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ABSTRACT

Thearticle introducesanewmethodofplanningpaths forbiggroups indynamicenvironments
representedbyagraphofverticesandedges,wheretheedgeweightaswellasthegraphtopology
may change, but the method is also applicable to environments with a different representation.
Theutilizationofclusteringenablestheuseofacomputedpathforagroupofagents.Inthisway,
aspeed-upandmemorysavingsareachievedatacostofsomepathsub-optimality.Examplesof
properapplicationsofthesuggestedapproacharecrowdsimulationinurbanenvironmentsorpath-
planning-basedtasksinmolecularbiology.Theexperimentsshowedgoodbehaviourofthemethod
tospeed-up,relativeerrorandonlinecomputation.
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INTRoDUCTIoN

Thepathplanningormorespecifically the taskof findingapathbetween twoormorespots in
someenvironmentisanimportantresearchproblem,usefulinmanydifferentapplications,e.g.,in
robotics,molecularbiologyorsimulationsofcrowds.Theenvironmentcanbestaticordynamic
andisrepresentedbyagraphofverticesandedges.Inthedynamicenvironment,theenvironment
propertiesoritstopologymaychangeovertime.Thestaticenvironmentdoesnotallowanychanges.
Thepathsareplannedforentities,whichareoftencalledagents.

Whilethepathplanningforoneagentinthestaticenvironmentcanbeconsideredasasolved
problem,thesituationisdifferentformoreagentsorevenhugegroupsinadynamicenvironment:
arepeatedrecomputationofpathformanychangesandmanyagentsmaybetooslow.Forahuge
numberofagents,theoptimalityofthepathsislessimportantthanthespeedofcomputationasthe
applicationforthisversionofpathplanningproblemusuallyratherneedsthecrowdtolookwelland
realisticthantocomputeanduseoptimalpaths.Asimilarproblemiscurrentlyinmolecularbiology
wherewatermoleculeshavetobenavigatedthroughproteins.Therefore,thereisaresearchspace
foralgorithms,sacrificingoptimalitytospeed.

Weproposedanalgorithmthattakesadvantageofpathsimilarityofsomeagents(Szkandera,
Kolingerová,&Maňák,2017).Theagentsaregroupedaccordingtotheirinitialandtargetposition
andthepathisfoundonlyonceforthewholegroup.Themethodbroughtaspeed-upandmemory
savingsbuttherewasstillspaceforanimprovement.Later(Szkandera,Kaas,&Kolingerová,2017)
weproposedtoincorporateamoresophisticatedapproachofgroupsformationbasedonclustering.
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Inthiswayitispossibletoincreasethespeed-upwithoutfatalconsequencesontherelativeerrorof
theproducedpaths.

Thealgorithmproposedhereisageneralizedversionoftheclustering-basedsolution,enabling
toincludealsonew-comingagents.

Thispaperisorganizedasfollows.SectionRelatedWorkoutlinesexistingpathplanningmethods,
whicharesuitableforthesimulationofbiggroups,andclusteringmethods.SectionProposedSolution
describesthenewalgorithm.SectionExperimentsandResultscontainstheresultsofexperiments
performedonrealenvironmentdata,e.g.townandmolecularenvironments,andacomparisonto
classicpathplanningapproach.SectionConclusionconcludesthepaper.

ReLATeD WoRK

Path Planning
Themodelsforthemovementsimulationandplanningofbiggroupscanbedividedintotwomain
categories–theagent-basedmodelandthecontinuummodel.

Themorenaturalforhumanbeingsisthefirstmentionedmodelwherethepathisplannedforeach
agentseparately.Everyagentcanhavehisorherindividualrequirementsandthebiggestadvantage
isthattheagent-basedmodelrespectsthem.Ontheotherhand,thepathplanningforthismodelmay
bequitechallengingintermsoftimeandmemorycomplexity.Moreover,withanincreasingnumber
ofagentsthisapproachstopstobearealtimeandmaybecomeunsuitable.

Agent-basedmethodscanbedividedintolocalandglobal.Theglobalmethods,whichhelpto
locatepossibleevacuationcriticalspotsinbuildingsandtosimulateanemergencyscenario,belongto
fire-escapealgorithms(Okazaki&Matsushita,1993;Fang,Zong,Li,Li,&Xiong,2011).Algorithms
(Bonabeau,2002;Singh,Kapadia,Hewlett,Reinman,&Faloutsos,2011)similartothefire-escape
algorithmshavebeenproposedbutwithafocusonthebottlenecks.Also,humanbehaviourhave
beenexaminedbymanyinterestingapproaches(Pellegrini,Ess,Schindler,&VanGool,2009;Guy,
Kim,Lin,&Manocha,2011).

