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Abstract: Existence, uniqueness and continuous dependence results together with maximum principles rep-
resent key tools in the analysis of lattice reaction-diffusion equations. In this paper, we study these questions
in full generality by considering nonautonomous reaction functions, possibly nonsymmetric diffusion and
continuous, discrete or mixed time. First, we prove the local existence and global uniqueness of bounded
solutions, as well as the continuous dependence of solutions on the underlying time structure and on ini-
tial conditions. Next, we obtain the weak maximum principle which enables us to get the global existence of
solutions. Finally, we provide the strong maximum principle which exhibits an interesting dependence on
the time structure. Our results are illustrated by the autonomous Fisher and Nagumo lattice equations and
a nonautonomous logistic population model with a variable carrying capacity.
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1 Introduction

The classical reaction-diffusion equation o;u = ko u + f(u) is a nonlinear partial differential equation
frequently used to describe the evolution of numerous natural quantities (chemical concentrations, tem-
peratures, populations, etc.). These phenomena combine a local dynamics (via the reaction function f) and
a spatial dynamics (via the diffusion). It is well known that solutions to reaction-diffusion systems can exhibit
rich behavior such as the existence of traveling waves or formation of spatial patterns [32].

Motivated by applications in biology, chemistry and kinematics [2, 10, 12, 19], various authors have
considered the lattice reaction-diffusion equation (see [7, 8, 36, 37])

oru(x, t) = k(u(x + 1, t) - 2u(x, t) + u(x — 1, t)) + flu(x, t)), x€Z, te[0,0), (1.1)
as well as the discrete reaction-diffusion equation (see [8, 9, 18])
u(x, t+ 1) —u(, t) = k(u(x + 1, £) = 2u(x, t) + u(x - 1, t)) + flu(x, t)), x €2z, t € Np. (1.2)

Naturally, equations (1.1) and (1.2) are also interesting from the standpoint of numerical mathematics since
they correspond to semi- or full discretization of the original reaction-diffusion equation [18].

The literature dealing with equations (1.1) and (1.2) studies mainly the dynamical properties such as the
asymptotic behavior [5, 33, 34], existence of traveling wave solutions [8-10, 21, 35-37] and pattern forma-
tion [6-8], in particular for specific nonlinearities (e.g., the Fisher or Nagumo equation). A growing number of
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studies have dealt with those questions in nonautonomous cases [17, 24]. In this paper, we study (1.1)-(1.2)
with a general time- and space-dependent nonlinearity f. Our focus lies on the existence, uniqueness, con-
tinuous dependence (both on the initial condition as well as on the underlying time structure/numerical
discretization), and a priori bounds in the form of weak and strong maximum principles. Note that both con-
tinuous dependence and maximum principles are key assumptions in the proofs of the existence of traveling
waves [21, 35]. Our goal is to explore and describe them in full generality.

In order to consider both (1.1) and (1.2) at once and motivated by convergence issues and continuous
dependence of solutions on the time discretization, we use the language of the time scale calculus [4, 16].
We do not restrict ourselves to symmetric diffusion (see the following paragraph) and consider the nonau-
tonomous reaction-diffusion processes

W (x, t) = au(x + 1, t) + bu(x, t) + cu(x — 1, t) +flu(x, t),x,t), xeZ,teT, (1.3)

where a, b, c € R, T € Ris a time scale, and the symbol u® denotes the delta derivative with respect to time.
Our results are new even in the special cases T = R (when u® becomes the partial derivative o;u) and T = Z
(when u? is the partial difference u(x, t + 1) — u(x, t)).

Ifa = cand b = -2a, then (1.3) becomes the symmetric lattice reaction-diffusion equation. The asymmet-
riccasea # ¢, b = —(a + c) corresponds to the lattice reaction-advection-diffusion equation. Next, if c = 0 and
b =-a,orifa=0and b = —c, then (1.3) reduces to the lattice reaction-transport equation. For more details
and other special cases see [29, Section 1].

In Section 2, we formulate (1.3) as an abstract nonautonomous dynamic equation and prove the local
existence of solutions. In comparison with the existing literature [5, 33, 34], we do not work in the Hilbert
space £%(Z) or in the weighted spaces E%(Z) but in the Banach space £°°(Z); as explained in [12], this is
a much more natural choice. We also prove the uniqueness of bounded solutions. In Section 3, we use tech-
niques from the Kurzweil-Stieltjes integration theory to show the continuous dependence of solutions on the
time scale (time discretization). In the special case, this implies the convergence of solutions of (1.2) to the
solution of (1.1) as the time discretization step tends to zero. Following the ideas from [31] (which deals with
initial-boundary-value problems on finite subsets of Z), we provide weak maximum and minimum principles
in Section 4. These a priori bounds, as usual, depend strongly on the time structure. Combined with the local
existence results they enable us to prove the global existence of bounded solutions to (1.3). We illustrate our
findings on the autonomous logistic and bistable nonlinearities (Fisher and Nagumo equations) and a nonau-
tonomous logistic population model with a variable carrying capacity. Finally, in Section 5, we conclude with
the strong maximum principle. In the linear case f = 0, the weak maximum principle was already proved in
[29, Theorem 4.7], but the strong maximum principle is new even for linear equations.

2 Local existence and uniqueness of solutions

In this section, we study the local existence and global uniqueness of solutions to the initial-value problem

U, t) = au(x + 1, t) + bu(x, t) + cu(x — 1, t) + flu(x, t), x, t), X€Z,te [to, T},

(2.1)
u(x, to) = ud, Xez,

where {ug}xez isabounded real sequence, a, b, c € R, T € Risatimescaleand to, T € T.We use the notation
[a, Blr = [a, BINT, a, B € R, and

« [to, T]T if T is left-dense,
[tO’ T]’][‘ = . .
[to, T)r if T is left-scattered.

We impose the following conditions on the function f : R x Z x [to, T]T — R:
(H1) fis bounded on each set B x Z x [tq, T]T, where B c R is bounded.
(H2) f is Lipschitz-continuous in the first variable on each set B x Z x [to, TlT, where B ¢ R is bounded.
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(H3) For each bounded set B ¢ R and each choice of € > 0 and ¢t € [ty, T] there exists a § > O such that if
se(t-6,t+06)n[ty, Tlr, then |f(u, x, t) — f(u, x,s)| < eforallu € B, x € Z.
We begin with a local existence result. Given a function U : T — €°°(Z), the symbol U(t), denotes the
x-th component of the sequence U(t), and should not be confused with the derivative of U with respect to x
(which never appears in this paper).

Theorem 2.1 (Local existence). Assume that the function f : R x Z x [tg, T]T — R satisfies (H1)-(H3). Then
for each u® e £°(Z) the initial-value problem (2.1) has a bounded local solution defined on Z x [to, to + 6],
where 6 > 0 and § > pu(to). The solution is obtained by letting u(x, t) = U(t)y, where U : [to, to + 8] — €°(Z)
is a solution of the abstract dynamic equation

UA(t) = dU(D), b),  Ulto) = u°,
with @ : £°°(Z) x [ty, TlT — €°°(Z) being given by
O({ux}xez, ) = {@Uxs1 + buy + cuy g + fluy, X, O}, .
Proof. Condition (H1) guarantees that ® indeed takes values in £°°(Z). Choose an arbitrary p > 0 and denote

B={uecet®@):lu-u’le,<p} and B= [)i(reléug —p,suguf? +p] CR.
Xe

Note that if u,v € B, then uy, vy, € B for all x € Z. If L is the Lipschitz constant for the function f on
B x Z x [to, T]T, we get
"q)(u’ t) - (D(Va t)”oo

< lafuxsr — Vxeadxezlloo + 1b{ux = Vidxezlloo + lc{tn-1 = Vx-1}xezlloo + |{f(txs X, £) = fvi, X, O} cplloo

< (lal +1bl + |cDlu = Vieo + Lllu = Vlo-
This means that @ is Lipschitz-continuous in the first variable on B x [to, T]T.

