n—-1)m,_, =n—-1, (B.4)

and if m; = 0, then the corresponding term (b,,,/b))™ is
dropped from the product on the last line of (B.3).

Let us note that this procedure is fully described in [14],
p. 411-413 and it requires that b, # 0. Note that

I'(1/p)

T Tnr(/p) (B5)

by (B.1).

Now, let us fixm,, m,, ms, ..., m,_, satistying (B.4).Ifb; =
Oandm; # Oforatleastonei = 1,2,3,...,n—1, the summand
of sum (B.3) corresponding to m,, m,, ms, . .. equals 0. Taking
into account (B.1), b, = O wheneveri # Ip+1 forany! € Nu{0}.
This leads us to conclusion that nonzero terms in (B.3) can be
formed only from m;’s where i is divisible by p. Thus, (B.4)
implies that the following equation must be satisfied:

Pmy 2D My, 3D My, e LDy, e
(B.6)
tk-p-m,=n-1,

k= { -l J .
p
But here the left-hand side is a multiple of p while the right-

hand side n — 1 is not divisible by p by our assumption. This
is a contradiction.

where

(B.7)
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MACLAURIN SERIES FOR sin, WITH p AN INTEGER
GREATER THAN 2

LUKAS KOTRLA

ABSTRACT. We find an explicit formula for the coefficients of the generalized
Maclaurin series for sin, provided p > 2 is an integer. Our method is based
on an expression of the n-th derivative of sin, in the form
2n 21

Z Ak, singfl(:c) Cosgfp(x) , x€(0, 7r—p),

k=0 2
where cosp stands for the first derivative of sin,. The formula allows us to
compute the nonzero coefficients

_limg o4 sin;nmq) (z)

an = (np + 1)!

1. INTRODUCTION

Let us consider initial value problem
—(ju'PP7?u’) = (p = DufPPu =0,

uw(0)=0, /' (0)=1, (L.1)

where p > 1 is a given parameter and u: R — R is a function such that u € C*(R)
and [v/|P72u’ € C1(R). It is known that the solution of exists and is unique
(see Elbert [9]). Since the pioneering work of del Pino, Elgueta and Mandsevich [§],
this solution is usually denoted by sin,. Note that it generalizes the sine function
which is the unique solution of for p = 2. Moreover, the function sin, also
satisfies the generalized trigonometric identity

|sing (z)|P + |cosp(x)P =1, z€R, (1.2)

where cos,(z) = % sin,(z), which resembles the classical trigonometric identity

for p = 2. We also define

1
1 27
=2 ds = .
™ /0 (1—s2)1/7 7~ psin(n/p)
Let us note that the function sin, is odd, 2m,-periodic, and sin, (z) = sin, (7, —x)
see, e.g., [9]). These properties are frequently used when the function sin, is
P
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evaluated numerically. In fact, any evaluation of sin, at an arbitrary point z € R
can be reduced to an evaluation of sin, at a point in the interval [0, m,/2].

It turns out that the system of functions {sin,(km, )} > has applications in
approximation theory, see Binding et al. [4] for pioneering work in this direction.
Indeed, there exists pg > 1 such that, for p > po, {sin,(km, x)}:;“{ forms a Riesz
basis of L%(0,1) and a Schauder basis of L"(0,1) for any 1 < r < +oo. The
approach from [4] was corrected and improved by Bushell and Edmunds [7] where
the value py was established as the solution of the transcendental equation

2 272

po sin(m/po) R

Boulton and Lord [5] use the basis {sin, (km, x)}°5 in their numerical implementa-
tion of the Galerking method for finding an approximate solution to the boundary-
initial value problem

x,t ( (,t)|"” 2%@,15)) — g()
( ,0)=0, z¢€(0,1), (1.3)
U(Ovt) (1 )*0 t>0,

where g € L2(0,1). It appears that this choice of basis leads to very accurate results
using only few terms of this basis. However, a main drawback of the Galerkin
method in [5] is the evaluation of the values of the function sin, on [0, 7,/2]. In [5],
the inverse function of sin,,

x
. 1
arCSlnp(x) = A m ds, x € [0; 1] ) (14)

is used for that purpose. The function sin, on [0,7,/2] is then evaluated using
numerical inverse of the function arcsin,, which is a very time consuming process.
Since the problem and its generalizations appear in various applications, see
e.g. Smreker [23] (bulding of wells), Leibenson [15] (extraction of oil and natural
gas), Wilkins [24] (bulding of rock-fill dams), Aronsson et al. [I], Evans et al. [10]
(sandpile growth), Kuijper [I3] (image analysis), and Bermejo et al. [3] (climatol-
0gy), it is important to find a more efficient numerical implementations of sin,. Last
but not least, the generalized Priifer transform using sin, and its derivative appears
to be a very efficient theoretical tool in studying various initial and/or boundary
value problems for quasilinears equation of the type (or some of its generalization)