Thegraphrepresentationoftheenvironmentisoftenusedfortheglobalagent-basedpathplanning.
ThemostwidespreadA*algorithm(Hart,Nilsson,&Raphael,1968),whichusesheuristicstospeed
uptheplanning,isproposedforastaticenvironmentaswellasthebasicalgorithms–BreadthFirst
Search(BFS),DepthFirstSearch(DFS),Dijkstra’salgorithmorFloyd-Warshallalgorithm(Floyd,
1962;Warshall,1962),whichrankamongall-pairalgorithms.Theminimalcostpathforallpairsof
verticesisfoundinthememorycomplexityO n2( ) andtimecomplexityO n 3( ) intheworstcase
foragraphwithnvertices.Inthecaseofdynamicgraphs,whereweightsofverticesandedgesmay
changeovertime,theD*algorithm(Stentz,1994)anditsimprovementD*Focused(Stentzetal.,
1995)aremoresuitable.TheD*Lite(Koenig&Likhachev,2002),whichmodifiesthebackwards
algorithmLPA*(Koenig,Likhachev,&Furcy,2004),mayyieldevenbetterresultsthanD*Focused.
ThememorycomplexityO k n m+( )( ) fork agents,n verticesandm edgescanbeeasilyreached
bythesealgorithmsbecauseeachagentneedsitsowngraphranking.HierarchicalAnnotatedA*
(Harabor&Botea,2008)createsahierarchicalgraphtofindanalmostoptimalpathandAnytime
D*(Likhachev,Ferguson,Gordon,Stentz,&Thrun,2005)findsasub-optimalpathinalimitedtime.
ThepathplanningforamovingtargetsolvesMovingTargetD*-Lite(Sun,Yeoh,&Koenig,2010)
orGeneralizedFringe-RetrievingA*(Sun,Yeoh,&Koenig,2010).

Local methods are less diverse because they are mostly focused on the collision detection
betweenagentsthemselvesorbetweenagentsandobstacles.Methodsofcollisionavoidancehave
beendevelopedincludinggrid-basedrules(Loscos,Marchal,&Meyer,2003)orBayesiandecision
processes(Metoyer&Hodgins,2004).Theparallelcomputationofthecollisionavoidancehasalso
beenproposed(Guy,etal.,2009).Thesmoothingoftheplannedpathforautonomousvehicles(Chu,
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Lee,&Sunwoo,2012)orrobots(Vadakkepat,Tan,&Ming-Liang,2000)belongsintoanotherbigger
groupoflocalapproaches.

Thecontinuumpathplanningmodelwhichissuitablefordensecrowdssolvesthedisadvantagesof
theagent-basedmodel.TheNavier-Stokesequations(Glowinski,Ciarlet,&Lions,2003)candescribe
themovementinadensecrowdwhichissimilartothefluidflow(Darken&Burgess,2004)aswell
asthecartraffic(Bretti,Natalini,&Piccoli,2007).Acontinuummodelthatintroducesanevolving
dynamicpotentialfunctionanddescribesacrowdasacontinuousdensityfieldwasproposedby
Hughes(Hughes,2002).Thesepartialdifferentialequationsdescribethecontinuousdensityfield.
Thisfieldcanbechangedintoaparticledescriptionof thecrowd(Treuille,Cooper,&Popović,
2006),whichreproducesemergingphenomenaofrealcrowds.Thesmoothmovementoftheagents
inacomplexenvironmentcanbeachievedwiththesophisticatedcontinuummodel(Jiangetal.,
2010)thatwasexpandedfrom(Treuille,Cooper,&Popović,2006).Moreover,thecontinuummodel
problemscanbesolvedinparallel(Mao,etal.,2010).Althoughthecontinuummodelissuitable
forthedensecrowds,thedisadvantageisthatthefluidsimulationisruledbythelawsofphysics.
Therefore,individualrequirementsofcrowdmembersareneglected.

Creating Groups
Theclusteringalgorithms(Jain,1988;Jain,Murty,&Flynn,1999)dividesimilarelements(called
clients)intogroups(calledclusters)representedbyonecentroid(calledaclustercentreorafacility).
Thenatureoftheelementsarebasedontheapplicationandinageneralcase,theycouldbeany
objects,whichcanbedescribedbyacharacteristicN -dimensionalvector.Dependingonthearea
ofapplication,atransformationintotheN -dimensionalspacemaybeneededtoexpresselements
forclustering.Forexample,forprocessingapointinaN -dimensionalspaceitsN spatialcoordinates
areused.Asimilarityofelementsismeasuredbyadistancefunction.Thefunctioncanbemodified
basedonapplicationrequirementsandbasicallymightnotfulfilthepropertiesofthemetricssuch
asthenon-negativity,symmetryorthetriangleinequality.However,theEuclideandistanceisused
mostoften.

Theliteratureshowsseveralclusteringmethodssuchassingle-link(Sokal,1985;Rohlf,1982),
complete-link(King,1967),sweep-line(Žalik&Žalik,2009), k -means(MacQueenetal.,1967),
parallelc-means(Kwok,Smith,Lozano,&Taniar,2002)andfacilitylocation(Charikar&Guha,
1999).

Nowwewilldefinetheclusteringtaskmoreprecisely.Aswehavechosenthefacilitylocation
algorithmforourpurpose,wewillpresentthedefinitionsuitableforthistypeofalgorithm.

Agivendata setof N  inputdatapoints x x x
N1 2

, ,...,  is subdivided into k  disjoint subsets
F i k
i
, ,...,=1 eachcontainingn

i
datapoints,0� � � �< <n N

i
byminimizingthefollowingmean-square-

error(MSE)clusteringcost:

J x f
MSE

i

k

x F
j i

j i

= −
=
∑ ∑
1

2

� �

 (1)

wherex
j
isavectorrepresentingthe j -thdatapointintheclusterF

i
and f

i
istheclustercentreof

theclusterF
i
.TheJ

MSE
functioninEquation(1)representsthedistancebetweenthedatapointx

j


andtheclustercentre f
i
.