Next, we observe that @ is bounded on B x [tg, T]t. Indeed, let M be the boundedness constant for the
function |f] on B x Z x [tg, T]t. For each u € B we have uy € B for each x € Z, and consequently

1P, Dlloo < lafuxsilxezllco + 1b{Uuxdxezlloo + Ic{tix-1}xezlloo + "{f(ux, X, t)}XGZ"oo

< (lal + |b] + [chlulleo + M < (lal + bl + 1D lloo + p) + M.

Finally, we claim that @ is continuous on B x [to, T]t. To see this, consider an arbitrary € > 0 and a fixed
pair (u, t) € B x [tg, T]t. Let § > 0 be the corresponding number from (H3). Then for all (v, s) € B x [to, Tl
with |u - V| < €and s € (t - 6, t + 6) N [to, T]T we have

[P(u, t) = DV, S)lloo < 1DP(u, t) — DV, Hllco + |P(V, t) = DV, $)lo
< (lal + bl + lcl + L)llu = Vlieo + [{f(vi, X, ) = flvie, X, $)}rez oo
< (la]l +|b| +|c|+L + 1)e,

which proves that @ is continuous at the point (u, t).
By [4, Theorem 8.16], the initial-value problem

ULt = DU, 1),  Ulto) = u°,

has a local solution defined on [tg, ty + 6], where § > 0 and 6 > u(tp). Letting u(x, t) = U(t)y, x € Z, we see
that u is a solution of the initial-value problem (2.1). O

Note that even in the linear case f = 0 the solutions of (2.1) are not unique in general (see, e.g., [29, Section 3])
and the uniqueness can be expected only in the class of bounded solutions. In the next theorem, we tackle
this issue for an initial-value problem which generalizes (2.1).

Theorem 2.2. Assume that ¢ : £*°(Z) x Z x [to, T]lT — R satisfies the following conditions:
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(i) ¢ is bounded on each set B x Z x [to, T]T, where B c £*°(Z) is bounded.
(i) ¢ is Lipschitz-continuous in the first variable on each set B x Z. x [to, T]1, where B c £°(Z) is bounded.
Then for each u® e £°°(Z) the initial-value problem

ub(x, t) = p(fulx, O} ez X t), ulx, to) = ul, xez,telto, 1%, (2.2)
has at most one bounded solution u : Z x [to, T]T — R.
Proof. Assume that uy, u, are two bounded solutions that do not coincide on Z x (to, T]; let
t = inf{r € (to, Tlt : u1(x, 7) # uz(x, ) for some x € Z}.

We claim that uq(x, t) = ua(x, t) for every x € Z. If t = t¢, the statement is true. If t > to and ¢ is left-dense,
then the statement follows from the continuity of solutions with respect to the time variable. Finally, if
t > tp and t is left-scattered, then uq(x, p(t)) = ua(x, p(t)), and the statement follows from the fact that

uf (x, p(t)) = ud(x, p(t)).

If t is right-scattered, then uq(x, t) = u>(x, t) and u%(x, t) = u%(x, t) imply u; (x, o(t)) = ua(x, o(t)), a con-
tradiction to the definition of ¢. Hence, t is right-dense. Since the functions U;(1) = {u;(x, T)}xez, i € {1, 2},
T € [tg, T]T, are bounded, their values are contained in a bounded set B c ¢°°(Z). By the first assumption,
there is a constant M > 0 such that |¢| < M on B x Z x [to, T]y. We have

t, t
ui(x, to) — uj(x, ty) = J'uiA(x, T)AT = J(p(Ui(T),X, T)At, ie€{l,2}, t1,t2>tp, x€Z
ty ty

(the last integral exists at least in the Henstock—Kurzweil sense; see [23, Theorem 2.3]). It follows that
|ui(X’ tz) - ui(X’ tl)l < |t2 - tllM; l € {11 2}, tl, tZ > t(); X € Z9
and therefore
||Uz(t2) - Ul(tl)"OO < |t2 - tllMy l € {1’ 2}: tl’ tz > tOy

i.e., the functions Uy, U, are continuous on [tg, T]r.
By the second assumption, the mapping ¢ is Lipschitz-continuous in the first variable on B x Z x [to, T]r;
let L be the corresponding Lipschitz constant. Then

ur(x, r) = uz(x,r) = J eWU1(1), x, T) — (Ux(7), x, T)AT, 1>t
t

1U1(r) = U2(Nlleo < JLII U1(7) - U2(7)lleoAT, rzt
t

(the last integral exists since U; — U, is continuous). Consequently, for each s € [t, T]t we have
sup]ll Ui(1) = Ua(Dlleo < (s - )L sup]IIUl(T) = U2(Dllco-

TE(t,s TE[t,s

Since t is right-dense, there is a point s € [t, T]y with s > t and (s — t)L < 1. Substituting this inequality into
the previous estimate, we arrive at a contradiction. O

The uniqueness of bounded solutions to the initial-value problem (2.1) is now a simple consequence of the
previous theorem.

Theorem 2.3 (Global uniqueness). Assume that f: R x Z x [tg, T]T — R satisfies (H1) and (H2). Then for
each u® e £°°(Z) the initial-value problem (2.1) has at most one bounded solution u : Z. x [to, TlT — R.

Proof. Note that (2.1) is a special case of (2.2) with the function ¢ : £%°(Z) x Z x [to, Tt — R being given
by
O({uxlxezs X, t) = AUy + buy + Cux-1 + fluy, X, t).

Hence, it is enough to verify that the two conditions in Theorem 2.2 are satisfied.
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Given an arbitrary bounded set B ¢ £*°(Z), there exists a bounded set B ¢ R such that u € B implies
Uy € B, x € Z. Hence, the first condition in Theorem 2.2 is an immediate consequence of (H1). To verify the
second condition let L be the Lipschitz constant for the function f on B x Z x [to, T]t. Then, for each pair of
sequences u, v € B c £°(Z), we have

lo(u, x, t) — o, x, )] < (lal + bl + |cl) - lu = Vleo + [f(Ux, X, t) = flvy, X, )]

< (lal + bl +|c| + L) - lu = Vlco,

which means that ¢ is Lipschitz-continuous in the first variable on B x Z x [to, T]r. O

3 Continuous dependence results

This section is devoted to the study of continuous dependence of solutions to abstract dynamic equations
with respect to the choice of the time scale. The results are also applicable to (2.1), whose solutions (as we
know from Theorem 2.1) are obtained from solutions to a certain abstract dynamic equation.

We begin by proving a continuous dependence theorem for the so-called measure differential equations,
i.e., integral equations with the Kurzweil—-Stieltjes integral (also known as the Perron-Stieltjes integral) on
the right-hand side. For readers who are not familiar with this concept it is sufficient to know that the integral
has the usual properties of linearity and additivity with respect to adjacent subintervals. The main advantage
with respect to the Riemann-Stieltjes integral is that the class of Kurzweil-Stieltjes integrable functions is
much larger. For example, if g : [a, b] — R has bounded variation, then the integral j: f(t)dg(t) exists for
each regulated function f : [a, b] — X, where X is a Banach space (see [26, Proposition 15]).

The statement as well as the proof of the next theorem are closely related to [3, Theorem 5.1]; for more
details, see Remark 3.3.

Theorem 3.1. Let X be a Banach space and B < X. Consider a sequence of nondecreasing left-continuous
functions gy, : [to, T] — R, n € Ny, such that g, = go on [tg, T]. Assume that @ : B x [to, T] — X is Lipschitz-
continuous in the first variable. Let xy, : [to, T] — B, n € Ny, be a sequence of functions satisfying

t
Xa(t) = Xn(to) + j D(xn(s), ) dga(s), ¢ € [to, T], n € No,
to

and x,(ty) — xo(to). Suppose finally that the function s — ®(xo(s), ), S € [to, T, is regulated. Then x, = Xo
on [to, T].

