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Abstract

Geometric problems are usually solved in the Euclideanesjgcus-
ing the standard vector algebra techniques. In this stuidlyciples of the
projective geometry and geometric algebra will be intradlwia a novel
method that significantly simplifies the solution of georwatr problems.
Also, it supports the GPU parallel computation applicati@@esides that,
an application of the principle of duality leads to a simpbdusion of the
dual problems. We show that, the equivalence of the exteatesd-product
(outer product) and the solution of the system of linear #qas. This gives
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a direct impact to scientific computation, solution of getnoal problems,
robotics, computer graphics algorithms and virtual rgalia fast computa-
tion through GPU parallel systems. Some numerical and grabfresults
are presented.

1 Geometric Algebra

The vector algebra (Gibbs algebra) used nowadays uses sio dyzerations on
two vectorsa,b in E", i.e. the inner product (scalar product or dot product
a-b, where c is a scalar value and outer product (the cross-ptatE®) c=aAb,
wherec is a bivector and has a different properties than a vectar r@piesents
an oriented area in-dimensional space, in general.

The Geometric Algebra (GA) uses a “new” product called Getoimproduct
defined as:

ab=a-b+anb (1.2)

whereab is a geometric product.

In the case of the-dimensional space, vectors are defined as(aie; +... +
anén), b = (b1ey + ... + bhe,) and theg vectors form orthonormal basis vectors in
E3 then we get:

1 0-vector (scalar) €12, €3, €31  2-vectors (bivectors)
e, e,e3, 1l-vector (vectors) €123 3-vector (pseudoscalar)

It can be easily proved that the following operations ar@yaicluding an inverse
of a vector.

a~b:%(ab+ba) aAb=—-bAa al=a/l|a? (1.2)

It can be seen, that geometric algebrang-commutative and the “pseudoscalar
| in E2 has the basis;eyes, i.e.

eej = —€jg eg=1 e1ee3 = | aAbAc=q (1.3)

whereq is a scalar value.
In general, the geometric product is represented as:

n,n n,n

ab= Z aigbje; a-b= Zlaiabia (1.4)
i,]=1 i=
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n,n n
anb= % aebje= z& (aibj —ajbi)ee (1.5)
i, j=TRi#] ij=f2is ]

It is not a “friendly user” notation for a practical applicat and causes prob-
lems in practical implementations, especially due to aatirmutativity of the
geometric product.

However, the geometric product can be easily representdideaignsor prod-
uct, which can be represented by a matrix. As the homogeremmrdinates will
be used in the following, the tensor product for the 4-din@mea case is pre-
sented:

ag bl ag b2 a1 b3 a1 b4
a1 b2 az b2 A2 b3 A2 b4
ag b3 as b2 as b3 a3b4
aibs asby asbz asbs

abiﬁmf:a®b:Q: =B+U+D (1.6)

whereB + U + D areBottom triangularlJ pper triangularDiagonal matricesgs, ba
are the homogeneous coordinates, i.e. actuadlyv, (will be explained later),
and the operatop means the anti-commutative tensor product.

2 Projective Extension and Principle of Duality

Let us consider the projective extension of the Euclideatsmnd use of the
homogeneous coordinates. Let us consider veetergay, ap, a3 : a4’ andb =

[b1,bp,b3: b4]T, which represents actually vectdes /a4, a2/a4,83/a4) and(by/ba, by /bg, bz /by)
in the E3 space. It can be seen, that the diagonal of the m@&tractually repre-

sents the inner product in the projective representation:

auby]T 2 ajb1 +aghy + agbs

a-b= [(albl + aghy + a3b3) : 2ubs

2.7)

where2 means projectively equivalent. The inner product actuadjyresents
tracetr (Q) of the matrixQ.

The outer product (the cross-product in & case) is then represented re-
specting anti-commutativity as:

33 33
anb <= (ajbjeej —biajge)) = ; (ajb; —biaj)ge; (2.8)
i j=TRi>] &>

It should be noted, that the outer product can be used forwicolof a linear
system of equation&x = b or Ax = 0, too.
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The principle of duality is an important principle, in geaknts application in
geometry in connection with the implicit representatiomg$rojective geometry
brings some new formulations or even new theorems. Thetgyainciple for
basic geometric entities and operators are presented bylTa®l TAB.2.

Table 1: Duality of geometric entities
Duality of geometric entities

PointinE? | —= | LineinE® PointinE® | ——= | Plane inE>
DUAL DUAL

Table 2: Duality of operators
Duality of operators

UnionU | <= | Intersectiom
DUAL

It means, that in thE? case a point is dual to a line and vice versa, intersection
of two lines is dual to a union of two points, i.e. line giventlayo points; similarly
for the E® case.

3 Computation with Homogeneous Representation

The direct consequence of the principle of duality is tHa,itersection poirnt
of two linesp1, p2, resp. a ling passing two given pointe;, Xo, is given as:

X=PLAP2 == P =X1/\X2 (3.9)

wherep; = [a;,b; : ¢]T, x = [x,y:w]T (wis the homogeneous coordinate}; 1,2;
similarly in the dual case.