Aswecansee,thenumberofclustershastobedeterminedbeforeclustering,whichisnotsuitable
inallscenarios.Moreover,if k equalstoN ,J

MSE
losesitsmeasuringpropertyandtheresultof

clusteringisnotcorrect.Thefacilitylocationalgorithmkeepsareasonableamountofclustersby
minimizationofthefollowingclusteringcost:
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i
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wherec
f ji

isthedistancebetweenadatapoint j C∈ anditsfacility f F
i
∈ .ThesetC contains

alldatapoints.Toopenanewclustercenter,acost fc havetobepaid,thiswayaquantityofcluster
centerscanbecontrolled.

TheclusteringtaskisanNP-hardproblem,somostalgorithmsproduceonlyapproximateresults
orhavesomerestrictions.Ontheotherhand,inmanyscenariostheapproximatesolutionsuffices.

Clusteringmethodsareusedintechnicalaswellasnon-technicaldisciplines,suchasdataanalysis
(Dubes&Jain,1980;Ball&Hall,1965),datamining(Fayyad,Piatetsky-Shapiro,&Smyth,1996),
patternrecognition(Baraldi&Blonda,1999)andinformationretrieval(Rasmussen,1992).

Thereareseveralwayshowtocategorizetheclusteringalgorithms(Jain,Murty,&Flynn,1999).
Oneofpossiblesubdivisionsisintopartitionalandhierarchicalmethods.Theresultofpartitional
onesisaflatstructureofdatadistributedintoagivennumberofclusters(partitions)insteadofthe
hierarchicaloneswhichcreateatreestructurebygroupingsmallclustersintolargerones.

Theclusteringiscalledhardifeachelementisassignedintoexactlyonecluster.Fuzzyclustering
determinesforeachelementadegreeofmembershipinseveralclusters.

Clusteringmethodscanbefurthersubdividedbasedonalgorithmapproaches.Theagglomerative
approachisbuidingtheresultbymergingelements.Therefore,atthebeginningeachelementisa
centerofacluster.Thedivisiveapproachstartswithoneclustercontainingallelementsandperforms
splitting intosmallerclusters.Bothagglomerativeanddivisivealgorithmsstopwhena stopping
criterionissatisfied.

Toachieveatleastsomeapproximationofthebestclusteringresult,thestochasticclustering
methodsadoptrandomizedalgorithmswhicharemoresuitableforprocessinglargeramountsofdata
duetotheirsmallertimecomplexity.Thedeterministiconesusuallyusesomeheuristic.

PRoPoSeD SoLUTIoN

This sectiondescribes theproposedpathplanning approach for many agents in an environment
representedbyanundirectedgraphG V E� � ,=( ) ,whereV isafinite,non-emptysetofvertices,and

E isasetofunorderedpairofvertices E
V

⊂






















2
callededges.First,wewillsummarizetheidea

ofthegroupspathplanningfrom(Szkandera,Kolingerová,&Maňák,2017)andthenweproposea
betterandfastersolutionwiththeuseofclusters.

LetP p p p
c

= { }1 2
, ,..., beasetofagents.Each p P

i
∈ needstoindividuallyrateverticesof

anundirectedgraph.Thegraphrepresentsthedynamicenvironment,thedynamicsofwhichcanbe
interpretedasasetofpairsD d t d t d t

r r
= ( ) ( ) … ( ){ }1 1 2 2

, , , , , , ,whered
i
isagraphchangeand t

i
is

asimulationtime.Eachvertexofthegraphdescribesapointinw .Moreover,everyagent p
i
has

astartingvertexwiththepositions p
i

w( ) ∈  andagoalvertexwithe p
i

w( ) ∈  .
The twofollowingsections (SummarizedgroupapproachandClusteringapproach)suppose

thatallagentsarepresent in thesystemfor thewhole timeofsimulation.Section Incorporating
new-comingagentsdropsthissuppositionandexplainshownew-comingagentsareprocessed.This
modificationallowssolvinganonlineversionofthegivenpathplanningproblem.
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Summarized Group Approach

Let g P⊆ beagroupofagents.Foreachgroupwefindaleader p g
m
∈ whowillbefollowedby

others.Figure1illustratestheidea.First,anystandardpathplanningalgorithmisusedtocompute
thepathoftheleaderfromthestart s p

m( ) totheende p
m( ) .Afterthat,thepathofeveryagent

p g p
i m
∈ { }\ isplanned:Firstfroms p

i( ) tos p
m( ) ,thenthepathoftheleader p

m
isreused,and

finallythepartfrome p
m( ) toe p

i( ) iscomputed.
Insomecases,thepathrequiresfurtheroptimization,whichwillbediscussednext,becausethe

pathcostisnotnecessarilyoptimal.Forexample,thenearestvertexoftheleader’spathfor p
i
may

beothervertexthans p
m( ) ,thenithasnosensetogotos p

m( ) andbackagain.Therefore,thepath
planningismodifiedinthefollowingwaytohandlesuchsituations.Whentheagent p

i
reachesthe

pathoftheleader p
m

,thepathplanningtothestartpositions p
m( ) isstoppedandtheessentialpart

ofthepathoftheleader p
m

isusedinstead(Figure2b).Oncetheagent p
i
reachesthedestination

position e p
m( ) , path planning algorithm from the position e p

m( )  to e p
i( )  should be started.