Proof. Since gn(to) — go(to) and gn(T) — go(T), the sequences {gn(fo)}no, and {gn(T)};2; are necessarily
bounded. Hence, there exists a constant M > O such that

varte(t,, ) §n(t) = gn(T) — gn(to) <M, neNN.
The Kurzweil-Stieltjes integral ftz D(xo(s), s) d(gn — go)(s) exists because s — D(xo(s), s) is regulated and

gn — go has bounded variation. Since g, — go = 0, it follows from [22, Theorem 2.2] that

t
Jim [ @0xo(s). 5) (g - £0)(s) = 0
to
uniformly with respect to t € [to, T]. Thus, for an arbitrary € > 0 there exists an ny € IN such that

t

|[ @eo(s). ) d(ein - g0 < & m>mo, e lto, T
to

Moreover, the index ng can be chosen in such a way that || x,(to) — xo(to)| < € for each n > ng.
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Consequently, the following inequalities hold for each n > np and ¢ € [¢to, T]:
t
1n(6) = x0(6)]| < Ixn(£o) — Xo(to)] + |H D(xn(s), 5) dgn(s) - j D(xo(s), 5) dgo(S)”

to tO
t t

ce+ |”(<D(xn(8), ) - D(xo(s), 5)) dgn(s)] + ||j D(xo(s), 5) (g - £0)(5)|

to to

t
<2e+ jIIfD(xn(S), s) — D(xo(s), s)l dgn(s)
to

t
<26+l [uxn(s> ~ Xo(s)] dga(s),
to

where L is the Lipschitz constant for the function ®@. Using Gronwall’s inequality for the Kurzweil-Stieltjes
integral (see, e.g., [25, Corollary 1.43]), we get

X () = xo(6)]| < 2eeEO=8nlto)) < 2eelM 1 > ot € [to, T1,
which completes the proof. O

We now use the relation between measure differential equations and dynamic equations to obtain a contin-
uous dependence theorem for the latter type of equations. Since we need to compare solutions defined on
different time scales (whose intersection might be empty), we introduce the following definitions.
Consider an interval [tg, T] ¢ R and a time scale T with to € T, supT > T. Let g1 : [to, T] — R be given
by
gr(t) =inf{s € [to, TIr : s = t}, t € [to, T].

Each function x : [ty, T]T — X can be extended to a function x* : [to, T] — X by letting

x*(t) = x(gp(t), telto, T]. (3.1)

Note that x* coincides with x on [ty, T]r, and is constant on each interval (u, v], where (u, v) Nn'T = 0. We will
refer to x* as the piecewise constant extension of x, see Figure 1.

We are now ready to prove a theorem dealing with continuous dependence of solutions to abstract
dynamic equations with respect to the choice of the time scale and initial condition.

Theorem 3.2 (Continuous dependence). Let X be a Banach space and B < X. Consider an interval [ty, T] ¢ R
and a sequence of time scales {T'y},>, such that to € Typand T € T, foreachn € No and gr, = gr, on [to, T.
Denote

o~
T= U T,.
n=0

Suppose that @ : B x [to, T]T — X is continuous on its domain and Lipschitz-continuous with respect to the
first variable. Let x : [to, TlT, — B, n € No, be a sequence of functions satisfying

Xq(t) = D(xn(t), 1), te[to, TI§ , n € No,

and xu(to) — Xxo(to). Then the sequence of piecewise constant extensions {x;};2, is uniformly convergent to
the piecewise constant extension x; on [to, T]. In particular, for every € > O there exists an no € N such that
xn(t) — xo(O)|l < € for alln = no, t € [to, T, N [to, T],.

Proof. According to the assumptions, we have
t

Xn(t) = Xn(to) + j D(xn(s), $)As,  t € [to, T, n € No.
to

Brought to you by | Zapadoceska univerzita v Plzni - University of West Bohemia
Authenticated
Download Date | 3/5/19 7:02 AM



DE GRUYTER A. Slavik, P. Stehlik and ). Volek, Lattice reaction-diffusion equations =— 309

Figure 1: The piecewise constant extension x* (gray) of a function x (black); see (3.1).

For each n € Ny let x; : [to, T] — X be the piecewise constant extension of x,,. Using the relation between
A-integrals and Kurzweil-Stieltjes integrals (see [27, Theorem 5] or [11, Theorem 4.5]), we conclude that x;;

satisfy
t

Xp(t) = xp(to) + JGD(XZ(S), gr,(s))dgr,(s), teto, T], n € No. (3.2)
to
Let ®* : B x [to, T] — X be given by

D (x,t) = D(x, gr(t)), xe€B, telty, Tl
Note that for each s € [to, T]T, we have
D(x,(5), &1, (5)) = D(x,(5), 5) = D(xy(5), gr(S)) = D (x5 (S), S).

Thus, by [11, Theorem 5.1], the integral equation (3.2) is equivalent to
t
xXn(t) = x5 (to) + J O* (x5 (s), s)dgr,(s), tel[tyo, T], n € No.
to
Because xq is continuous on [to, T]r,, its piecewise constant extension x; is regulated on [fo, T]
(see [27, Lemma 4]). Moreover, its one-sided limits at each point of [tg, T] are elements of B (note that
xg([to, T1) = xo([to, T]T,) is compact because xq is continuous and [to, T]r, is compact). The function gy
is the piecewise constant extension of the identity function from [tq, Tt to [to, T]; therefore (again by
[27, Lemma 4]), gt is regulated on [fo, T]. Consequently, the function s — (x(s), gr(s)) is also regulated
on [tg, T], and its one-sided limits have values in B x [to, T]t. The continuity of ® on B x [to, T]t implies
that s — D(x;(s), gr(s)) = P*(x;(s), s) is regulated on [to, T]. According to Theorem 3.1, we have x;; = x;
on [to, T]. O

Remark 3.3. The problem of continuous dependence of solutions to dynamic equations with respect to the
choice of time scale has been studied by several authors; see, e.g., [1, 3, 13-15, 20]. Our approach is close to
the one taken in [3] or [13]; it relies on the continuous dependence result for measure differential equations
from Theorem 3.1, which is similar in spirit to [3, Theorem 5.1]. In this context, it seems appropriate to include
a few remarks:

o Although the statement of [3, Theorem 5.1] is essentially correct, the proof provided there is based on an
erroneous estimate of the form ||ftt0 fndgn - jfo fndgoll < L: Md(gn — 8o), Where f,, fo are certain func-
tions whose norm is bounded by M, and g,, 8o are nondecreasing.

o The assumption that the Hausdorff distance between T, and T tends to zero is never used in the proof
of [3, Theorem 5.1], and can be omitted. On the other hand, the assumption that the above-mentioned
integral ftf fndgo exists is missing.

e The result [3, Theorem 5.1] deals with measure functional differential equations; our Theorem 3.1 and
its proof can be easily adapted to this type of equations.

The next result shows that each time scale can be approximated by a sequence of discrete time scales in such
a way that the assumptions of Theorem 3.2 are satisfied. We introduce the following notation:

U = max t).
Hr te[to,T)Ty( )
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Theorem 3.4. If Ty c Ris a time scale with to, T € To, there exists a sequence of discrete time scales {Ty}5,
with Ty, € To, min Ty, = to, max Ty, = T, and such that gt, = g, on [to, T].

Moreover, ifﬁTO =0, thenlim,_o I_hrn = 0; otherwise, ifﬁ1r0 > 0, then the sequence {T};,2, can be chosen
so that py, = pp, foralln € N.

Proof. We start by proving that for each € > 0 there exists a left-continuous nondecreasing step function

8¢ ¢ [to, Tl — Rsuch that g¢(to) = to, 8:(T) = T, and ||g¢ — 81, llco < €.

