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The rotating mechanical systems (e.g., high-speed gearboxes, bladed disks, rotors, turbocharg-
ers) are composed of many flexible and rigid bodies (below subsystems) mutually joined by
flexible nonlinear discrete couplings. The mathematical models of these subsystems are non-
conservative with nonsymmetrical matrices and after discretization by the finite element method
have large number of degrees of freedom (DOF number). The standard numerical methods of
dynamic analyses of the rotating systems with nonlinear couplings are very hardly applicable.
A suitable and established methods for DOF number reduction of the large multi-body systems
is the modal synthesis method [2, 3, 6, 7]. The classical approach of the modal synthesis method
is based on the reduction of the natural modes of subsystems conservative models respected in
dynamic response. Rotatig mechanical systems contain gyroscopic effects and additional influ-
ences of rotation and dissipation [1, 2, 4, 5]. On this account the eigenvalues and right and left
eigenvectors of rotating subsystems are complex. The main aim of this contribution is to present
the generalized modal reduction method with reduction DOF number of the whole system or
individual subsystems for modelling of the multi-body systems with strong gyroscopic effects,
damping and friction in couplings.

Let us consider the mechanical system (rotor, blade packet, rings) which can be decomposed
into N linearized rotating or nonrotating subsystems. The first step of modelling using modal
synthesis method consists in the first-order formulation of the equations of motion [1] in the
form

Nju̇j + Pjuj = pj , pj=

[
0

fCj +f
E
j (t)

]
, j = 1, . . . , N (1)

in the state space defined by the state vector of subsystem j , uj = [q̇Tj , q
T
j ]
T , where qj is the

vector of the generalized coordinates of dimension nj . Vector pj expresses effect of internal
couplings fCj of the subsystem j with surrouding subsystems and excitation forces fEj (t).

Let all modal values λ(j)ν , ν = 1, . . . , nj , of each mutually uncoupled subsystem j (for
fCj = 0) satisfy the stability conditions Re[λ

(j)
ν ] < 0. Modal properties of subsystem j are

expressed by the complex diagonal spectral matrix Λj ∈ C2nj ,2nj and complex couple right and
left modal matrices Uj ∈ C2nj ,2nj , Wj ∈ C2nj ,2nj satisfying the biorthonormality conditions
[1]

W T
j NjUj = Ej , W

T
j PjUj = −Λj , j = 1, . . . , N , (2)

where Ej is the identity matrix of the 2nj-th order. We chose for each subsystem j two sets of
2mj (mj ≤ nj) so called master right and left natural modes corresponding to mj pairs of com-
plex conjugate eigenvalues (diagonal elements of Λj) λ

(j)
ν = α

(j)
ν + iβ

(j)
ν , λ

(j)∗
ν = α

(j)
ν − iβ

(j)
ν
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ordered according to the size of the imaginary parts β(j)
1 ≤ β

(j)
2 ≤ · · · ≤ β

(j)
mj . Correspond-

ing natural modes are represented by pairs of the complex conjugate right u(j)
ν , u

(j)∗
ν and left

w
(j)
ν , w

(j)∗
ν eigenvectors ordered in the master (subscript m) right and left modal submatrices

mUj = [u
(j)
1 , . . . ,u(j)

mj
,u

(j)∗
1 , . . . ,u(j)∗

mj
] ∈ C2nj ,2mj ,

mWj = [w
(j)
1 , . . . ,w(j)

mj
,w

(j)∗
1 , . . . ,w(j)∗

mj
] ∈ C2nj ,2mj , j = 1, . . . , N , (3)

corresponding to master spectral submatrix

mΛj = diag[λ
(j)
1 , . . . , λ(j)mj

, λ
(j)∗
1 , . . . , λ(j)∗mj

] ∈ C2mj ,2mj , j = 1, . . . , N . (4)

State vectors uj in model (1) are transformed by the master right modal submatrices mU (j) ∈
∈ C2nj ,2mj mutually uncoupled subsystems into the modal coordinates as

uj =
mUjxj =

mj∑

ν=1

(
u(j)
ν x(j)ν + u(j)∗

ν x(j)∗ν

)
, j = 1, . . . , N . (5)

After modal transformation (5) and premultiplaying of Eqs. (1) by the transposed left master
modal submatrices mW T

j with regard to the biorthonormality conditions (2), Eqs. (1) become

ẋj −mΛjxj =
mW T

j pj, j = 1, . . . , N . (6)

Taking into account structure of state vectors uj , the eigenvectors of the subsystems can be
written in the form

u(j)
ν =

[
λ
(j)
ν q

(j)
ν

q
(j)
ν

]
, w(j)

ν =

[
λ
(j)
ν r

(j)
ν

r
(j)
ν

]
, ν = 1, . . . , nj, j = 1, . . . , N . (7)