—(Ju'[P7?u) = g(@)ulP~u = f(x)

(under various conditions on ¢ and f) see, e.g., [9], Reichel and Walter [21], and/or
Benedikt and Girg [2]. In Brown and Reichel [6], a numerical method based on
the Priifer transform was proposed. Again the main drawback the method was the
lack of an efficient numerical implementation of sin,. To address the issue in this
paper we obtain explicit formulas for coeflicients of the Maclaurin series of sin,.
This is very difficult task in general and we are not able to deal with this problem
for all p > 1. As a starting point for further research in this direction, we provide
such formulas for any integer p bigger than 2. Let us note that even this partial
result can already be used in practical applications, since with p — 400 is
considered as a model for sandpile growth (see [I] and [I0] for more details).
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More precisely, our goal is to find Maclaurin series for sin, provided p is even
and generalized Maclaurin series for sin, provided p is odd. Generalized Maclaurin
series is defined as

—+oo
Z apxl|z]™, r>1.
n=0

Peetre [20] conjectured that the radius of convergence of generalized Maclaurin
series for sin, is m,/2 for any p > 1. Local convergence of generalized Maclaurin
series was studied in Paredes and Uchiyama [19]. Peetre’s conjecture [20] was
proved in Girg and Kotrla [IT] for when p > 2 is an integer. It remains to find the
coefficients of the (generalized) Maclaurin series. One can employ and follow
the ideas presented in Lang and Edmunds [I4]. Since

r 1 11 1
' = | ————ds==azF (=, -, 14 —;aP), 0,1),
arcsiny, () /0 TENE S=x9 1<p’p +p z?), x€0,1)

where 2 F1(a, b, ¢; z) is Gauss’s hypergeometric function,

. 400 ]_"(k + %) .’Ekarl
arcsing,(z) = Z L DT & (1.5)

k=0 P

where I' stands for the gamma function. We can obtain desired coefficients using
the well-known procedure for inverting power series (see, e.g., Morse and Fesh-
bach [I8] p. 411 - 413]). Our aim is to derive the coefficients independently of the
inverse function. It was shown in Girg and Kotrla [12] that the nonzero coefficients
correspond only to the monomials z*P*1, k € N. Then

+o0 Sinl(?np—&-l) (0)

np+1 _"p P
(np+ 1)1 wel )

sin, (z) =
n=0

for p even. In addition, it was proved in [I2] that the series

io lims o4 siny™ ™ (z) np+1
— (np+1)!

coincides on [0, 7,/2) with the series obtained by formal inversion of (1.5)) provided
p odd. Hence, by the oddness of sin,,

400 1. i (np+1)
lim, 04 sin, (2) T,
i — § np _r P
Slnp(x) - ~ (np+ 1)' .’Ell‘| ’ T e ( 2 ) 2 )
It remains then to find an explicit formula for
1
ni= ——— lim sin™V(z), peN, p>2.

(np+ 1)l =0+ P

Notation: In the presented paper, the symbol [] represents the product of a
(possibly finite) sequence of terms as usual. In addition, we define

J2

[[vi=1

1=J1

for any sequence b; provided j; = jo + 1.
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Theorem 1.1. Let p > 2 be an integer and
+oo
i = nx|x|™? €(——=,—=). 1.6
sing() = 3 analel”, 2 € (<) (16)

Then ag =1, g = and forn > 2,

1
p(p+1)’

_ ) W
an—mz Z

Cip=1 dp=ii+1
i1#p—1i2#2p—1

(n—1)p i1—1

> [ Ie-1-tu-)]-0e-1-@-1)

'Z‘V,Lflz’in72+1 mi=1

lnfﬁé(l—_ll)l)—l (17)

<| I @e-1-m-2)|0-Cr-1)-G-2)...
mo=1t1+1

<[ I (=1e-1) - — -1 (-1

Mp—1=tn—2+1
x (p=1) = (in-1 = (n = 1)) [n(p — 1) = (in—1 —n + D!

The proof of Theorem is based on a method of rewriting higher derivatives
of sin, introduced in [II]. The method is described again in Section [2[ for the
convenience of the reader. Theorem is proved in Section

Let us note that the above-mentioned definitions of sin, and cos, are not the
only ones found in the literature (see, e.g., Lindqvist [16]).