Given an € >0, let to = xg <Xy <---< Xy = T be a partition of [to, T] such that x; — x;_1 <¢g,ie{l,...,m}.

We begin the construction of the step function g; : [to, T] — R by letting g.(T) = T. Then we proceed by

induction in the backward direction and define g on [xm-1, Xm), - . . » [X0, X1). At the same time, we are going

to check that [igT, — 8¢llco < € On these subintervals, and also ensure that g.(x;) = x; whenever x; € To; this
will guarantee that g.(to) = to.

Assume that g is already defined at x; and we want to extend it to [x;_1, x;). We distinguish between two
possibilities:

o If Ty N [xi-1, X;) = 0, then, by the definition of gr,, we have g, (t) = gr,(x;) for each ¢ € [x;_1, x;). Let
8e(t) = ge(xi), t € [xi—1, Xi). Then |g:(t) — g1, (t)| = |8(X;) — g1, (xi)| < &, where the last inequality follows
from the induction hypothesis.

o If Ty N [xi_1, x;) is nonempty, let ¢; be its supremum. Define

Xi-1  ifxj_1 € To,
ti ifxi_1 ¢ To,

ti if t i-1, til,
gg(t)=\|l if t € (xj-1, ;]

8e(xi_1) =

ge(xi) ift e (t;, x;).

Note that ¢; might coincide with x;. In this case, we necessarily have x; € Ty, and therefore, by the induc-
tion hypothesis, g.(x;) = x;; this guarantees that g. is left-continuous at x;.
For each t € [x;_1, t;] we have x;_1 <t < g1, (t) < t;. Hence, there holds O < t; — g, (t) < t;i — xi_1 < &,
which in turn means that |g.(¢) — g1,(t)| < €. Foreach t € (¢;, x;) it follows from the definition of gr, that
81, (t) = g1, (xi), and therefore |g¢(t) — gr, (t)| = |ge(xi) — g1, (Xi)| < €.
Observe that the function g, constructed in this way has the property that g.(t) > t, and observe that g.(t) = ¢
implies t € Ty.
Choosing € = 1/n, n € N, we get a sequence of left-continuous nondecreasing step functions {g1/n}5e,
such that g1/, = g, on [to, T]. For each n € N consider the set

Ty = {t € [to, T] : g1n(t) = t}-

Clearly, top and T are elements of Ty, and Ty < To. Moreover, T}, is finite since g1/, is a step function and
therefore its graph has only finitely many intersections with the graph of the identity function. Thus, T}, is
a discrete time scale. It follows from the definition of T, that g1, = g1/n, and therefore g1, = gr, on [to, T].
To prove the final part of the theorem, we distinguish between two cases:
+  Assumethat uy > 0.Letyo = to, and constructa sequence of points y; < --- < yi = T using the recursive
formula
i =sup(yi-1, Yi-1 + fr, 1 N [to, Tl
Since the graininess of T never exceeds iy, , the set whose supremum is being considered is never empty.
Also, note that yj;1 — yi_1 = I_lm) (otherwise, the point y;;; would have been chosen directly after y;_1).
Thus, the recursive procedure always terminates by reaching the point yx = T for some k € N.
In the construction of the function g, described at the beginning of this proof, we can always assume that
the points yo, ..., yx are among Xo, . . . , X;y. The construction then guarantees that g:(y;) = y; for each
i€{0,...,k}. Consequently, the points yq, ..., yx are contained in all of the time scales Ty, n € N, and

Hr < max(y; —Yi-1) < Ur. -
M, 1sisk()’z Yi-1) < U,
On the other hand, since Ty, ¢ To, we have py < py , which in turn means that py, = py, .
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+  Assume that g, = 0. If y is the graininess function of an arbitrary time scale T with minT = ¢, and
supT > T, observe that gr(t+) — gr(t) = u(t) if t € [to, T)1, and gp(t+) —gr(t) =0 if ¢ € [¢o, T) \ T.
Hence, we have

Mp= sup u(t)= sup (gr(t+)-gr(t)).
telto, T te[to,T)

Since g1, = g1, on [to, T], the Moore—Osgood theorem implies that g, (t+) — g, (£) = g, (t+) — &1, ()
on [tg, T), and therefore
lim py = lim ( sup (gr,(t+) - gr, (1))
tefto, T)

n—oo n—-oo

= sup (g, (t+) — gt,(t)) = Yy, = 0. -
telto, T)

4 Weak maximum principle and global existence

A natural task in the analysis of diffusion-type equations is to establish the maximum principles. Given an
initial condition u® € £°(2), let

) 0
m=infuy, M =supu,.
X€EZ XxeZ

We introduce the following conditions, which will be useful for our purposes:
(H4) a,b,c e Raresuchthata,c>0,b<0anda+b+c=0.
(H5) b <Oand puy < -1/b.
(H6) There existr, R € R such that r < m < M < R, and one of the following statements holds:
e Up=0andf(R,x,t)<0<f(r,x,t)forallx € Z, t € [to, Tlr.
e ur>0and
Lleb oy < < BEPER (R
T KT
forallu e [r,R],x € Z, t € [to, Tr.

Remark 4.1. Let us notice the following:
o If (H4)-(H5) are not satisfied, then the maximum principle does not hold even in the linear case
with f = 0; see [29, Section 4].
o (H6) defines forbidden areas that the function f( -, x, t) cannot intersect for any x € Z, t € [tq, T]r, simi-
larly to [31] (see Figure 2).
o If (H5) holds, there exists a function f satisfying (H6); indeed, the linear functions
1+puph

1+urb
Pru) = —FT2Gu) and po(u) = —LT2R - w)
Hr HT

have identical nonpositive slopes, and the constant term of 1; is less than or equal to the constant term
of,. Ifyi = —1/borr = R, then (H6) is equivalent to f(u, x, t) = Oforallu € [r, R],x € Zand t € [to, Tlt.
Finally, if iy > —=1/b and r < R, there does not exist any function satisfying (H6).

If (H6) holds in the continuous case = 0, the following lemma shows that (H6) is also satisfied for all
sufficiently fine time scales (specifically, for almost all of the discrete approximating time scales T}, from
Theorem 3.4).

Lemma 4.2. Assume that iy = 0 and (H2) and (H6) hold. Then there exists o > O such that for all € € (0, go]
the following inequalities hold:

1+¢€b 1+¢b
T (r-—u) < flu,x, t) < T
£ £

Proof. Let L >0 be the Lipschitz constant for the function f on the set [r, R] x Z x [to, T]. Then for all

uelr,Rl,xeZandt € [ty, T] we obtain
flu, x, t) < flu, x, t) = f(R, x, t) < |f(u, x, t) = f(R, X, t)| < Llu - R| = L(R - u),
f(us X, t) Zf(uyxs t) _f(r,X, t) = _|f(u’X’ t) _f(r! X, t)| 2 _Llu - rl = L(r_ u)'

(R-u) foralluce[r,R], xeZ,tcelty,T]. (4.1)
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Figure 2: lllustration of (H6). The values r, R are chosen so that the function f(-, x, t) does not intersect the gray forbidden
areas. The slope of the boundary dashed lines is determined by the values of p.

Since L(r — u) < f(u, x, t) < L(R - u), the two inequalities in (4.1) will be satisfied if 1/e + b > L, i.e., for all
g€ (0,1/(L-Db)]. O

The following lemma represents a weak maximum principle for time scales containing no right-dense points;
it will be a key tool in the proof of the general weak maximum principle.