However,Figure2cillustratesthatasituationsimilartoFigure2amayhappen.Thechangeofthe
pathplanningdirectiontransformsthisproblemtothealreadysolvedproblem(Figure2b).

Thecriteriaforcreatinggroupsofagentswithsimilarstartpositionsanddestinationsandchoosing
aleaderareasfollows.AlistP ofagentsandagroupingthreshold τ (willbediscussedlater)are
takenastheinputofthegroupapproachandasetGr g g g

q
� � , , ,= …{ }1 2

ofnon-emptydistinctgroups
ofagentsisproduced,whereq isthenumberofgroupscreatedimplicitlybythealgorithm.Apath
planningstrategyisalsoneededbecausethecomputationofthepathofanagentfromthegroupg

j


dependsonthepathofitsleader.Anyclassicpathplanningalgorithms,e.g.,A*,D*orD*Lite,may
beused.

Thegroupsarecreatedasfollows:Thegroupalgorithmiteratesoverallagentsandtriestoadd
themtoallgroupscreatedsofar.Thefirstagentaddedtothegroupisalwaystheleader p

m
ofthe

group.Foreveryagentp
i
itspositionss p

i( ) ande p
i( ) arecomparedwiththestartandthedestination

Figure 1. The idea of path planning for a group of agents. The path of each agent p
i

 starts in s p
i( )  and ends in e p

i( ) , p
m

 
is the leader. The others can reuse leader’s path.
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oftheleaderp g
m j
∈ .Theagentp

i
isaddedtothegroupg

j
ifbothdistancesarelessthantheerror

threshold τ .Otherwisetheagent p
i
issetastheleaderofanewgroupandthegroupisaddedto

thesetGr .

Theworst-casetimecomplexityisO P Gr( ) orO P
2





 ifeachgroupcontainsonlyoneagent.

Theperformanceofthealgorithmandthequalityofresultsdependonthethresholdτ .Thethreshold
τ isaboundaryofthemaximalallowedrelativeerror.Eachmemberofthegroup(excepttheleader)
mayhaveitspath1.1timeslongerthanthepathoftheleaderwhen τ = 10% ischosen.Thehigher
τ  the faster thepathcomputation is.On theotherhandwith thegrowing threshold τ  thepath
inaccuracygrows.

Clustering Approach
Theoutputgroupsofthegroupapproacharesensitivetotheorderoftheinputdatabecausethe
algorithmhasagreedycharacter-thefirstpossiblesolutionisacceptedandneverreconsidered.An
additional optimization of the found groups would improve the final paths but deteriorate the
complexitywhichisalreadyO n2( ) .Whatismore,althoughthegroupapproachspeedsupthepath
computation,thereisstillroomforacceleration.Therefore,weincorporatetothegroupcreationa
clustering by a non-modified local search algorithm (Skála & Kolingerová, 2010; Okazaki &
Matsushita,1993)withrelevantparameterssetupdiscussedinSectionExperiments and results.The
algorithmimplicitlyoptimizestheagentgroupsandtheirfoundpaths.Moreover,theclusteringeven
speedsupthecomputationbecausetheclusteringcanbedoneinO n nlog( ) .

Forclusteringpurposestheagentp intheinputsetP p p p
N

= …{ }1 2
, , , ,whereN isanumber

ofagents,isdescribedasthefollowing2w -dimensionalvector:

v s p e p v
i i i

T

i
w= ( ) ( )( ) ∈, , �R2  (3)

wheres p
i

w( ) ∈�R isthestartingande p
i

w( ) ∈�R thedestinationpositionoftheagent.
ThemainideaoftheproposedimprovementistoincorporateEquation(2)asaheuristictoavoid

checkingsomanypossiblecasescomparedtotheoriginalgroupapproachatapriceofalowered
accuracyoftheclusteringresult.

Letusdescribetheusedlocal searchclusteringalgorithmstepsindetail.Algorithmstartsby
creatinganinitialcoarsesolution.Aclustercenterisalwayscreatedatthefirstpointandfurther
pointsarethentakenintherandomorder.Apointv

i
isconnectedtotheclosestalreadyopencluster

Figure 2. Group path planning problems and solutions: (a) Problem near the start position; (b) Solution for the case (a); (c) 
Problem near the destination
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centerbasedonthemeasureddistanced betweenthepointv
j
andtheopenclustercenter.Withthe

probability d fc/ (oroneif d fc> )anewclustercenterisopenedatthepoint v
j
.Thisinitial

coarsesolutionisimprovedbyO n nlog( ) iterationsofthefollowinglocalsearchstep.Theexplanation
forO n nlog( ) stepsofiterationsisgivenin(Skála&Kolingerová,2011).

Asinglelocalsearchstepcanbedescribedasarandomselectionofapointv C F
i
∈ ∪ (itdoes

notmatterwhetheritisaclustercenterornot)anditiscomputedwhetherthepointv
i
canimprove

thecurrentsolution(if v
i
isnotalreadyaclustercenter,thefacilitycostwouldhavetobepaidfor

itsopening).Someclients(points)maybeclosertotheinvestigated(new)clustercenter f
vi

thanto

theircurrentfacility.Allsuchclientscanbere-assignedto f
vi

,itdecreasestheconnectioncost.If
thesechangesresultinsomeclustercenterhavingonlyafewclientsremaining,theclustercenter
couldbeclosedanditsfacilitycostspared.