2. HIGHER ORDER DERIVATIVES
Let us state some basic notation from formal languages.

Definition 2.1. (Salomaa and Soittola [22], 1.2, p. 4, and/or Manna [I7], p.
2-3, p. 47, and p. 78) An alphabet (denoted by V) is a finite nonempty set of
letters. A word (denoted by w) over an alphabet V' is a finite string of zero or more
letters from the alphabet V. The word consisting of zero letters is called the empty
word. The set of all words over an alphabet V' is denoted by V* and the set of all
nonempty words over an alphabet V is denoted by V. For strings w; and ws over
V', their juxtaposition wjws is called catenation of wy and ws, in operator notation
cat : V* x V* — V* and cat(wy,ws) = wiws. We also define the length of the
word w, in operator notation len : V* — N U {0}, which for a given word w yields
the number of letters in w when each letter is counted as many times as it occurs
in w. We also use reverse function rev : V* — V* which reverses the order of the
letters in any word w (see [I7, p. 47, p. 78]).

We consider the alphabet V' = {0,1} and the set of all nonempty words V.
Thus words in VT are, e.g.,

“077’ “1’7’ “01’77 “1077’ “1177 .
For instance, cat(“1110”, “011”) = “1110011”, and
rev(“010011000”) = “000110010” , len(“010011000”) = 9.
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TABLE 1. Differentiability of sin,(z)

p, k zin (0,7m,/2) | (=7p/2,7m,/2) | R

p=2 Cc> Cc> Cc>
p=2k keN\{1} Cc> (O ct
p=2k+1,keN c> cr ct
peR\N, p>2 c> Clrl ct
pe(1,2) C Cc? C?

Let m € N, k € NU{0},0 < k <2m2 —1 and (k)2,,_2 be the string of bits of
length m — 2 which represents binary expansion of k (it means, e.g., for £k = 3 and
m =25, (3)2)5,2 = “011”).

The differentiability of sin,(x) at z = 0 was studied in [I1I] leading to the results
in Table [1I

In particular, sin,(-) € C*>°(0,7,/2). Let

T := {asin}(-) cos) (:) : a,q € R},
and Dy: T'— T and D.: T'— T be defined as follows:

nd—1(. 1—(¢—1) .
D, asing(-) cosil,_q(-) — {gqup (+) cosp (), a# 8, (2.1)
) q=Vy,

and

—a(1—q)sind™(Yeosy PTI(), g #£1,

Dcasing(-)coséfq(') = {0 (2.2)

q=1.
Finally, we define Dy, ,, in two steps.

Step 1 We create an ordered (m — 2)-tuple d m—2 € {Ds, Dc}™ 2 (cartesian prod-
uct of sets {Dg,D.} of length m — 2) from rev((k)2,m—2) such that for
1 <i<m-—2, dgm—2 contains Dy on the i-th position if rev((k)2,,—2)
contains “0” on the i-th position, and dy ,, contains D on the i-th position
if rev((k)2,m—2) contains “1” on the i-th position (it means, e.g., for k = 3,
and m = 5, we obtain ds 5_2 = (D¢, D¢, Dy)).

Step 2 We define Dy, ,,, as the composition of operators Dg, D, in the order they
appear in the ordered m — 2-tuple dj ,,—2 (it means, e.g., for k = 3, and
m =5, we obtain D3 5 = (D, 0D, 0 Dg)).

Let us point out that it is possible to recover the index k£ from the positions of D,

in Dy . We will denote by j(k) > 0 the number of D, in Dy ., and, if j(k) # 0,

we denote by iy,42,...,7() its positions counted from back (i.e., in the order of
application of Dy and/or D). Then
]C — 2m727(i171) 4 2m727(i271) L+ 2m727(ij(k)71) . (23)

If j(k) =0, k=0.

Definition [2.1]and the definition of Dy, ,, are taken from [I1] in almost unchanged
form for the convenience of the reader who is not familiar with our previous work.
However, the rewriting diagrams in [I1], where the construction of Dy ,, is visual-
ized, are not included here.
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It follows from the first derivative of the p-trigonometric identity (1.2)) that
sin](f) (x) =— sing_l(m) cosi_p(x) , x€(0, %) . (2.4)
Note that sin,(z) > 0 and cos,(z) > 0 for x € (0,7,/2). Hence, we can use Dy, ,
to express
2m=2_1

siném)(x): Z Dk,msinf)(z)
" (2.5)

2771—2_1
Tp

= ; Dy (—1) sinf ™! (z) cosy (), € (0,7,

for m > 2 be a positive integer. Let us explain the procedure for m = 3 at first. In
that case

% (-1) sing_1 (2) cosifp (x)

=(-1)(p-1) singfz(x) cosz_p(a:)
+ (=1)(2 —p) sinﬁfl(x) cos) P (x) sinz(,z)(a:)
(-D(p-1) sing_Q(x) cos;i*p(:c)
£ (=) = (p— 1)sin = (@) cosh 01D ()
= Dg singf) () + D¢ sinl(f) (x)
for any « € (0,7,/2) by the definition of Dg and D.. The proof of , which
proceeds by induction, can be found in [I1, Lemma 4.5, p. 110].