Lemma 4.3. Assume that [to, T)T does not contain any right-dense points, conditions (H4)—-(H6) hold and
u:7Zx[ty, TIt — Ris a solution of (2.1) with u® € £°(Z). Then

r<u(x,t)<R forallxeZ, te [ty, Tlt. (4.2)

Proof. We show the statement via the induction principle [4, Theorem 1.7] in the variable t. For a fixed
t € [tp, T]T we have to distinguish among three cases:
o Fort =ty we obtain from the definitions of m and M and from (H6) that

r<m<u(x,tp) <M<R forallxeZ.

e Lett € (tg, Tt be left-dense and assume that r < u(x, s) < R forall s € [to, t)r and x € Z. Then the con-
tinuity of the function u(x, -) on [to, T]T implies

r<u(x,t) = SILIE u(x,s) <R forallx e Z.
e Lett e [ty, T)t beright-scattered, i.e., necessarily p > 0, and
r<u(x,t)<R forallx e Z. (4.3)
We have to show that
r<u(x,t+ur(t) <R forallx € Z. (4.4)

Notice that from (H5) and from the fact that piy > pr(t) > 0 we get

ogl-"_”Tb:_i b< 1 :1+y1r(t)b
Iz Kt (D) Hr(t)
Consequently, (H6) yields
1+ pur(H)b 1+ pur(6)b

(r-u) < flu,x,t) < (R-u) foralluelrR], xeZ,tcelty, Tlt. (4.5)

ur(t) ur(t)
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Let us prove the latter inequality in (4.4). Using the equation in (2.1), we obtain the estimate

u(x, t+pr(t) = pr(®aux+1,6) + (1 + prt)b)u(x, t) + pr(t)cu(x - 1, t)
+ IJT(t)f(u(X’ t)’ X, t)
<ur(t)(a+ )R+ (1 + ur(t)b)ulx, t) + ur(f(u(x, t), x, t)  (by (H4) and (4.3))

= —pur(ObR + (1 + pr(®b)u(x, t) + prO)f(ulx, t), x, t) (by (H4))
< —ur(bR + (1 + pur(O)b)u(x, t) + (1 + ur(t)b)(R — u(x, t)) (by (4.3) and (4.5))
=R

for each x € Z. The former inequality in (4.4) can be shown in a similar way.
We do not have to consider the case when t is right-dense since T does not contain any such point. Therefore,
the induction principle yields that (4.2) holds for all x € Z, t € [to, T]. O

We now proceed to the general weak maximum principle for (2.1), where T is an arbitrary time scale (i.e.,
allowing right-dense points). The basic idea of the proof is to use the continuous dependence results from
Theorems 3.2 and 3.4 to approximate the solution of (2.1) on any time scale by solutions of (2.1) defined on
discrete time scales, for which we can apply Lemma 4.3.

Theorem 4.4 (Weak maximum principle). Assume that (H1)-(H6) hold. If u : Z. x [to, T)T — R is a bounded
solution of (2.1), then
r<u(x,t)<R forallxeZ, t € [ty, Tlr. (4.6)

Proof. From Theorems 2.1 and 2.3 we obtain that u has to be unique and U(t) = {u(x, t)}xcz is the unique
solution of the abstract initial-value problem

UML) = DU®), 1),  Ulto) = u°,
where @ : £°(Z) x [to, Tl — €*°(Z) is given by
D({uxlxez, t) = {@Uxs1 + DUy + Clx_q + fUx, X, O}, 7.

According to Theorem 3.4, there exists a sequence {T',};>; of discrete time scales such that T, < T,
min T, = tg, max Ty, = T, and g1, = gr. Moreover, we have either ji = 0 and My, — O,0r iy =y for all
n € N. In any case, using (H5), we get the existence of an ng € IN such that

Mr, < —% forall n > no.

If p = 0, it follows from Lemma 4.2 that ng can be chosen in such a way that the inequalities

1 +111r,,(t)b(r_ W) < fanx, 6) < 1+ pr, ()b

R-u) foralluce[rR], xeZ,tceclty, Tlt,,
wr, (0 e (0 ( ) [r, R] [to, TlT

hold for each n > no. If iy > 0, the same inequalities hold for each n € IN because of (H6) and the fact that

.l_'l’IF,, = M-
Therefore, because T, are discrete time scales, Lemma 4.3 yields that the corresponding solutions
Un : Z x [to, TlT, — Rof (2.1) satisfy

r<up(x,t)<R forallx e Z, te [to, Tlt,, n > no,
i.e., for U, (t) = {up(x, t)}xez we have

r < inf Un(t)x < sup Un(t)x <R forall ¢ € [to, Tlr,, n > no. (4.7)
X€Z. XeZ,

Since the solution U is bounded, there is an S > 0 such that |U(t)|o, < S for each t € [to, T]T. Let
B ={V € £X(Z) : |Vl < max(|r|, [R|, S)}.
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As in the proof of Theorem 2.1, one can show that the restriction of the mapping ® to B x [tq, T]t is continu-
ous on its domain and Lipschitz-continuous in the first variable. Therefore, if we let Ty = T, the assumptions
of Theorem 3.2 are satisfied (recall that Uy(t) € B for all t € T,, and n > ng from (4.7), and U(t) € B for all
t € T immediately from the definition of B), and hence U} = U* on [to, T].

From the definition of the piecewise constant extension U;; and from (4.7) it is obvious that

r<inf U;(t)x <sup U, (t)y <R forallt € [to, T], n > no. (4.8)
X€Z. X€EZ

Since U;; = U* on [to, T], inequalities (4.8) imply

r< in% U*(t)y <supU*(t)y <R forallt e [tg, T].
X€E

X€EZ

Particularly, there has to be

r<inf U(t)y <sup U(t)y <R forallt e [to, TlT,
XEZ xeZ

which proves that (4.6) holds. O

Remark 4.5. In connection with the previous theorem, we point out the following facts:

o The classical maximum principle guarantees that m < u(x, t) < M, i.e., it corresponds to the case when
r = m and R = M. However, for this choice of r and R, condition (H6) need not be satisfied. Choosing
r < mand R > M, we can soften (H6), and obtain the weaker estimate r < u(x, t) < R.

o An examination of the proofs of Lemma 4.3 and Theorem 4.4 reveals that if we are interested only in
the upper bound u(x, t) < R, it is sufficient to assume that a + b + ¢ < 0. Symmetrically, to get the lower
bound u(x, t) > r, it is enough to suppose that a + b + ¢ > 0.

As an application of the weak maximum principle, we obtain the following global existence theorem. Since
we consider a general class of nonlinearities f, the result is new even in the special case T = R.

Theorem 4.6 (Global existence). Ifu® € ¢*°(Z) and (H1)-(H6) hold, then (2.1) has a unique bounded solution
u:7zZx|ty, Tlt — R.

Moreover, the solution depends continuously on u° in the following sense: For every € > O there exists
a & > 0 such that if v° € £°(2), r <V <R for all x € Z, and |[u® - v°|«, < 8, then the unique bounded solu-
tionv : Z x [to, TIT — R of (2.1) corresponding to the initial condition v° satisfies |u(x, t) — v(x, t)| < € for all
xezZ,te [ty, Tlr.

Proof. We know from Theorems 2.1 and 2.3 that bounded solutions to (2.1) are unique, and that they corre-
spond to solutions of the initial-value problem

UL = @), ), te[to, TIE, Ulto) = u°, (4.9)
with @ : £*°(Z) x [to, TlT — €°°(Z) being given by
D({ux}xezs t) = {@Uxs1 + buy + Cluy_1 + flux, X, )}, 5.

Thus, it is enough to prove that (4.9) has a solution on the whole interval [to, T].