Apossibleimprovementofthecurrentsolutionbydeclaringthepoint v
i
anewclustercenter

f
vi

andreassigningallnearclientsfromtheirclustercentersto f
vi

isdeterminedbyagainfunction
accordingtothefollowingrelation:

gain v fc ds cs
i i j

f Fc C ji

( ) = − + +
⊆
∑∑



 (4)

where fc isthefacilitycost,orzeroiftheclustercenter f
vi

isalreadyopen,ds
i
isthedistancespared

byreassigningtheclientc
i
fromitscurrentclustercentertotheclustercentercandidate f

vi
andcs

j


(closespare)isthefacilitycostminusexpensesforreassigningallremainingclientsfromtheircurrent
clustercenter f

j
to f

vi
.Ifthecurrentclustercenter f

j
liescloserto v

i
than f

vi
thends

i
< 0 and

ds
i
needstobesetto0 .Again,ifcs

j
< 0 (clustercenter f

j
hasenoughclients,sonosparecanbe

achievedbyclosingtheclustercenterandreassigningalltheirclientstothenewclustercenter f
vi

)

thencs
j
issetto0.Ifgain v

i( ) > 0 ,openingtheclustercenteratthepointv
i
improvesthecurrent

solutionandthereforereassignmentsandclosuresaresaved.
The algorithm of the group approach with the facility location clustering is summed up as

Algorithm1.Whentheclusters,whichrepresentthegroupsofagents,arecomputed(Alg.1,line1)
fromtheinputsetofagents P , thepathofeachagentisplannedbyanystandardpathplanning
strategy,e.g.,Dijkstra,A*orD*.Firstthepathoftheleader p

m
ofthegroup g

i
isfound(Alg.1,

line4).Thentwopathsarecomputedeachmemberofthegroup g
i
-firstbetweenvertices s p

j( ) 
and s p

m( ) andsecondbetweene p
j( ) .ande p

m( ) (Alg.1,lines6-7).Finally,thesepathsandthe

pathoftheleaderarejoined(Alg.1,line8).Thisprocessgoesincycleforeachgroupg Gr
i
∈ .The

procedurecluster_agentsgeneratesfirstacoarsesolutionofagentgroups,thenitreatedlytriesto
improve itbyreassignmentofa randomlychosenagent toanothergroup. If thenewconnection
improvestheoverallclusteringcostJ

FL
,thenitispreservedandanotherrandomlychosenagentis

investigated.TheimprovementphaseisrepeatedO n nlog( ) times.

Algorithm1.Theclusteringpathplanningapproach
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Data: A list P  of agents, a path planning strategy find_path(...)
Result: The list P of agents with computed paths
Algorithm cluster_approach
1 Gr  ←cluster_agents(P );   // groups of agents
2 foreach g Gr

i
∈  do

3 p
m
 ← the first member of g

j
; // the leader of the group

4 p
m
.path ← find_path(s p

m( ) , e pm( ) );
5 foreach p g p

j i m
∈ { }{ }    do

6 path_start ← find_path(s p
i( ) , s pm( ) );

7 path_end ← find_path(e p
i( ) , e pm( ) );

8 p
j
.path ← Join paths(path_start, p

m
.path, path_end)

end 
end 
return P ;
Procedure cluster_agents(the list of agents P )
1 Generate a coarse solution of groups 
2 repeat O n nlog( ) times
3 Pick v P

i
∈  at random;

4 if gain v
i( ) > 0  then

5 Perform reassignments and closures. 
end 
return groups;

Incorporating New-Coming Agents
Letusdroptheconditionthatallagentsarepresentinthesystemforthewholesimulationtime.A
newagenthasbasicallytwooptions.Itcaneitherbecomepartofthenearestexistinggroupfromthose
havingasimilargoal,oritcancreateatotallynewgroup.Everyclusteringsolutionandcalculated
pathsstaythesameuntiltheendofthesimulation,sosomecalculationfornewagentscanbespared.

Thewholemodificationfordynamicagentclusteringiscarriedoutintheprocedurecluster_
agents.AcoarsesolutionisgeneratedatthebeginninginthesamewayasinAlgorithm1.Thisstep
assignsnewagentstopreviouslycreatedgroupsthathavethesamegoalofjourney,orcreatesnew
groupswithdifferentgoals.Thenthevertexv

i
israndomlychosenfromthenewblockofagentsB

j


andthefunctiongain calculatesthepossibleimprovement.Thefunctionnowdoesnotconsiderthe
optiontoclosegroupswhichwerecreatedduringprocessingtheblockB

j−1
.Thisstepisfollowed

byreassignmentswithinallagentsandclosesonlynewlycreatedgroupsfromtheblockofagents
B
j
.
Modificationfordynamicclusteringissummarizedintheprocedurecluster_agentsinAlgorithm

2.