The modal submatrices defined in (3) can be written as

mUj =

[
mQj

mΛj
mQj

]
, mWj =

[
mRj

mΛj
mRj

]
, j = 1, . . . , N , (8)

where
mQj = [q

(j)
1 , . . . , q(j)

mj
, q

(j)∗
1 , . . . , q(j)∗

mj
] ∈ Cnj ,2mj ,

mRj = [r
(j)
1 , . . . , r(j)

mj
, r

(j)∗
1 , . . . , r(j)∗

mj
] ∈ Cnj ,2mj (9)

are the right and left master modal submatrices of uncoupled subsystems in the original config-
uration space of generalized coordinates qj . Eqs. (6) can be rewritten in the form

ẋj −mΛjxj =
mRT

j (f
C
j + fEj (t)), j = 1, . . . , N . (10)

The global form is
ẋ−mΛx =mRT [fC(q, q̇) + fE(t)] , (11)

where

x =




x1
...

xN


 , q =




q1
...
qN


 , fC(q, q̇) =




fC1
...

fCN


 , fE(t) =




fE1 (t)
...

fEN (t)


 ,
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mΛ = diag[mΛ1, . . . ,
mΛN ] ∈ C2m,2m, mRT = diag[mRT

1 , . . . ,
mRT

N ] ∈ C2m,n . (12)

Matrices mΛ, mR and vector x in (11) can be rewritten in the form

mΛ = diag[mΛ,mΛ
∗
], mR = [mR,mR

∗
], x =

[
x
x∗

]
, (13)

where spectral submatrix mΛ includes the chosen eigenvalues λ(j)ν = α
(j)
ν + iβ

(j)
ν of the all

subsystems with positive imaginary part and left master modal submatrix mR includes cor-
responding eigenvectors r

(j)
ν . The complex conjugate eigenvalues are arranged in matrices

mΛ
∗
, mR

∗
and the complex conjugate modal coordinates are arranged in vector x∗. We can

use the MATLAB built in ode45 solver for the integration of the submodel

ẋ−mΛx =mR
T
[fC(q, q̇) + fE(t)] , (14)

where

mΛ = diag[mΛ1, . . . ,
mΛN ] ∈ Cm,m, mR

T
= [mR

T

1 , . . . ,
mR

T

N ] ∈ Cm,n .

According to (5) and (8) the vector q of generalized coordinates can be expressed as

q =mQx+mQ
∗
x∗, q̇ =mQmΛx+mQ

∗ mΛ
∗
x∗ , (15)

where right master modal submatrix mQ corresponds to mΛ. Model (14) of the coupled system

in space of modal coordinates x(j)ν uncoupled subsystems has m =
N∑

j=1

mj DOF number and

for
N∑

j=1

mj <
N∑

j=1

nj is reduced.

If the linear part of elastic and viscous forces in couplings between subsystems can be
excluded from the nonlinear couplings, vector fC(q, q̇) in (11) can be written in the form

fC(q, q̇) = −KCq −BC q̇ + fN(q, q̇) , (16)

where KC and BC are the global stiffness and damping matrices corresponding to the lin-
earized forces in couplings, vector fN(q, q̇) expresses the nonlinear coupling forces and q =
[qT1 , . . . , q

T
N ]

T is the global vector of the generalized coordinates. All equations of motion (1)
can be expressed in the state space u = [q̇T , qT ]T in the global form

Nu̇+ Pu = p , p =

[
0

fN(q, q̇)+fE(t)

]
, (17)

where linearized forces in couplings are included in matrices N and P . Similarly as in the
modal synthesis method, only the following global submodel with m DOF number can be inte-
grated

ẋ−mΛx =mR
T
[fN(q, q̇) + fE(t)] , (18)

where x and mR correspond to spectral submatrix mΛ = diag[λ1, . . . , λm] including chosen
eigenvalues λν = αν + iβν of model (17) for p = 0 with the positive imaginary part.

From the high computational costs point of view, an application of this method is suitable
especially for dynamic analysis of the large rotating systems with nonlinear couplings. The
method enables dynamic analyses of the damped rotating systems including all rotation effects
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and nonlinear contact forces in internal couplings between subsystems. Contrary on the clas-
sical approach characterized by transformation of the generalized coordinates using the real
modal submatrix of the linear part of the undamped and nonrotating system, the new approach
is based on the transformation by the complex modal submatrix of the nonconservative linear
part of the rotating system including all rotating and dissipative effects. The dynamic response
in master modal coordinates is investigated by integration of the first order nonlinear equations,
whose number corresponds to identical number of the second order nonlinear equations, using
a classical approach. Consideration of the chosen master complex mode shapes improves ap-
proximation of the damped gyroscopic structures behaviour in comparison with classical modal
reduction in the basis of the real mode shapes of the undamped and nonrotating structures.
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