There are two special cases in composing the symbolic operators for p € N;p > 2,
which can be used for reducing of terms in (2.5)).

Case 1 Assume that there exists k € NU {0}, £ < 2™72? — 1 such that

Dim sinf)(-) = asing(-) cosg(~) . (2.6)
The further application of D, is meaningless since it produce 0 by ([2.2).

The situation (2.6)) occurs, e.g., after p — 2 applications of Dg on sinég)().
Case 2 If there exists k € N, k < 2™~2 — 1, such that

Dy, sin'? (-) = asind(-) cosh(-) (2.7)
then the application of Dg produces 0, see (2.1)). The situation (2.7]) occurs,
e.g., after p—1 applications of Dg on sinéz) (). This is the essential argument
in the proof that the exponent ¢ is always nonnegative, see [11, Lemma 4.6,
p.113] for more details.

3. PROOF OF MAIN RESULT
Proof of Theorem[1.1]. 1t follows from [I2, Theorem 6, p. 3] that

1
— i in(np+1)
ay = (p £ 1) mli%l-y sin,, (x) (3.1)

for p odd, and it is obvious that (3.1)) is valid for p even, since sin,(-) belongs to
C*>®(—mp/2,m,/2) in this case. We obtain ag = lim,_,o4 cosy(z) = 1 for p € N,
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p>2. Let n € Nand z € (0,7,/2). By [II, Lemma 4.5, p. 110]

onP—l_q
sin;"p'*'l) (z) = Z —Dg npt1 sing_1 (x) cosi_p (z)
k=0
onP—l_q
= Z Ao mpt1 Singk.n;H»l (z) Cosll,iqk’m'ﬂ (z),
k=0

where aj np+1 € R and gi npt1 € NU{0}. It follows that

onr—1l_q
L L 1-
lim 51n1(,"p+1)(:c) = E Ak npt1 lim sinmr+1 () cos,” P (x)
z—0+ P ’ z—0+

i1 (3.2)

= E Ak, np+1 -

k=0
Qk,np+1=0
Our first aim is to describe k € NU {0}, 0 < k < 2"7~! — 1 such that gz, = 0. We
use the alphabet V' = {0, 1} introduced in Definition for this purpose and we
employ the formula

Ghnpr1 = J(k)(p = 1)+ (np = 1= j(k))(=1) +p—1 (3-3)

proved in [I1l Lemma 4.5, p. 11)]. Let us recall that j(k) is the number of occur-
rences of D¢ in Dy pp+1. It follows from the condition gx,, = 0 that j(k) =n — 1.
Then k = 0 for n = 1 which implies

Jim, sing?™ (@) = — lim Do sing™ (x) cos; ™ (x) (3.4)
= lim (p—1)! sind (z) cos} () = —(p — 1)! '
by (2.1)), the definition of Ds. Substituting (3.4)) into (3.1) we obtain
1
ap=———-.
p(p+1)
We will assume n > 2 in the rest of the proof. Then
k= 2np—1—(i1—1) + 2np—1—(i2—1) 4.+ an—l—(in_l—l)
by (2.3). Moreover,
VseN, 1<s<n-—1: i;<sp. (3.5)
Indeed, let there exist so € N, 1 <s9<n—1: ¢5 > sop and let
b 0 for sp =1,
1= 2np717(i171) + 27117*1*(i2*1) +...+ 2”p717(i50*171) for So > 2.

The binary expansion (k1)2,i50,1 of kq defines Dkl’i50+1 by the composition of the
symbolic operators Dy and/or D, taking the first is, — 1 operators from Dy, 41 (in
the order of its application). The exponent gk, ;. +1 in Dy, i, +1 siné,z)(j satisfies

Ty igg+1 = (S0 = 1)(p = 1) + (i, =1 — S0 + 1)(—=1) +p— 1 = sop — is, <0
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by (3.3) and the assumption is, > sop. Since ggnp+1 > 0 for any n € NU {0}
and all 0 < k < 2"P~1 — 1 provided p > 1 be an integer, we get the contradiction.
Hence,
1 p 2p (n—1)p
ay = m Z Z e Z ako’np+1 5 (36)
Pl T st iniminatl
where ko = 2np—1=(i—=1) 4 onp=1-(i2=1) 4 = 4 gnp—1-(in-1-1)
It remains to express Gk, np+1 as the polynomial in p. We will apply Ds and/or