Algorithm2.Thedynamicclusteringapproach

Data: Block of agents B
j

Result: The list Gr  of groups of agents
Procedure cluster_agents(block of agents B

j
)
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1 Generate a coarse solution of groups 
2 repeat O n nlog( ) times
3 Pick v P

i
∈  at random;

4 if gain v
i( ) > 0  then

5 Perform reassignments in all existing groups Gr
6 Perform closures only in the set B

j

end 
return groups;

eXPeRIMeNTS AND ReSULTS

TheproposedmethodwasimplementedinC#andallexperimentswereperformedonacomputer
withtheCPUIntelCorei7-950(8MBCache,3.07GHz)and12GB668MHzRAM.Theproposed
solutionwastestedontwotypesoftheenvironments–acityandaprotein.Moreover,eachofthe
environmentswastestedwithtwotypesofagentdata.

Wewereunabletodeterminethetimeandspacecomplexitygenerallybecausetheyhighlydepend
onthedistributionoftheagentsandthechosenpathplanningalgorithm.Therefore,theexperiments
focusonthecomputationaltimeandespeciallyonthepathcorrectnessoftheproposedsolutionto
atleastshowthebehavioroftheproposedapproachindetail.Forinstance,theA*algorithmasthe
pathplanningmethodwillnotsavethecomputationalspacebecauseitdoesnotneedtostoreaunique
graphratingforeachagent.However,dynamicalgorithmssuchasD*Litealgorithm,asmentioned
inSectionRelatedWork,areabletosaveuptoO kn( ) spacefork similarpathsandn vertices.

Crowd Simulation
Theproposed solutionwas testedon two typesof the testingdata.First type (’unsuitabledata’)
containsagentsgeneratedatrandompositionsandthesecondtype(’suitabledata’)containsgroups
ofagents(manyagentswithsimilarpaths).Theenvironmentisrepresentedbyrealdata–the2D
OpenStreetMapofPilsen,CzechRepublic.

TheComputationalTimeoftheclusteringmethodwithoutthepathplanningisshowninFigure
3,wherethetimedependencesonthefacilitycost fc aredepicted.Thehighervalueof fc produces
biggerclustersandspeedsup thecomputationof theclusters.Thereasonable facilitycost is for
fc > 0 1. ,wherethecomputationaltimebecomesrelativelyverylow(Figure3)andwiththegrowing
fc thetimestilldescends.

Figure4showsthecomputationaltimeofthestandardA*algorithm,theA*withthegroup
approachandwiththeproposedclusteringapproach(Alg.1).Theexperimentsweremadefor100k
randomlygeneratedagentsandthemeasuredcomputationaltimeofbothapproachesincludesthe
groupscreationandpathplanningstrategy.ThegroupapproachdepictedinFigure4usesτ = 10% .
and the clustering approach is showed with the facility cost fc = 0 5. . The proposed clustering
approachisthefastest.Therandomcharacteroftheclusteringalgorithmcausessmallfluctuations
onthetimecurve.ThecurveoftheclusteringapproachisO n nlog( ) ,thegroupapproachcurveis

O n2( ) andtheA*curveisO n( ) .AlthoughtheA*isthesloweinthegraph,obviouslyitthanksto
itsbetteralgorithmiccomplexityforsomenumberofagentsoverrunsboththegroupandtheclustering
approaches.Forthegivensizeoftheenvironmentitwillbe≈ 300k agentsforthegroupapproach
andovermillionsofagentsfortheclusteringapproach.Thisnumberisrelativelyhighandsoitis
notsuchabigproblemasitmightseem.

However,thedataofrandomlygeneratedagentsaretheworstpossiblefortheproposedapproach.
Theclusteringapproachismostsuitableforthegroupsofagentswheretheclusteringapproachis
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aclearchoicebecauseitisabletoreusemanypathsandsaveahugeamountofthecomputational
time(Figure5).ThesamecomputationaltimeoftheA*algorithmandtheclusteringapproachwith
A*algorithmisforbillionsofagentsforthedataofthegroupsofagents.

ThePathCorrectnessofthefoundpathshowshowlargeisthedifferencebetweentheminimalpath
andthepathfoundbytheproposedsolution.Thepathcorrectnessismeasuredbyarelativeerror(5):

δ =
( )− ( )length group path length minimal path

length minimal pat

. .

. hh( )
 (5)

where group path. isthepathfoundwiththegrouportheclusteringapproachincludingexisting
pathplanningmethodandminimal path. isthepathfoundwiththesamepathplanningalgorithm
withouttheproposedsolution.Notethat δ ≥ 0 .

TheaveragerelativeerrordependencyonthechosenfacilitycostisshowninFigure6fortwo
abovementionedtypesofthetestingdata.Theuppercurve,whichreachestherelativeerrorupto
15% ,represents100k randomlygeneratedagentspositionandthelowercurverepresentsdatawith
generatedgroupsofagents(alotofsimilarpaths).Theaveragerelativeerrorofthegroupsdoesnot
exceed 2% .Thisisanexpectedresultbecausethistypeofdataismostsuitablefortheproposed
clusteringapproach.Moreover,theresultoftheworstcase(randomlypositionedagents)isacceptable
andforthefacilitycostuptothevalue0.1iscomparativelyverygood.Itcanbealsoseenthatthe
relativeerrordoesnotchangetoomuchif fc > 0 5. .Itmeansthatifahigherrelativeerrorisacceptable,
numberofclusterscanbekeptrelativelysmall.Theparameter fc canbeunderstoodaspercentage
expressionnumberofclusters,whereapproximately100 1−( )fc percentofagentsfromtheinput
databecomeclustercenters,seeSectionClustering approach.