Let 8 be the setof all s € [tg, T]t such that (4.9) has a solution on [ty, S]T, and denote t; = sup 8. By The-
orem 2.1, we have t; > to. Let us prove that t; € 8. The statement is obvious if ¢ is a left-scattered maximum
of §; therefore, we can assume that t; is left-dense. It follows from the definition of ¢; that (4.9) has a solution
U defined on [t¢, t1)T. According to the weak maximum principle, the solution U takes values in the bounded
set B = {u € £°(Z) : r < uy < R for each x € Z}. As in the proof of Theorem 2.1, one can show that @ is con-
tinuous on its domain and Lipschitz-continuous in the first variable and bounded on B x [to, T]T; let C be
the boundedness constant for | ®||,. Since U is a solution of (4.9), we have

t
U(t) = Ulto) + J@(U(s), s)As (4.10)
to
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for each t € [to, t1)T. Note also that |U(s1) — U(S2)lle < ClS1 — s3] for all s1, s, € [to, t1)T. Thus, the Cauchy
condition for the existence of the limit U(t;-) = lims_,,- U(s) is satisfied. If we extend U to [to, t1]1 by let-
ting U(ty) = U(t1-), we see that (4.10) holds also for t = t1. Since the mapping s — ®(U(s), s) is continuous
on [to, t1]T, it follows that U is a solution of (4.9) on [to, t1]T, i.e., t1 € S.

If t; < T, we can use Theorem 2.1 to extend the solution U from [tq, t;]1 to a larger interval. However,
this contradicts the fact that t; = sup S. Hence, the only possibility is t; = T, and the proof of the existence is
complete.

To obtain continuous dependence of the solution on the initial condition, it is enough to show the fol-
lowing statement: If u" € Bforn € N, u" — u®in ¢*°(Z)and Uy, : [ty, Tt — €%°(Z) is the unique solution of
the initial-value problem

Up(t) = @(Un(0), t), t € [to, TV, Un(to) = u",

then U, = U on [to, T]t. Since we know that the solutions U, in fact take values in B, the statement is an
immediate consequence of Theorem 3.2 where we take T, = T for each n € Np. O

Let us illustrate the application of the weak maximum principle and the global existence theorem on the
following special cases of (2.1).

Example 4.7. Consider the logistic nonlinearity f(u, x, t) = Au(1 —u), u € R, x € Z, t € [tg, T]T, where A > 0
is a parameter. In this case, problem (2.1) becomes a Fisher-type reaction-diffusion equation:

ub(x, £) = au(x + 1, £) + bu(x, t) + cu(x — 1, £) + Au(x, t)(1 - u(x, t)),  x € Z, t € [to, TIX,

0 (4.11)
u(x, to) = uy, X eZ.

Obviously, the function f satisfies (H1)-(H3). Suppose that a,c >0, b <0, a+b+c =0, and uy < -1/b,

i.e., (H4) and (H5) hold. Consider an arbitrary nonnegative initial condition u® € £°(Z), i.e., m > 0. We now

distinguish between the cases p = 0 and pp > 0:

o Ifpp =0, letr =min(m, 1) and R = max(M, 1). Then f(R, x, t) < 0 and f(r, x, t) > O, i.e., (H6) holds and
there exists a unique global solution u of (4.11). Moreover, the solution u satisfies r < u(x, t) < R for all
x € Z.and t € [to, T)t. In particular, nonnegative initial conditions always lead to nonnegative solutions.

o If up >0, Lemma 4.2 together with the analysis of the previous case guarantee that (H6) holds with
r =min(m, 1) and R = max(M, 1) whenever i is sufficiently small. For example, if M < 1, consider the
linear functions

1+purh

Y1(u) = %ﬂ(r —u) and Y,(u)= (R-u)

T Hr
from (H6). We have 11 (u) < 0 < f(u, x, t) for u € [r, R], i.e., the first inequality in (H6) is satisfied. The
graphs of 1, and f(-, x, t) meet at the point (1, 0). Therefore, the second inequality f(u, x, t) < P, (u)
in (H6) will be satisfied for u € [r, R] if and only if %(1, X, t) > 1/1'2(1), i.e,, ifand onlyif -A > —(1/p + b).
The last condition is equivalent to A - b < 1/py, which holds if iy < 1/(A - b) (note that b < 0 < A).
Under these assumptions, condition (H6) holds and there exists a unique bounded global solution u
of (4.11). Moreover, the solution u satisflesm =r < u(x,t) <R =1forall x € Zand t € [tq, T]T.

Example 4.8. Consider the so-called bistable nonlinearity f(u, x, t) = Au(1 —u?), u € R, x € Z, t € [to, T,
where A > 0. In this case, problem (2.1) becomes a Nagumo-type reaction-diffusion equation:

WP, t) = au(x + 1, £) + bu(x, t) + cu(x — 1, t) + Au(x, £)(1 — u(x, £)?), X€Z,te [to, T},

(4.12)
u(x, to) = u2, xezZ.

Obviously, the function f satisfies (H1)-(H3). Suppose that a,c >0, b <0, a+b+c =0, and uy < -1/b,
i.e., (H4) and (H5) hold. Consider an arbitrary initial condition u® € £*(Z). Again, we distinguish between
the cases u = 0 and uy > O:

o Ifup=0,let

max(M, 1) if M > 0.

min(m, -1) ifm<o0, R max(M,-1) ifM<O,
r =
min(m, 1) ifm>0,
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Then f(R, x, t) < 0 and f(r, x, t) > 0, i.e., (H6) holds and there exists a unique bounded global solution u
of (4.12). Moreover, the solution u satisfies r < u(x, t) < R for all x € Z and t € [ty, T]. In particular,
nonnegative/nonpositive initial conditions always lead to nonnegative/nonpositive solutions.

o Ifpyp > 0, Lemma 4.2 together with the analysis of the previous case guarantee that (H6) holds whenever
WU is sufficiently small. For example, if |u°lle < 1, one can follow the computations from [31, Section 8]
to conclude that there exists a unique global solution u of (4.12) satisfying

{[—1, 1] iffiy < 1/2A-b),
u(x, t) € L
[-R,R] if1/(2A-b) < Hig < 2/(A-2b),

where

_ 22u(1/3 + (1 + 2b171r)/3/11_11r)3/2
- 1+ by '

=

We have no a priori bounds for p > 2/(A - 2b).

Example 4.9. Consider the nonautonomous nonlinearity f(u, x, t) =Au(d(x, t) —u), u e R, x € Z, t € [to, TlT,
where A > 0and d : Z x [to, T]T — R. In this case, problem (2.1) has the form

ub(x, £) = au(x + 1, t) + bu(x, t) + cu(x — 1, ) + Au(x, t)(d(x, t) - u(x, t)),  x€Z, t € [to, TIX,

(4.13)
u(x, to) = u?, X eZ.

This equation can be interpreted as the logistic population model where the carrying capacity d depends on

position and time. Assume that d has the following properties:

e disbounded.

« For each choice of € > 0 and t € [tg, T] there existsa 6 > O such thatifs € (¢t - 6, t + 6) n [tg, T]T, then
|d(x,t) —d(x,s)| < eforall x € Z.

Then the function f satisfies (H1)-(H3). Indeed, let D be the boundedness constant for |d|. If B ¢ R is

bounded, it is contained in a ball of radius p centered at the origin. Consequently, for all u,v € B, x € Z,

t,s € [to, T]T, we get the estimates

If(u, x, t)| < Alul(ld(x, t)] + |ul) < Ap(D + p),
[f(u, x, t) = flv, x, )] = Al(u - v)(d(x, t) —u - v)| < Alu - v|(D + 2p),
If(u, x, t) = flu, x, s)| = Alu(d(x, t) — d(x, 5))| < Apld(x, t) — d(x, s)I,

which imply that (H1)-(H3) hold.