D. on sinz(f)(-) recursively. Let us denote by a; the coefficient and ¢; the exponent
obtained by i steps of recursion. The base cases are ag = —1 and ¢ = p — 1 by
(2.4) and inductive clauses are given by (2.1 and (2.2), i.e.,
i Qg if Dy is applied,
a1 =11 et (3.7)
—(1—gi)a; if D. is applied,
and
g —1 if Dy is applied
di+1 = . . . (3.8)
¢ +p—1 if D. is applied.

It follows from the definition of Dy, np+1 that the operator Dy is applied in the first
i1 — 1 steps of recursion. It means that

a1 =—pP-1{p-2)--(p-1-(i1-2)) and ¢,1=p—1-(i1—1).
by . Applying the operator D. on the next position we have
a, =—(p-1p-2)-p-1-(1=2)(-1)(1 - (p—1- (i1 — 1)),
¢, =2(p—1) = (i1 —1).
Applying i — 1 — 47 times the operator Dy and we obtain
a1 =—(p=1)(p—=2)--(p—1-(1 =2)(-1)A = (p—1- (i1 —1)))
xQ2p-1)—=(1—-1) - Q2p-1) - (i2—3))
and
Gi,-1=2(p—1) = (i2 —2)
(provided iz > i; + 1). The application of D, leads to
ai, =—(-1p-2)-1-(1-2)DA-(p-1-(i1—-1)))
xQ2p-1)-(1-1) - Q2p-1)-(i2=3)(-DA - 2(p—-1) = (i2—2)))
and
G, =3(p—1) = (i2—2).
It follows by the recursive application of Dy and/or D, that

i = (D[ T 0= 1= (ma = )] (=11 = (0= 1~ 2 — 1))
<[ T @r-1—m—2)] 00— o1~ (-2)
mo=11+1
ip—1—1
x| I (=01 m-1)

Mp—1=tn—2+1
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X (DA = ((n=1)(p—1) = (in-1 — (n = 1))))
and
G, ,=np—1)— (in-1—n+1),
where i, 1 is the last position of D.. Since the remaining symbolic operators in
Diy np+1 are Dg and qig np+1 = 0 by , we finally get

ako,np+1
i1—1
(D[ I =1 m = )| (=D (1= (= 1= (i~ 1)))
 ip—1
<[ TI ee-1-0m-2)|(-D0-CE-1)-G-2)-
Tma=ii+1 (3.9

<[ I (=De=1)- (- @-1))

TMp_1=in—2+1

X (=)@ =((n=1)(p—1) = (in-1 — (n=1))))

x n(p—1) — (ip_1 *n+1)}!

Substituting (3.9) into (3.6)) we obtain desired formula (1.7)). The positions i; = sp—

1 are excluded in (1.7)) since it produce zero due to the terms 1 — (s(p—1) — (is —s))
in product (3.9) (see Case 1 in Section [2)). O

4. CONCLUDING REMARKS

Remark 4.1. The proof of Theorem provides a procedure to generate any
coefficient «a,, n > 2 of Maclaurin series for sin,, when p > 2 is an integer. It
is convenient to generate all vectors v € {0,1}"~! with exactly n — 1 occurrences
of “1”s, which satisfy condition , ie.,

VseN, 1<s<n—1: i, <sp.

Let us note that i, is the position of “1” in v. Then the recursions with
ap = —1 and with gg = p — 1 can to applied by all possible vectors v to
obtain the coefficient a, € R. Let us remind that zero and one means that Dy and
D. is applied, respectively, and the order of application Dy and/or D, is reversed.
Finally, the resulting coefficient «,, is given as sum of all a, which is divided by
(np+ 1)L

Remark 4.2. The coefficients «,,, n > 2, can be also computed recursively by the
formula

L (b 1) )
o = (D[ Gmps JCENTE <np+2>]"

( n+1

e X 3

11=1 1d9=121+1
i17p—1i27#2p—1

np—2 i1—1

> [IMe-1-tm-)jt-m-1-@-1)

in—1=in—2+1 mi=1
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[T @r—1—ma—2)]0 - @p-1) - (2 2) -
mo=1t1+1

ip—1
< I =1 = ma—n)]

My =lp—1+1

X (1= (n(p—1) = (in — n))))[n(p — 1) = (in —n)]!

with a1 = —1/(p(p+1)).
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