Figure7showsthedependencyoftherelativeerrorontherelativenumberofthecreatedgroups
andthedifferencebetweentheoriginalgroupapproach(withoutclustering)andthegroupapproach

withclustering(Alg.1).Thex -axisdescribestherelativenumberofgroupsλ =
Gr

P
,whereGr 

isthenumberofcreatedgroupsand P thenumberoftestedagents.Theexperimentshavebeen

Figure 3. Computational time of the clustering method for 100k agents
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performedontherandomlygenerateddataof100k agents.Thehigherthenumberofgroupsis,the
feweragentseachgroupcontains.Forexample,whentheproposedsolutioncreates 100k groups
(clusters)from100k agents,theaveragerelativeerrorwillbezerobecauseeveryagentisaleader
ofagroup.Theotherextremeisonlyonegroup(acluster)createdfrom100kagents.Inthatcase,
relativeerrorwillbeenormousbecauseeveryonehastofollowtheleader.Theaveragerelativeerror
ofbothapproachesgrowswiththedecreasingnumberofgroups,ascanbeexpected.Althoughboth
approachesarealmostthesameforahighnumberofgroups,theclusteringapproachgivesbetter
resultsforasmallernumberofgroups,whichcontainahighernumberofagents.Theaveragerelative
error of the clustering approach oscillates for the small number of groups because it contains
randomizedoperationswhicharemorevisibleforgreatergroups.

Inthegraphs,attentionwasdrawntotheaveragerelativeerror.Themaximalrelativeerroris
influencedbythesettingoftheparameters-howbigattractionofthegroupleadersforotheragents

Figure 4. Computational time of single A*, A* with group and clustering approaches for the data of randomly generated agents

Figure 5. Computational time of single A* and A* with the clustering approach for the data of the groups of agents
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isallowed.Ifbigthenevenmoredistantagentsarepushedtogroupwithaleaderwhichmayresult
inahighsuboptimalityofthepathforthegivenagent.Suchapaththenhasahighrelativeerrorand
socontributestoahighmaximalerror.Fortunately,maximalerrorsconcernindividualswhilethe
approachisaimedatbiggroups,soonestronglynon-optimalpathisnotimportantintheintended
applicationsandwillbeamortizedbygoodbehaviorofthewholegroup.

TheOnlineComputationwastestedonthesamekindofthedatabecauseweweresimulatinga
newscenariowherenewagentsmayappearduringsimulation.Atthissituation,theproposedapproach
doesnothaveinformationofallagentsatthestartofthesimulation t

0
becausenewagentsmay

appearduringsimulationtimet i
i
, ∈  wheret t

i
>

0
.Therefore,theclusteringandthepathplanning

Figure 6. The average relative error δ  for 100k  generated agents, either random or in groups, in dependence on facility cost 
fc

Figure 7. The average relative error δ  of the group and clustering approaches in dependence on the relative number of groups 
λ
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oftheagentscannotbecomputedatthesamesimulationtimet
0

asinthepreviousexperiments.The
experimentswereperformedfor 100k agents.First x agentsareprocessed(clusteringandpath
planning)andtheneveryprocessedagentmovesalonghisfoundpathbyoneedge.Afterthatthe
next x agentsareprocessedand2x agentsmove.Thisisrepeatedupto100k agentsandthe x is
calledablockofagents.Thetestedsizeoftheblockswas1k ,2k , 4k , 5k and10k ofagents.

Figure8showstheonlinecomputationoftheaveragerelativeerrordependencyonthechosen
facilitycost for therandomlygeneratedpositionsofagents.Theexperimentshows thatwith the
growingsizeoftheblocksofagentstherelativeerrordecreases.Thereasonisthattheclustering
algorithmhasabiggerpooloftheindependentagentdataandhasahigherchancetocreatemore
preciseagentgroups.

Ontheotherhand,thedepictedresultinFigure9fortherandomlygeneratedgroupsofagents
isoppositeincomparisonwithFigure8.Incontrastwiththepreviousresult,wheretheagentswere
independent,thereisdependencybetweenagentsbecausetheyaregeneratedingroups.Therefore,
theclusteringalgorithmwithagrowingsizeoftheblocksofagents(inputdata)hasahigherchance
tobreaktheimplicitgroupdependency.Althoughtheresultfortherandomlygeneratedgroupsof
agentsisexactlyoppositethantheresultoftherandomlygeneratedagentpositions,fromanoverall
pointofviewthegroupsofagentshavemanytimesmoreprecisepaths.Therelativeerrorisupto
9%whiletherelativeerroroftherandomlygeneratedagentsgrowsupto80%.

Molecular Biology Simulation
The3Dmolecularbiologyenvironmentisrepresentedbyrealproteindata– 1cqw pdb.  fromthe
RCSBProteinDataBank.Theproposedsolutionwastestedonthegraphrepresentationcreatedfrom
theproteindata.Similartothecrowdsimulation,wetestedtwotypesofinputdata–therandomly
generatedagents(sphericalprobesor ligands)positionsandtherandomlygeneratedpositionsof
groupsofagents.