As an example, let us mention the model of population dynamics with a shifting habitat, which was
described by Hu and Li in [17]. There, the authors considered problem (4.13) with T=R, a=c¢, b = -2a
(i.e., symmetric diffusion), and d(x, t) = e(x — yt), where y > 0 and e : R — R is continuous, nondecreasing,
and bounded. It follows that e is uniformly continuous on R: Given an € > 0, there exists a § > 0 such that
|t; — t2]| < 6 implies |e(ty) — e(ty)| < €. Thus, we get

|[d(x,t) —d(x,s)| =le(x —yt)—e(x-ys)| < &

whenever |t — s| < §/y and x € Z; this shows that d satisfies our assumptions. (We remark that some of the
results presented in [17] can be found in our earlier paper [28]. In particular, the fundamental solution of the
linear lattice diffusion equation was derived in [28, Example 3.1], and [17, Corollary 2.1] is a consequence
of our superposition principle from [28, Theorem 2.2].)

Another simple example is obtained by letting d(x, t) = e(t), where e : R — R is a continuous periodic
function; this choice corresponds to a population model with a periodically changing habitat. Since e is
necessarily bounded and uniformly continuous on R, it is obvious that d satisfies our assumptions.

Suppose now that a,c >0, b < 0,a+ b +c =0, and iy < -1/b, i.e., (H4) and (H5) hold. For simplicity,
let us restrict ourselves to the case when d is a positive function, and let

dmin = inf dx,t), dmax = sup d(x, t).
(x,t)eZx[to, TlT (x,t)eZx|to, Tl
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Consider an arbitrary nonnegative initial condition u° € £*°(Z), i.e., m > 0. Take r = min(m, dmin) and
R = max(M, dmax). Then f(r, x, t) > 0 and f(R, x, t) < O for all x € Z and t € [to, T]r. This means that (H6)
holds if iy = 0, or (by Lemma 4.2) if i is positive and sufficiently small. In these cases, problem (4.13)
possesses a unique global solution u, and r < u(x, t) < Rforall x € Z and t € [to, T]t.

5 Strong maximum principle

In the rest of the paper, we focus on the strong maximum principle for (2.1). We need the following stronger
versions of (H4)-(H6):
(H4) a, b, c e Raresuch thata,c >0,b<0anda+b+c=0.
(H5) b<0 and g < -1/b.
(H6) There exist r, R € R such that r <m < M <R, and the following statements hold for all x € Z and

te [l’o, T]’][‘:

e flR,x,t) <0< f(r,x,t).

o Ifuy; >0, then

flu, x, t) > ! %“Tb(r —u) forallu e (r,R].
T

e Ifup >0, then

flu,x, t) < 1J;l_—MTb(R —u) forallu e [r,R).
T

The next lemma analyzes the situation when a solution of (2.1) attains its maximum at a left-scattered
point.

Lemma 5.1. Assume that (H1), (H2), (H3), (H4), (H5), and (H6) hold, and u : Z x [to, Tt — R is a bounded
solution of (2.1). If u(x, t) € {r, R} for some x € Z and a left-scattered point t € (to, T)T, then u(x, pr(t)) = u(x, t)
foreachx € {x - 1,x,x + 1}.

Proof. We consider the case when u(x, t) = R; the case u(x, t) = r can be treated in a similar way. Denote
5 = pr(f). We have

u(x, t) = prd)au(x + 1, 3) + (1 + pr(3)b)u(x, 5) + pr(3)cu(x - 1, 8) + ur(5)f(u(x, 5), X, 5).

By the weak maximum principle (which holds because (H4)-(H6) imply (H4)-(H6)), the values of u cannot
exceed R. If at least one of the values u(x + 1, 5), u(x — 1, 5) is smaller than R and u(x, 5) = R, then

_ - (HA) _ _ _ _ ., (H _ _ __(He)
ux,t) < urBd)(a+c)R+ 1+ ur3)b)R+ur(3)f(R,x,5) =" R+ ur(3)f(R,x,5) < R,

which contradicts the fact that u(x, t) = R. If u(x, 5) < R, then

u(x, O) < prS)(a+ R + (1 + prS)b)u(x, 5) + pr($)f(U(X, 5), X, )

< ur(8)@+ OR + (1 + krE)b)u(, ) + pr(s)> %’_‘Tb (R-u(x,5)) (by (F4) and (Fl6))
T

<prB)a+ )R+ (1 +pur(S)bulx,s) + (1 + ur(5)b)(R —u(x, 3))
=R (by (H4)),

which is a contradiction again. Thus, the only possibility is that
u(x+1,s)=u(x,5)=u(x-1,5) =R,
as desired. O

We now turn our attention to the case when the maximum is attained at a left-dense point.
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Lemma 5.2. Assume that (H1), (H2), (H3), (H4), (H5), and (H6) hold, and u : Z x [to, Tt — R is a bounded
solution of (2.1). If u(x, t) € {r, R} for some x € Z and a left-dense point t € (to, Tlt, then u(x, t) = u(x, t) for

allx € Z and t € [ty, t]T.

Proof. We consider the case when u(x, t) = R; the case u(x, t) = r can be treated in a similar way. We begin
by proving that
u(x,t) =R forallt e [to, t]T. (5.1)

Assume that there exists a 5§ € [to, t)T such that u(x, 5) < R. Let L > 0 be the Lipschitz constant for f on the
set [r, R] x Z x [tg, T]t. Choose a partition § = sg < S1 < --- < Sg = t such that sg, ..., sy € T and for each
ie{l,...,k}wehave either s; —s;_1 < 1/(L - b) or s; = or(sj_1). We will use induction with respect to i to
show that u(x, s;) < Rforeachi € {0, ..., k}; this will be a contradiction to the fact that u(x, sx) = u(x, t) = R.
For i = 0, we know that u(x, s9) = u(x, 5) < R. By the weak maximum principle (which holds because
(H4)-(H6) imply (H4)—-(H6)), the values of u cannot exceed R. If i € {0, ..., k — 1} is such that s;41 = op(s;),
then the induction hypothesis u(x, s;) < R and Lemma 5.1 imply that u(x, s;;1) < R. Otherwise, we have
Si+1 — Si < 1/(L — b). For each t € [s;, Si;1)T We get
(wx, t) - R =au(x + 1, t) + bu(x, t) + cu(x - 1, t) + flu(x, t), x, t)
<(a+c)R+bux,t)+fu,t),x,t) - f(R, X, t)+f(R,x,t) (by (H4)and Theorem 4.4)
< -b(R - u(x, 1) + fu(x, t), X, t) - f(R, X, t) (by (H4) and (H6))
< _b(R - u()_(’ t)) + |f(u()_(’ t)y )_(, t) _f(R’ )_(’ t)l
< -b(R - u(x,t)) + Llu(x, t) - R|
=(b-L)(ukx,t)-R) (by Theorem 4.4).

Notice that 1 + pr(t)(b — L) > Oforall t € [s;, Si+1)1. Therefore, Gronwall’s inequality [4, Theorem 6.1] yields

u(x, six1) — R < (u(x, si) - R) ep_(Sis1, Si) < 0,
<0 >0

which completes the proof by induction and confirms that (5.1) holds.

Let us prove thatu(x + 1, t) = Rforall ¢ € [tg, t]1. Assume that there exists a t € [to, t]T such that at least
one of the values u(x + 1, t) is smaller than R. The fact that u(x, -) is a constant function on [to, f]T implies
that u®(x, t) = O (note that if ¢ = ¢, then t is necessarily left-dense). On the other hand,

WA, t) = au(x + 1, t) + bu(x, t) + cu(x - 1, t) +flu(x, t),x,t) < (@a+b+c)R+f(R,x,t) <0,

ie., ud(x, t) < 0, a contradiction.
Once we know that u(x + 1, t) = R for all t € [to, ], it follows by induction with respect to x € Z that
u(x,t)=Rforallx € Zand ¢ € [to, t]T. O

With the help of the previous two lemmas, we derive the strong maximum principle.