In the case of th&2 space, a point is dual to a plane and vice versa. It means
that the intersection poimtof three planepi,02,03, resp. a plang passing three
given pointsxy, X2, X3 is given as:

X=PLAP2AP3 £== P =X1AX2\X3 (3.10)

wherex = [x,y,z: W', pi = [, bi,¢ 1 di]T,i=1,23.
It can be seen that the above formulae is equivalent to thefiebed” cross-
product, which in natively supported by GPU architecturer &n intersection
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computation, we get:

o e o a by o o
X=p1Ap2= a1 b1 ¢ X=pP1AP2ApP3= (3.11)
2% by G a by c d2
ag bz c3 d3
Due to the principle of duality, a dual problem solution igemi as:
G e o 5 v 7w
P=X1AXo= X1 Y1 W P =X1AX2AX3 =
X1 Y2 22 W2
X2 Y2 W2

X3 Y3 73 W3
(3.12)

The above presented formulae prove the strength of the fanotation of
the geometric algebra approach. Therefore, there is aalajuestion, what is
the more convenient computation of the geometric prodgctoanputation with
the outer product, i.e. extended cross product, using asier approach is not
simple.

Fortunately, the geometric product of, po, resp. ofx; andx, vectors using
homogeneous coordinates given as anti-commutative t@nsduct is given as:

pip2| a | by | o | D X1X2 | Xo Y2 2 W
a1 | aay | athy | a1Cy | audy X1 | XX | XaY2 | XaZp | XiWe
by | biay | biby | bicy | bidy i | YiXe | iy | azo | yiwe
CL | Cidp | ¢ibp | 16 | andp 21 | X | 22 | 4Zp | XaW2
dy | diap | dibp | dicy | didy Wi | WiXp | WiYo | WiZp | WiWp

However, the question is how to compute a lne E2 given as an intersection of
two planeso1, p2, which is dual to a line determination given by two poirisx,
as those problems are dual.

The parametric solution can be easily obtained using stdrilécker coordi-
nates, however computation and formula are complex andasgtte understand.

WXV
q(t) = Tl + wt L = X1X3 — XoX] (3.13)
W= [la1,142,143 " V = [I23,131,112]" (3.14)

For the case of intersection of two planes the principle @litiycan be applied
directly.
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However, using the geometric algebra, principle of dualitg projective rep-
resentation, we can directly write:

P=PLAP2E==P=X1/X2 (3.15)

It can be seen that the formula given above keeps the dualityei final for-
mulae, too.

From the formal point of view, the geometric product for th@hbcases is
given as:

aqd aby aic; ad

biap biby bico bidp

P1P2 S enr PL& P2 = Ctaz ciby e adp

diaz diby dicy; dido

(3.16)

The dual problem formulation:

X1X2  X1¥2 X1z XiWo
YiX2 Yiy2 Yizo yiwz (3.17)
X2 AY2 A4z 21W2
WiXo Wiy2 W12 WiWp

X1X2 <= X1 ® X2 =
repr

It means that we have computation of the Plucker coordirfatebie both cases,
i.e. for computation of a linp = p1 A p2 or p = X1 A X2 iS given as a union of two
points inE® and as an intersection of two planesGhusing the projective repre-
sentation and the principle of duality. It should be noteat the given approach
offers: significant simplification of computation of the Bkigr coordinates as it is
simple and easy to derive and explain, uses vector-vectratipns, which is es-
pecially convenient for SSE and GPU application one codaesatg for the both
cases.

As the Plucker coordinates are also in mechanical engimgeapplications,
especially in robotics due to its simple displacement andner@um specifica-
tions, and in other fields simple explanation and derivaiianother very impor-
tant argument for GA approach application.

4 Solution of a Linear System of Equations

A solution of a linear system of equations is a part of thediradgebra and used in
many computational systems. It should be noted, that liegaationsA\x = b can
be transformed to an implicit the homogeneous system,a.éhe formBé = 0,
whereB = [A|-Db], & = [&1,....&n: & . X =& [ Ew,i=1,...,N.
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As the solution of a linear system of equations is equivalette outer prod-
uct (generalized cross-vector) of vectors formed by rowshef matrixB, the
solution of the system is defined as:

E=a NapA...\Nap [A|—b]E =0 (4.18)
which is equivalent to a solution of the linear system of eiquns:

ai; -+ am| | X by
R = (4.19)
anl o Ann| | Xn bn

It a very important result as a solution of a linear systemafations is for-
mally the same for systems for the both cases,Ae—= 0 andAx =b. As the
solution is formally determined, the formal linear operatcan be used for further
symbolic processing using formula manipulation, as thenggtoy algebra is mul-
tilinear. Even more, it is capable to handle more compleratisjgenerally in the
d-dimensional space, i.e. oriented surfaces, volumes éterefore, it is possible
to use the Functional analysis approach: “Las a linear operator, then the fol-
lowing operation is valid....”. As there are many linear igters like derivation,
integration, Laplace transform etc., there is a huge piatieot applications of
those to the formal solution of the linear system of equatiae.L(&). However,
it is necessary to respect, that in the case of projectiveesgptation a specific
care is to be taken for deriving rules for derivation etc.aetsially a fraction is to
be process and similarly for other operators.

5 Conclusion

We briefly presented geometry algebra, which is not genekalbwn and used.
However, it offers simple and efficient solutions to many pomational problems,
if combined with the principle of duality and projective ation.

As the result, a new formulation of the Pliicker coordinatdten used in
mechanical engineering and robotics, is given. As the djoersmare based on
standard linear algebra formalism, they are simple to uke.pFesented approach
supports direct GPU application with a potential of sig@ifitspeed-up and par-
allelism. Also, the approach is applicabledalimensional problem solutions, as
the geometric algebra is multidimensional.
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