TheComputationalTimeofthestandardA*algorithmandtheA*withtheproposedclustering
approach(Alg.1)isshowninFigure10.Similartothecrowdsimulationtheexperimentsweremade
for100k randomlygeneratedagents.Theclusteringapproachisshowedwiththefacilitycost fc = 0 3. 
anditisstillfasterthanthestandardA*algorithm.

AswementionedinSectionCrowd Simulation,theclusteringapproachismostsuitableforthe
groupsofagentswheretheclusteringapproachisabletosaveahugeamountofthecomputational

Figure 8. The average relative error δ of the online computation for 100k randomly generated agents in dependence on facility cost fc
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time(Figure5).Obviously,thereisahugespeed-upwhenwecompareresultsofthesingleA*and
A*withclusteringapproachinFigure10andFigure11.

ThePathCorrectnessismeasuredbyarelativeerrorgivenbyEquation(5)describedinSection
Crowd Simulation.Figure12showstheaveragerelativeerrordependencyonthechosenfacilitycost
forthetwoabovementionedtypesofthetestingdata.Theuppercurverepresents100krandomly
generatedagentspositionswiththerelativeerrorupto43%andthelowercurverepresentsdatawith
generatedgroupsofagents.Theaveragerelativeerrorofthegroupsdoesnotexceed20%.Thisresult
is slightlyworse than thepath correctnessof the crowd simulation.The reason is thatwewere
searchingthepathfortheworstinputagentdata–theagentswithzeroradii.Whentheagentshave
verysmallradii,thegraphG isdense,thereisahugepathdiversity,andtherelativeerroraccumulates.
Withthegrowingagentradius,therelativeerrordecreasesbecausethegraphedgesstarttobegradally
impassable.

Wewouldliketoremindthattheparameter fc canbeunderstoodasacostforopeninganew
cluster.Thesmallerparameter fc is,themoreexpensivetheopeningis.Therefore,thechoiceofa
smallerandmoreconvenientparameter fc ,e.g. fc = 0 3. orless,alsohelpstoreducetherelative
error.

TheOnlineComputationwastestedthesamewayasinSectionCrowdSimulation.Firstthe
proposedapproachprocesses x agentsandafterthateveryprocessedagentmovesbyoneedgeon
thefoundpath.Thisisrepeatedupto100k agents.

Theonlinecomputationof theaveragerelativeerrordependencyon thechosenfacilitycost
fortherandomlygeneratedpositionsofagentsisshowninFigure13.Thebehavioroftheproposed
approachforthemoleculardataisobviouslysimilartothebehaviorofthecrowdsimulationdata.
Thebiggerblocksofagentsproducemorepathsthatareaccuratebecausetheproposedclustering
approachhashigherprobabilitytooptimizethegenerallyindependentdata.

Figure14showstheresultsoftherandomlygeneratedgroupsofagents.Resultsinthecrowd
simulationareslightlydifferentfromthemolecularsimulationresultsbuttheoveralltrendisthe
same.Thedifferenceisthattherelativeerrorisalmostnegligibleforthefacilitycost fc rangefrom
0to0.5.Ontheotherhand,theproposedapproachstillhasagreaterprobabilityofdestroyingdata
dependenceforlargerblocks.Therefore,therelativeerroristhesmallestforthesmallestblocksof
agents.

Figure 9. The average relative error δ  of the online computation for 100k  generated agents in groups in dependence on facility 
cost fc
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CoNCLUSIoN

Inthispaper,weintroducedapathplanningapproachformanyagentsinanenvironmentrepresented
byagraphofverticesandedges.Theapproachcanbealsousedforothertypesofenvironment,e.g.,
gridsorpolygonalmeshes.Ourapproachcreatesgroupsofagentsbasedontheirstartandtarget
positionsandoptimizesthesizeofthecreatedgroupsbyclustering.Anystandardgraph-basedpath
planningalgorithm,e.g.,A*,D*orD*Liteisthenusedtoplanthepaths.Thesubstantialpartofthe
computedpathofgroupleadersissharedwiththerestofthegroup.Inthisway,computationtime
andmemorycanbesavedatapriceofnon-optimalityofpaths.Theindependenceoftheproposed
approachofthedimensionandthedatatypes,e.g.dataofcitiesorproteins,hasbeenconfirmedby
extensivetesting.TheproposedapproachwastestedwiththeuseoftheA*algorithmbutitcouldbe
easilyextendedtoemployotherpathplanningmethods.Therunningtimeandtheinfluenceofthe
clusteringonthequalityofthepathshavebeenmeasured.Theproposedapproachprovedtobesuitable

Figure 10. Computational time of single A* and A* with clustering approach (fc = 0.3) for the data of the randomly generated agents

Figure 11. Computational time of single A* and A* with clustering approach (fc = 0.3) for the data of the groups of agents
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forthedatawithasignificantnumberofpotentiallysimilarpaths.Moreover,theexperimentsproved
thatitispossibletousetheonlinecomputationwitharelativelysmallinaccuracyforthistypeofdata.
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Figure 12. The average relative error δ  for 100k  generated agents, either random or in groups, in dependence on facility cost 
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Figure 14. The average relative error δ  of the online computation for 100k  generated agents in groups in dependence on 
facility cost fc
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