Theorem 5.3 (Strong maximum principle). Assume that (H1), (H2), (H3), (H4), (H5), and (H6) hold with
r=m<M=Randu:Zx [ty, Tlt — R is a bounded solution of (2.1). If u(x, t) € {r, R} for some x € Z and
t € (to, T, then the following statements hold:

(a) If [to, t]T contains only isolated points, i.e., ty = pé‘r(f) for some k € N, and

D, B = {(x, 1) € Zx[to, tlp: t =ple(B), j=0,...,k, andx =X +i,1=0,...,j},

thenu(x, t) = u(x, t) forall (x, t) € D(X, t).
(b) Otherwise, if [to, t]T contains a point which is not isolated, then u is constant on Z x [tq, T]T.

Remark 5.4. In order to prevent any confusion, we emphasize that the fact whether a point is isolated or not
is considered with respect to the time scale interval [to, ], not the entire time scale T. In other words, the
statement distinguishes between the cases in which the interval [to, {]1 is a finite set (part (a)) or at least
countable (part (b)).
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Proof of Theorem 5.3. We consider the case when u(x, f) = R; the case u(x, t) = r can be treated in a similar
way. We prove the statement by analyzing two different cases:

Case (1): Let there be a left-dense point in [to, £]r. Denote
Pua = {t € [to, t]r : tis left-dense} # @

and tiq = sup Piq. Given the definition of the supremum and the fact that T is a closed set, we obtain tjq € T.
To show that tq is left-dense let us assume by contradiction that tq is left-scattered. Thus, tiq ¢ P1q and
immediately from the definition of the supremum we get a contradiction. From the proofs of Lemmas 5.1
and 5.2 we obtain that u(x, t) = R for all t € [to, t]T, and particularly u(x, t;q) = R. Furthermore, since t)q is
left-dense, Lemma 5.2 yields that

u(x,t)=R forallx e Z, t € [tog, tid]T- (5.2)

There remains to prove the statement for ¢ € [tig, T]t. From (5.2) we get that u(x, tg) = ug =R for all
x € Z,and thusr = m = M = R. Consequently, since (H6) holds with r = m = M = R, Theorem 4.4 (weak max-
imum principle) yields that

R<u(x,t) <R, ie., u(x,t)=R forallxeZ, te [ty, T]T.
Case (2): Let us assume that [t¢, t]T does not contain any left-dense point.

Subcase (i): If [to, t)1 does not contain any right-dense point, i.e., [to, T]t contains only isolated points, then
part (a) of the theorem follows immediately from Lemma 5.1.

Subcase (ii): Let there exist a right-dense point in [¢g, {)T. Denote
Pra = {t € [to, D) : tisright-dense} + 0

and t,q = sup Pyq. From the fact that ¢ is left-scattered and from the definition of the supremum we obtain
ta < t. Moreover, since T is closed, there is t;q € T. Further, we show that t,q is right-dense as well. Indeed,
let us assume that tq is right-scattered, i.e., t;q ¢ P:q. Then tq is an unattained supremum of Pyq and there
exists a sequence {t,}2; C Pyg such that t, ~ t;q. This would imply that f,q is left-dense, a contradiction.
Thus, t,q is right-dense.

From the definition of t,q, the sequence of predecessors of ¢, namely
{Pr @B}, < (ta, B,

is well-defined and satisfies p’f(f) N tq. Let us assume that x € Z is arbitrary but fixed, i.e., x = X + iy or
Xx = X — ip for some iy € INp. We consider the case x = x + ip; the other case is similar. Lemma 5.1 implies
that for all j > i, there is

R.

u(x, ph(®) = u(x + io, p (D)
Then the continuity of the function u(x, - ) yields that

R = lim u(x, pﬂr(f)) = u(x, ty),
j—oo

and since x € Z is arbitrary, there is u(x, t;q) = R for all x € Z.
Now we prove that u(x, t) = Rforx € Zand t € [to, t;q]T. We use the backward induction principle in the

variable t (see [4, Theorem 1.7 and Remark 1.8]):

«  Above we have shown that for t = t,q there is u(x, t;,q) = R forall x € Z.

o Lett € (to, tyg]T be left-scattered and u(x, t) = R for all x € Z. Then Lemma 5.1 immediately implies that
u(x, pr(t)) = Rforall x € Z.

o Lett € [ty, tyg)T be right-dense and u(x, s) = R forall x € Z and s € (t, t;q]r. Then again from the conti-
nuity of the functions u(x, - ) we obtain

R-= lil? u(x,s) =u(x,t) forallx e Z.
S—i+
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«  We do not have to consider the case when t € (to, tyq]T is left-dense, since we assume that [to, tyq]T does
not contain any such point.
The backward induction principle implies that u(x, t) = R forall x € Z and t € [tg, tq]T.

Finally, it remains to prove that u(x, t) = Rforx € Zand t € [t,q, T]T. Since u(x, ty) = ug = Rforallx € Z,
there is r = m = M = R and, analogously to above, we can use Theorem 4.4 (weak maximum principle) to
show that

R<u(x,t) <R, ie., u(x,t)=R forallxez,te[ty, Tlr. O

Corollary 5.5. Assume that (H1), (H2), (H3), (H4), (H5), and (H6) hold with r = m < M = R. Suppose that
u:Z7Zxty, Tlt — R is a bounded solution of (2.1). If there is a point tq € [to, T)r that is not isolated and
if the initial condition u® is not constant, then

r<u(x,t)<R forallxeZ, te (tg, Tlt.

Proof. Assume by contradiction that there existx € Z, t € (t4, T]t such that u(x, t) € {r, R}. Since t4 € [to, )1
and t4 is not isolated, part (b) of Theorem 5.3 yields that u is constant on Z x [tq, T]T, a contradiction to the
assumption that u° is not constant. O

The following remarks explain why the original conditions (H4)—(H6) are not sufficient to establish the strong
maximum principle, and had to be replaced by their stronger counterparts (H4)-(H6).

Remark 5.6. (H4) is too weak for the strong maximum principle; we need the constants a, ¢ € R to be strictly
positive. Indeed, let us consider the linear transport equation

d

a—l:(x, t) = —u(x,t) +u(x-1,), xez, telo,T],
1, x>0,

u(x,0) =
0, x<0O,

i.e., the initial-value problem (2.1) witha = 0, b = -1, ¢ = 1, and f = 0. Then the unique bounded solution is
given by (see [30, Corollary 4.3])

X 4

Z,—le_t, XZO, te [O, T]’
u(x,t) = 4j=0 7

0, x <0, te[0,T].

Thus, the strong maximum principle does not hold.

Remark 5.7. To see that (H5) does not suffice, consider the time scale T = Ny and the following linear equa-
tion (f = 0):
1 1
ul(x, t) = zu(x +1,t) —ulx, t)+ Eu(x— 1,t), xeZ,teNp,

which corresponds to (2.1) witha = ¢ = %, b = -1 and f = 0. This equation holds if and only if

1 1
u(x,t+1)=Eu(x+1,t)+zu(x—1,t), xeZ,teNg.

For the initial condition

1, xiseven,
u(x, 0) =
0, xisodd,

we obtain

0, xiseven,
ulx, 1) =
1, xisodd,

which violates the strong maximum principle.
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Remark 5.8. Finally, let a, b, ¢ be an arbitrary triple satisfying (H4), and T = UlNo = {0, u, 2, ...}, where
U > 0 satisfies (H5). Consider problem (2.1) with

1, x#0 1
w=4" > and flu,x, ) =(b+=)1-u.
* lo, x=o0, 4 ( u)

We have m =0 and M = 1. For r = 0 and R = 1 the function f satisfies (H6), but not (H6). Using (2.1), we
calculate

u(0, 1) = pau(1, 0) + (1 + ub)u(0, 0) + pcu(-1, 0) + ufu(0, 0, 0) = u(a + ) + (1 + ub) "= 1,

Therefore, u(0, u) = 1 = R, but u(0, 0) = 0, which contradicts the strong maximum principle.

Funding: All three authors acknowledge the support by the Czech Science Foundation, grant number
GA15-07690S.
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